DESCRIPTIVE STATISTICS
Introduction to Statistics

Statistics is that branch of mathematics which is concerned with the collection, organization,
interpretation, presentation and analysis of numerical data. To a statistician, any information

collected is called data.
Statistics is therefore a set of concepts, rules, and procedures that help us to:
e organize numerical information in the form of tables, graphs, and charts;
e understand statistical techniques underlying decisions that affect our lives and well-being; and

¢ make informed decisions basing on information generated from processed data.

Statistics plays a vital role in every field of human activity. For example it has an important role in
determining the existing position of per capita income, unemployment, population growth rate,
housing etc...in a country.

Statistics is a vital tool in fields like industry, commerce, trade, Physics, Chemistry, Economics,
Mathematics, Biology, Botany, Psychology, and Astronomy.

Statistical methods are used in research to collect, analyse, and formulate research findings in every
field at higher institutions of learning.

Raw data: This is the data which is not organized numerically. Thus when data has not been
ordered in any specific way after collection, it is called raw data.

Discrete raw data

This is the data that takes only exact values. This data is normally collected by counting and usually

takes integral values. For example;

the number of students in class,

the number of books each students reports to school with at the beginning of the term,
the number of cars passing a certain trading centre in 1 hour,

the number of students served in the dinning hall in five minutes.

The numbers of students doing Subsidiary mathematics in 20 randomly chosen schools are as

shown below;
63 50 49 62 89 152 180 90 21 29
55 89 60 49 65 72 79 81 68 47

This is an example of discrete raw data. The data is raw because it has not been ordered in any way.



Continuous Raw data

This is the data that cannot take exact values, but can be given only within certain range or measured
to a certain degree of accuracy. Continuous data can therefore take on any value; for example

the speeds of cars passing a certain trading centre,
the heights of students in class,
the time taken by each student in Subsidiary mathematics class to solve a problem.

The heights of 20 children in a school measured correct to the nearest cm are shown below;

133 136 120 138 133 131 127 141 127 143

130 131 125 144 128 134 135 137 133 129

This is an example of continuous raw data.
Types of data

Data can be defined as groups of information that represent the qualitative or quantitative attributes
of a variable or set of variables. A variable is a quantity, which is counted or measured. Thus data
can be any set of information that describes a given entity. Data in statistics can be classified into
grouped data and ungrouped data.

Ungrouped Data

Any data that you first gather is ungrouped data. Ungrouped data is data in the raw. An example of
ungrouped data is any list of numbers that you can think of. Below is an example of ungrouped data.

The following table shows the data on the length of time (in minutes) it took 80 students in a S.5
Subsidiary mathematics Class to complete a certain exercise.

23 24 18 14 20 24 24 26 23 21
16 15 19 20 22 14 13 20 19 27
29 22 38 28 34 32 23 19 21 31
16 28 19 18 12 27 15 21 25 16
30 17 22 29 29 18 25 20 16 11
17 12 15 24 25 21 22 17 18 15
21 20 23 18 17 15 16 26 23 22
11 16 18 20 23 19 17 15 20 10

This data is ungrouped because it is not organized in any form.



Representation of ungrouped data using frequency tables

Ungrouped data is concisely represented or illustrated by counting the number of times each value

occurs and forming a frequency distribution table.

Frequency

This refers to the number of times an item occurs. In most cases many items occur more than once
therefore a frequency distribution table is used to remove repetitions. The frequency is easily

obtained by tallying the data.
Example 1

The following data gives the number of blind students in 10 randomly chosen classes in a
certain school. 0, 2, 1, 4, 2, 3, 2, 1, 4, 5. Form a frequency table for the data.

Solution
Number of students Tally Frequency

0 / 1

1 // 2

2 ik 3

3 / 1

3 J 2

5 / 1

Total 10 10

Example 2

The following temperatures were recorded over a 20-day period in January 2012.

23°,19°, 15°, 18°, 20°, 18°, 21°, 18°, 20°, 21°,
20°, 22°, 20°, 20°, 15°, 25°, 20°, 21°, 18°, 22°.

Represent this raw data in a suitable frequency distribution table.

Solution

Temperature ('c) | Tally Frequency
15 // 2
18 VA 4
19 / 1
20 #H 6
21 /l 3
22 // 2
23 / 1
25 / 1

Totals 20




Example 3

The following data shows the numbers of children in 30 randomly chosen families in
Kampala District.

Represent the above data using a frequency distribution table.

Solution
Number of children Tally Frequency
in family
0 ik 3
1 i 5
2 H Il
3 1t il 8
1 / 2
5 / 1
Total 30
Grouped Data

Grouped data is data that has been organized into groups known as classes. Grouped data has been
'classified' and thus some level of data analysis has taken place, which means that the data is no

longer raw.

A data class is group of data which is related by some user defined property. For example, if you
were collecting the ages of the people you met during a census, you could group them into classes as
those in their teens, twenties, thirties, forties and so on. Each of those groups is called a class.

Each of those classes is of a certain width and this is referred to as the Class width, Class Interval
or Class Size. This class interval is very important when it comes to drawing Histograms and
Frequency diagrams. All the classes may have the same class size or they may have different class

sizes depending on how you group your data. The class interval is always a whole number.



Below is an example of grouped data where the classes have the same class interval.

Age (years) | Frequency

0-9 12
10-19 30
20 -29 18
30-39 12
40 - 49 9

50 - 59 6

00 - 69 0

Below is an example of grouped data where the classes have different class interval.

Age (years) Frequency Class Interval
0-9 15 10
10-19 18 10
20 - 29 17 10
30 - 49 35 20
50-79 20 30

General rules for grouping data:

Given a set of raw or ungrouped data, how would you group that data into suitable classes that are
easy to work with and at the same time meaningful? The following is followed;

@A) Calculating Class Interval

The first step is to determine how many classes you want to have. Next, you subtract the lowest
value in the data set from the highest value in the data set and then you divide by the number of
classes that you want to have:

Highest value - Lowest value
number of classes you want

Class interval =

(ii) Finding the class frequencies.

The number of observations falling into each class interval also known as the frequency is best
determined by using tallies.

The results are then displayed in the form of a table called the frequency distribution table.

Example 1



The following table shows the data on the length of time (in minutes) it took 80 students in a
S.5 Subsidiary mathematics Class to complete a certain exercise.

23 24 18 14 20 24 24 26 23 21
16 15 19 20 22 14 13 20 19 27
29 22 38 28 34 32 23 19 21 31
16 28 19 18 12 27 15 21 25 16
30 17 22 29 29 18 25 20 16 11
17 12 15 24 25 21 22 17 18 15
21 20 23 18 17 15 16 26 23 22
11 16 18 20 23 19 17 15 20 10

Group the following raw data into six classes and form a frequency distribution table.
Solution

The first step is to identify the highest and lowest number. Smallest number is 10 and the
highest value is 38.

Class interval — Highest value - Lowest value _ 38-10 4666

number of classes you want 6

The Class interval should always be a whole number and yet in this case we have a decimal
number. The solution to this problem is to round off to the nearest whole number.

In this example, 4.666 gets rounded up to 5. So our class width/class interval will be 5;
meaning that we group the above data into groups of 5 as in the table below.

Time (Minutes) Tally Frequency

1014 ) 8
119 e i

e R
25-29 ﬁ%lﬁ%l// 12
30 - 34 //// 4

35-39 / 1

Total | 80




Class Limits and Class Boundaries

Class limits refer to the actual values that you see in the table. Taking an example of the table
above, 10 and 14 would be the class limits of the first class. Class limits are divided into two
categories: lower class limit and upper class limit. In the table above, for the first class, 10 is the
lower class limit while 14 is the upper class limit. Thus 10, 15, 20, 25, 30 and 35 are called the lower
class limits, and 14, 19, 24, 29, 34 and 39 are called the upper class limits. Note that the class widths
are not given by the differences between the respective class limits.

On the other hand, class boundaries are not always observed in the frequency table. Class
boundaries give the true class interval, and similar to class limits, are also divided into lower and
upper class boundaries.

Class boundaries are related to class limits by the given relationships:

Upper class boundaries = Upper class limits + 0.5
Lower class boundaries = Lower class limits - 0.5

This is only true when the data values are whole numbers.

As a result of the above, the lower class boundary of one class is equal to the upper class boundary
of the previous class.

For example;
For the class 10 — 14, the lower class boundary is 9.5 and the upper is 14.5
For the class 15 — 19, the lower class boundary is 14.5 and the upper is 19.5
NOTE: It should however be noted that the class boundaries depend on the degree of accuracy.
If the data values are rounded off to one decimal place (1d.p);

Upper class boundaries = Upper class limits + 0.05
Lower class boundaries = Lower class limits - 0.05

If the data values are rounded off to two decimal places (2d.p);

Upper class boundaries = Upper class limits + 0.005
Lower class boundaries = Lower class limits - 0.005

For example the class;
7.0 — 7.4 has a lower class boundary of 6.95 and upper class boundary of 7.45.
0.14 — 0.15 has a lower class boundary of 0.135 and upper class boundary of 0.155

The relationship between the class boundaries and the class interval is given as follows:



Class interval = upper class boundary - lower class boundary
For 10 — 14. The class interval = 145 -9.5 =5
For 7.0 — 7.4. The class interval = 7.45 — 6.95 = 0.5
For 0.135 — 0.155. The class interval = 0.155 — 0.135 = 0.002
Note: Class interval, width, size and length are the same.
Class Marks

The class marks are simply the midpoints of the classes. They are the averages of the lower and
upper class limits and they are obtained by the formula:

lower class limit + upper class limit or upper class boundary + lower class boundary
2 2

Class mark =

10+14 _12

For example; for 10 — 14, the class mark is
Class limits and class boundaries play separate roles when it comes to representing statistical data
diagrammatically as we shall see in the next sub — topic.

Example 2

The masses of 50 mangoes brought from Ntinda Market measured in grams (g), were noted
and shown in the table below.

86 101 114 118 87 92 93 116

105 102 97 93 101 111 96 117

100 106 118 101 107 96 101 102

104 92 99 107 98 105 113 100

103 108 92 109 95 100 103 110

113 99 106 116 101 105 86 88

108 92
Construct a frequency distribution, using equal class intervals of width 5g, and taking the
lower class boundary of the first interval as 84.5g.

Solution

Since the lower class boundary of the first interval should be 84.5, then the lower class limit
of the first class must be 85.



Mass (g) Tally Frequency | Class boundaries
85—89 I 4 84.5-89.5

90 — 94 ] 0 89.5-94.5
95-99 #/ 7 94.5-99.5

100 — 104 HHHE 13 99.5 - 104.4

105 -109 HH 10 104.4 - 109.5
110 - 114 # 109.5 — 114.4
115-119 # 114.5-119.5

NOTE: The classes and class boundaries of Grouped data may be given in different ways. The
following frequency distributions show some of the ways that data may be grouped.

@

The frequency distribution shows the length of 30 rods measured to the nearest mm.

Length, x (mm) | Frequency Class boundaries
27-31 4 26.5= x =31.5
32-36 11 31.5= x = 306.5
37-41 12 36.5= x =41.5
42 — 46 3 41.5= x = 40.5

The interval 27 — 31" means 26.5 mm = length < 31.5 mm. Thus if we are given data in the
form 26.5< x < 31.5, then 26.5 and 31.5 are the class boundaries.

(i1) The frequency distribution shows the marks of 50 students in a Subsidiary mathematics
test marked out of 20

Marks Frequency | Class boundaries
0- 9 0-3
3- 12 3-6
6- 15 6-9
9 - 10 9-12
12 - 4 12-15
15 - 0 15-18

The interval '3—'means 3 marks < mark < 6 marks, so any mark including 3 marks and up
to (but not including) 6 minutes come into this interval and so on. When the data is given in
the form shown, the class boundaries are obtained directly as shown in the table above.



(i)  The frequency distribution table shows the masses of 40 phones made by different

manufacturers.
Mass (g) Frequency Class boundaries
-100 8 0100
—200 10 100 — 200
-300 16 200 — 300
—400 6 300 — 400

The interval ‘~100 'means Og < mass < 100g. Similarly < -200" means 100g < mass < 200g, so
any mass over 100 grams up to and including 200 grams comes into this interval. The class
boundaries are therefore 0, 100, 200, 300 and 400 as shown in the table above.

(iv)  On a particular day, the length of stay of each car at a taxi park was recorded as shown in
the table below.

Length of stay (min) Frequency
t <25 62
255t=50 70
50=t=75 88
75 =t =100 280
100 =t =125 30

The interval t < 25 means that the time lies between 0 and 25 exclusive. Thus lengths of stay
given represent the class boundaries. The class boundaries are therefore 0, 25, 50, 75, 100
and 125. These intervals can be written as '0—" and the next is '25—" and the next is '50—",etc.

Representation of data using frequency diagrams

Histogram

In statistics, a bistogram is a graphical representation showing a visual impression of the distribution
of data. A histogram consists of tabular frequencies, shown as adjacent rectangles, erected over
discrete intervals, with an area equal to the frequency of the observations in the interval.

It is therefore a graphical display of data using bars of different heights where the class frequencies
are plotted against class boundaries and NO gaps are left between the bars.

Example 1

Draw a histogram for the data given below.


http://www.wikipedia.org/wiki/Frequency_%28statistics%29
http://www.wikipedia.org/wiki/Rectangle

Time (Minutes) | Tally Frequency
10-14 ## /] 8
15-19 111 1t A 1 A T 28
20 -24 1t 111 1t i 11/ 27
25-29 11 11t /] 12
30 - 34 Y/ 4
35-39 / 1
Solution

Time (Minutes) | Class boundaries Frequency

10-14 9.5-14.5 8

15-19 14.5-19.5 28

20 — 24 19.5—24.5 27

25-29 24.5-29.5 12

30 - 34 29.5—34.5

35-39 34.5-39.5 1

We then plot frequency against class boundaries.

i .
Frequency]| / /
074 0. .......

9.5 14.5 19.5 24.5 295 34.5 39.5

Time (minutes)
NOTE:

() A suitable uniform scale for each axis should be used and each axis should have a
starting value.

(i) The horizontal axis should start with the lowest class boundary



(i) Shading of the histogram is not important but once done it should be uniform.

(iv)  The width of each rectangle is the difference between upper and lower class
boundaries, NOT the difference between upper and lower class limits.

Example 2

The ages of 120 people who travelled to Fort Portal on Christmas day using two Link Buses
were recorded and are shown in the frequency table. Draw a histogram to illustrate the data.

Age (years) Frequency
- 10 18

-20 46

— 30 35

—40 13

- 50 8

Solution

The notation - 10" means, ‘0 < age < 10’ and similartly ‘— 20" means, ‘10 < age < 20’. Therefore the
class boundaries are 0, 10, 20, 30, 40 and 50. The histogram is then drawn as shown in the diagram
below;
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Cumulative Frequency

Cumulative frequency is defined as a running total of frequencies. It can also be defined as the sum
of all previous frequencies up to the current point. Therefore the cumulative frequency is the total
frequency up to a particular upper class boundary.

The cumulative frequency is important when analyzing data, where the value of the cumulative
frequency indicates the number of elements in the data set that lie below the current value. The
cumulative frequency is also useful when representing data using diagrams like the Ogive or
cumulative frequency curve.

Example 1

The set of data below shows the length of 30 rods measured to the nearest mm. Draw a
cumulative frequency table for the data.

Length, x (mm) | Frequency
27-31 4
32-36 11
37-41 12
42 — 46 3

Solution

The cumulative frequency at a certain point is found by adding the frequency at the present
point to the cumulative frequency of the previous point.

The cumulative frequency for the first data point is the same as its frequency since there is
no cumulative frequency before it. The cumulative table is as shown below;

Length, x (mm) | Frequency | Cumulative frequency
27-31 4 4
32-36 11 4+11=15
37-41 12 15+12=27
42 — 46 3 27+3=30

Cumulative Frequency Graph (Ogive)

A cumulative frequency graph, also known as an Ogive, is a curve showing the cumulative
frequency for a given set of data. The cumulative frequencies are plotted on the y-axis against
the upper class boundaries and the points are joined with a smooth curve.

An Ogive is used to study the growth rate of data as it shows the accumulation of frequency
and hence its growth rate.



Example 2

The table below shows the distribution of marks of 81 students in a S.5 End of Year Subsidiary
Mathematics examination.

Mark No. of candidates
0<x<10 1
10<x <20 3
20 <x <30 9
30 <x <40 11
40 <x <50 14
50 <x <60 19
60 <x <70 11
70 <x <80 8
80 <x <90 4
90 <x <100 1

Draw a cumulative frequency curve to show the data.

Solution
Mark No. of candidates | Class boundaries | Cumulative frequency

0 <x =10 1 0-10 1
10<x=20 3 10-20 4
20 <x =30 9 20 — 30 13
30 <x =40 11 30 — 40 24
40 <x =50 14 40 — 50 38
50 <x =60 19 50 — 60 57
00 <x=70 11 60 — 70 068
70 <x =80 8 70 — 80 76
80 <x =90 4 80 — 90 80
90 <x =100 1 90 — 100 81

Since the marks have been given in the form 0< x = 10, the class boundaries are 0, 20, 30,
40, 50, 60, 70, 80, 90, 100. The cumulative frequency curve is then drawn as shown below;



NOTE:

@

(i)

Cumulative frequency
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A class with zero frequency is added at the beginning of the distribution so that its upper
class boundary is the lower class boundary of the first class. The resulting curve starts

from the origin.

The scale should be uniform and the curve should always be made to touch both axes. It
should not be left hanging.



Example 3

Solution
(a) Length Frequency | Class boundaries | Cumulative frequency
3-5 1 25-55 1
6-38 2 55-8.5 3
9-11 11 85-11.5 14
12-14 10 11.5-145 24
15-17 5 145-175 29
18 -20 1 17.5-20.5 30

Thirty pencils were collected from S.5 students offering Subsidiary mathematics and their

lengths were measured, correct to the nearest cm. The frequency distribution is given below.

Length (cm)

3-5

6-8

9-11

12-14

15-17

18 — 20

Frequency

1

2

11 10

5

1

(a) Construct the cumulative frequency table and draw a cumulative frequency curve for the

data.

1) Estimate from your curve the number of pencils that were less than 10cm long.
y p g

(i) 10% of the pencils were of length x cm or more. Find x.




Cumulative frequency curve to show the length of the 30 Pencils
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(b)

€] To find how many pencils were less than 10cm long tall, find the length 10cm on the
horizontal axis. Draw a vertical line to meet the curve and then draw a horizontal line to

meet the cumulative frequency axis. Then read off the value.

From the graph it can be estimated that 8 pencils were less than 10 cm long.

(i1) 10% of the pencils were of length x ¢cm or more = %XSO =3 pencils. Thus (30 — 3) =
27 pencils were less than x cm long,.

Hence find 27 on the cumulative frequency axis and draw a horizontal line to meet the
Ogive. Then draw a vertical line to meet the length axis and read off the value.

From the graph, 27 pencils were less than 16 cm long.

Therefore 10% of the pencils were of length 16cm or more, so the value of xis 16.



Measures of central tendency

The measures of central tendency are the mean, median and mode. These are Values about
which the distribution of a set of data is considered to be roughly balanced.

The Mean, X

The mean is the ordinary arithmetical average. It is the value obtained when then the total
sum of the values of the members in a list, set or distribution is divided by the total number or
frequency. The mean can be obtained for grouped or ungrouped data.

sum of values in set

Mean, X = -
number of values in set

_ _ + Xy F X+ H X X
Given a set of n values X, Xy, Xg, ..., X then X = XX H X R
n n

R

NOTE: the symbol X is a Greek letter which means ‘the sum of” and it is read ‘sigma’.
Example 1
Find the mean of the set of numbers 3,4, -1,22,14,0,9, 18,7, 0, 1
Solution

The first step is to count how many numbers there are in the set, which we shall call n

n = 10, Yx=3+4+-1422+144+0+9+18+7+0+1 =77
= X 77
Therefore X :Z— = —=77
n 10
Example 2

On a certain day, nine students received, respectively, 1, 3, 2, 0, 1, 5, 2, 1land 3 pieces of mail.
Find the mean.

Solution

_ XX  1+3+2+0+1+5+2+1+3 18
Mean, X:T: 3 :52

2

Mean can also be found for a frequency distribution. If data is in the form of a frequency
distribution, the mean is calculated using the formula:



- fx . .
Mean, X = é—fwhere 2. fX is ‘the sum of the products’ i.e. 2. (number X frequency) and
Y f means ‘the sum of the frequencies’.
Example 3

The following frequency distribution shows the temperatures that were recorded over a 20-
day period in January 2012. Calculate the mean daily temperature over this period.

Temperature ('c) | 15 18 19 20 21 22 23 25
Frequency 2 4 1 6 3 2 1 1
Solution

X f fx

15 2 30

18 4 72

19 1 19

20 6 120

21 3 63

22 2 44

23 1 23

25 1 25

> =20 > fx=396

Mean daily temperature, X = AL = 3% =19.8%
>f 20

Example 4

The marks obtained by 100 students in a test were as follows: Find the mean mark.

Mark (x) 0 1 2 3 4
Frequency (f) 4 19 |25 29 23




Solution

Mark (x) Freq. (f) fx
0 4 0

1 19 19
2 25 50
3 29 87
4 23 92
Total 100 248

Mean mark, X = & = % =2.48
> f 100
Mean for grouped data.

When the data have been grouped into intervals we do not know the actual values, so we can
estimate the mean. We take the mid — point of an interval to represent that interval. Thus for
grouped data, cach class can be represented approximately by its mid-point (class mark).

Example 5

The results of 24 students in a Subsidiary mathematics test are given in the table.

Mark Freq. (/) Mid-point(x) | fx
85—99 4 92 368
70 — 84 7 77 539
55— 69 8 062 496
40 - 54 5 47 235
2 f =24 2 fx=1,638

The Mean mark, X = & = @ =68.25
> f 24

Example 6

The length of 40 bean pods were measured to the nearest cm and grouped as shown.
Estimate the mean length, giving the answer to one decimal place.

Length (cm)

3<x<9

9< x<13

13=x <19

19 <x <23

23=x<29

29<x<33

Frequency

2

4

7

14

8

5




Solution

Method of assumed mean

When the number of members in a list is large, the above method of finding the mean is quite
difficult and tiring. Assumed mean, like the name suggests, is a guess or an assumption of the
mean. Assumed mean is most commonly denoted by the letter A. It doesn't need to be correct
or even close to the actual mean and choice of the assumed mean is at your discretion except for

Length (cm) Mid-point(x) I fx
3=x<9 0 2 12
9< x<13 11 4 44
13<x <19 16 7 112
19 <x <23 21 14 294
23<x<29 26 8 208
29<x <33 31 5 155
2. =40 2 fx=825

The Mean length, X = % =0 20.6(1d.p)

25

where the question explicitly asks you to use a certain assumed mean value.

From the data we can guess the expected value of the mean. This expected value is called the
assumed or working mean. The assumed mean is approximately in the middle of the data. In a
frequency distribution table, the modal value provides the best assumed value. How ever the

assumed mean does not need to be one of the values given.

Example 7

The table below shows the profit made by a trader in 100 days.

Profit in ‘000 Ush.

115

125

135

145

155

165

No. of days

8

18

30

26

12

Calculate the mean profit using the method of assumed mean.

Solution

To calculate the mean of the above data using an assumed mean, the following steps should

be followed.




1. Choose an appropriate assumed mean (A) from the range of the values given if the
question has not specified the value.

2. Find by how much each of the values (x) differs from this assumed mean (A). These
differences obtained are called deviations (d). Thus, d = x — A.

3. Multiply each frequency ( /) by its corresponding value of deviation (d) to obtain the

product (fd).
4. Find the sum of the products, > fd, and then divide this sum by the sum of the
fd
frequencies to obtain the mean of the deviations, ZZ:: .
, , - > fd
5. Find the mean by using the formula: X = A+ St

The table below is a summary of the calculations where the assumed mean, A is 135 (the
modal value).

Profit (x) Deviations Freq. Products
d=x-A ¥ (1)
115 -20 8 -160
125 -10 18 -180
135 0 30 0
145 10 26 260
155 20 12 240
165 30 6 180
Xf =100 Y (fd) = 340

The actual mean = assumed mean + mean deviations

> fd
+

X=A+"—
xf

=135+ 340 =135+3.4=138.40
100

The mean profit is Sh. 138.40 X 1000 = Sh. 138,400
Example 8

The student body of a certain school was polled to find out what their hobbies were. The
number of hobbies each student had was then recorded and the data obtained was grouped
into classes shown in the table below.



Number of hobbies Frequency

0-4 45
5-9 58
10 - 14 27
15-19 30
20-24 19
25-29 11
30 - 34 8

35-40 2

Using an assumed mean of 17, find the mean for the number of hobbies of the students in
the school.

Solution

We have been given the assumed mean A as 17 and we know the formula for finding mean

> fd

from the assumed mean as X = A+ ——

2 f

So we can solve the rest of this problem using a table where by we find each remaining
component of the formula and then substitute at the end:

Number of hobbies X Frequency d A
/ x-A)
0-4 2 45 -15 -675
5-9 7 58 -10 580
10 - 14 12 27 -5 -135
15-19 17 30 0 0
20 - 24 22 19 5 95
25-29 27 11 10 110
30 - 34 32 8 15 120
35 - 40 37 2 20 40
2 f =200 > fd =- 1025
Mean number of hobbies, X = A+ %
=17 +Lozs =17-5.125=11.875
200

Median

The median is defined as the number in the middle of a given set of numbers arranged in order of
increasing magnitude. When given a set of numbers, the median is the number positioned in the



exact middle of the list when you arrange the numbers from the lowest to the highest. The median is
also a measure of average. The median is important because it describes the behavior of the entire
set of numbers.

Example 1
Find the median in the set of numbers given below
15, 16, 15, 7, 21, 18, 19, 20, 11

Solution

From the definition of median, we should be able to tell that the first step is to rearrange the

given set of numbers in order of increasing magnitude, i.e. from the lowest to the highest
7,11, 15, 15, 16, 18, 19, 20, 21
Then we inspect the set to find that number which lies in the exact middle.
+,1%,15,15,16,18,19, 20, 2%
Median = 16
Example 2
Find the median of the given data: 13,0, 5, 8§, -8, -5, 10,7, 1, 0,0, 4, 6, 16
Solution
We start off by rearranging the data in order from the smallest to the largest.
-8,-5,0,0,0,1,4,5,6,7,8,10,13,16
We inspect the data to find the number that lies in the exact middle.

-8,-5,0,0,0,1,456,7,8,10,13,16

We can see from the above that we end up with two numbers (4 and 5) in the middle. We
can solve for the median by finding the mean of these two numbers as follows:

Median = 4—J2r5 =45

N +1

Therefore the middle position in an array of N data items is the position numbered

If N is odd, there is a data item at the middle and we take this item as the median. If N is
even, we take the average of the two middle data items as median.



For grouped data, the median is given by the following formula:

N
——c.f,

Median = L, + Zf— X C

m

Where

L, = lower class boundary of the median class;
C. fb = cumulative frequency of the class before the median class;

fm = frequency of the median class;

C = class width of the median class;
N = total frequency.
Example 3

The table below shows the weights of 40 poles in kg. Find the median weight.

Weight (kg) frequency | Cumulative frequency | Class boundaries
118 — 126 3 3 117.5-126.5
127 — 135 5 8 126.5 — 135.5
136 — 144 9 17 135.5 — 144.5
145 —153 12 29 144.5 - 153.5
154 — 162 5 34 153.5 - 162.5
163 — 171 4 38 163.5 - 171.5
172 - 180 2 40 171.5-180.5

40

We find the median class first. SinceE = > =20, we look for where 20 is cumulated in the

cumulative frequency column. We note that this lies in the cumulative of 29. And so ‘145 — 153’

is the median class.

Thus L= 144.5, c.f,=17, f =12, ¢=9




Example 4

= 144.5+2.25=146.75kg

The age of people in Mukono town after the 2002 census were as follows

Age (years) Number in thousands
0 -<5 4.4
5-<15 8.1
15 - <30 10.5
30 - <50 14.6
50 - <70 9.8
70 - <90 4.7
Determine the median and mean.
Solution
Age (years) x I fx Cumulative frequency
0-<5 2.5 4.4 11 4.4
5-<15 10 8.1 81 12.5
15 - <30 22,5 10.5 236.25 23
30 - <50 40 14.6 584 37.6
50 - <70 60 9.8 588 47.4
70 - <90 80 4.7 376 52.1
> =521 2 fx=1876.25
NOTE:
©) The ages are given as class boundaries already.
(i1) The class width of the median class does not necessary need to be equal to the width

of other classes.

th
. 52.1
The 5 position = N 26.02 . This lies in the cumulative frequency of 37.6. Hence the
c=20

median class is 30 - < 50 and thus L = 30; c.f,=23; f_ =14.6;



N

——c.f, _
Therefore Median =L, + Zf— XC = 30+(%623sz0

=30 + 4.178 = 34.178 years

> fx 1876.25

Mean = =
> f 52.1

=36.012years

Median from an Ogive:

th
A cumulative frequency curve/graph shows the median at the > position of the cumulative

frequency.

th
For instance, in figure 5, N = 62 and the therefore the E value, that is the 31" data item gives the

median which is obtained by drawing a horizontal line, from the cumulative frequency axis to the
curve, and then drawing the line down wards to the horizontal axis. From the Ogive, the median
mark is 49.



Figure 5
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Example 5

The cumulative frequency graph below shows the distribution of marks of 81 students in a 8.5
End of Year Subsidiary Mathematics examination.

Use it to estimate the median.



004

70 +

[6x)
o
1
|

Median

Cumulative frequency
N
T
|

w
5

20T
1 e
48 inais dmmas tmmns smams nmams iamad Rumas ammus smami wunmi mammi mammmui
0 10 20 30 40 50 60 70 80 90 100

Marks

1
For the median, we find the E(Sl)th value, i.e. the 40.5" value. This is shown on the graph.

From the cutrve, an estimate of the median is 52 marks.

The mode

Another measure which is sometimes used to describe the “middle” of a set of data is the mode.

The mode is defined as the element that appears most frequently in a given set of elements.



Using the definition of frequency given above, mode can also be defined as the element with the

highest frequency in a given data set.

For a given data set, there can be more than one mode. As long as those elements all have the same
frequency and that frequency is the highest, they are all the modal elements of the data set.

Example 1

Find the mode of the following numbers: 5, 4, 10, 3, 3,4, 7, 4, 6, 5.
Solution

The mode is 4. (There are more 4’s than any other number).
Example 2

Find the Mode of the following data set.

3,12, 15, 3, 15, 8, 20, 19, 3, 15, 12, 19, 9
Solution

Mode = 3 and 15
Mode for Grouped Data

For grouped data, the mode is estimated using the following formula:

Mode:L1+( 9 jxc

d, +d,
Where, L, = lower class boundary of the modal class (i.e. the class containing the mode);

d; = the difference between the frequency of the modal class and the frequency of the class

before it;

d, = the difference between the frequency of the modal class and the frequency of the class

after it;

C = class width of the modal class.



Example 2

Find the mode of the following data.

Class Frequency
20 - 22 3
23 -25 6
26 - 28 12
29 — 31 9
32-34 2

Solution

The modal class is the class with the highest frequency. Thus from the table, the modal class
for this data is ‘26 — 28’.

So, L=255,d, =(12-6)=6; d,=(12-9)=3¢c=3

Mode =L, + 9 xXC = 25.5+( 6 jx3
d, +d, 6+3

=255+2=275

Estimating the mode using the histogram

When a histogram is drawn, the mode is obtained by joining the ends of the highest rectangle to
the opposite ends of the rectangles next to it as shown in the figure below.
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The point of intersection of the two diagonals is read off and gives an estimate of the mode.
From the graph, the estimate of mode is 18 years.
Measures of variation (dispersion)

Dispersion measures how the various elements behave with regards to some sort of central
tendency, usually the mean. Measures of dispersion include range, interquartile range, variance
and standard deviation.

Averages, being measures of central location only, do not indicate how the values in the data
are spread. Thus the range, variance and standard deviation gives information on how the

values in the data are spread.
Range

The range in a set of data is the difference between the highest value and the lowest value in
the set and this is the simplest measure of dispersion (or spread).

Thus Range = highest value — lowest value
Example 1
Find the range of the data set below
3,12, 15, 3,15, 8, 20, 19, 3, 15, 12,19, 9
Solution
Range =20 -3 =17
Quartiles and Percentiles

Quartiles

The term quartile is derived from the word quarter which means one fourth of something. Thus
quartiles are values that divide the data into four equal parts. When you arrange a data set in
increasing order from the lowest to the highest, then you divide this data into groups of four, you
end up with quartiles.

There are three quartiles that are studied in statistics. They are denoted by Q,, Q, and Q. Q1 divides

1 1
the data into— and is called the lower quartile. Q, divides the data intoE and is called the median

3
while Q; divides the data intoz and is called the upper quartile. In other words, for Q,, 25% of the

values are below it, Q, takes 50% and Q; takes 75%.


http://www.wyzant.com/Help/Math/Statistics_and_Probability/Averages/#Range
http://www.wyzant.com/Help/Math/Statistics_and_Probability/Averages/Cumulative_Frequency_Percentiles_and_Quartiles.aspx#Interquartile_Range

1
For ungrouped data, the position of Q, is given by 2 (n+1)th value, while that of Q; by

(n+1)th value. In each case n is the number of observations.

Example 2
Find the lower and upper quartiles of the following set of numbers:
(a) 3,12,4,0,8,5, 4.
(b) 10, 12, 13, 15, 19, 19, 24, 26, 26

Solution

(a) Arranging the numbers in order of size, we have; 3,4, 4,5, 0, 8, 12.
.. 1 nd

Position of Q;: 2 (7+1)th = 2™ value.

Therefore, the lower quartile is 4.
.. 3 th

Position of Q5: 2 (7+1)th = 6" value.

Therefore, the upper quartile is 8.

(b) The numbers are arranged in order

10 12T13 15 19 19 24T26 26

Q1 Qs
. 1 "
Position of Q;: 1 (9+1)th = 2.5% value.
_ 1
Therefore, the lower quartile Q, = > (12+13) =125
. 3 i
Position of Qs 2 (9+1)th = 7.5" value.

1
Therefore, the upper quartile Q; = > (24 +26) =25

For grouped data, the following formulae are used:

3N
_C.fb 7_C.fb

N
Q=L+ 4f xC and QS:L1+4f—><c

m m

3

4



Where

L, = lower class boundary of the quattile class;
C. f, = cumulative frequency of the class before the quartile class;

fm = frequency of that quartile class;

C = class width of the quartile class;
N = total frequency.

Example 3

The table below shows the distribution of marks gained by a group of students in a
Subsidiary mathematics test marked out of 50.

Estimate the lower and upper quartiles.

Marks Frequency | Cumulative Frequency
1-10 15 15

11-20 20 35

21— 30 32 67

31-40 26 93

41 - 50 7 100

Position of Q) is 2 (100) = 25" observation. Using the cumulative frequency column, the

25" observation lies within the cumulative of 35. Thus the lower quartile class is ‘11 — 20’

So, L, =105, c.f, =15, f_ =20, c=20.5-10.5 =10, N = 100
N_cf, 100_45
Therefore Q =L, +| &—— |xc = 105+ —2—— |10
f 20
=10.5+ 5 = 15.5 marks

Position of Q3: " (100) = 75" observation (mark). Using the cumulative frequency column,
the 75th observation lies within the cumulative of 93 and is located in the ‘31 — 40’ class.

So, L =305, ¢.f, =67, f. =26, c=40.5-30.5=10,N = 100



——c.f, _
Therefore Q; =L, + 4f— XC = 30.5+£752667j><10

m

= 30.5 + 3.0769 = 33.58(2d.p)
Interquartile range

The Interquartile range is the difference between the upper quartile and the lower quartile. Itis a
useful measure of spread of a distribution. It is the range of the middle 50% of the values.

The Interquartile range = upper quartile — lower quartile
=Q-Q

Semi — Interquartile range
. , 1
We define semi-interquartile range as: 3 Q;-Q)

Estimating the quartiles using the cumulative frequency graph

The values of the quartiles can be read off the cumulative frequency graph as shown:
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Thus on the cumulative frequency curve (Ogive), the lower quartile, Q,corresponds to the 2 n®

1 3
reading, Median to the E N® reading and the upper quartile, Q; to the Z N® reading.



Example 4

Plot an Ogive for the above data and use it to estimate the semi-interquartile range.

Marks Frequency | Class boundaries | Cumulative frequency
1-10 15 10.5 15
11 -20 20 20.5 35
21 -30 32 30.5 67
31-40 26 40.5 93
41 -50 7 50.5 100

Solution

Cumulative frequency curve
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From the Ogive;
Lower quartile, Q,= 16.5 marks and upper quartile, Q; = 33 marks

The interquartile range = Q; — Q,
=33 -16.5 = 16.5 marks



Percentiles

A percentile is a certain percentage of a set of data. Percentiles are used to observe how many of a
given set of data fall within a certain percentage range; for example; a thirtieth percentile indicates
data that lies in the 30% mark of the entire data set.

Calculating Percentiles

Let designate a percentile as P,, where m represents the percentile we are finding, for example for

the tenth percentile, m would be 10. Given that the total number of elements in the data set is N,

then Py, :%X N

th
m
On the cumulative frequency curve (Ogive), the m™ percentile corresponds to the (ﬁx Nj
reading or value. For example given a total of 100 observations, the 10" percentile corresponds to
90
(m xlOOj =90" value. Thus from the Ogive, the value at the 25" percentile is the lower quartile,

and that at the 75" percentile is the upper quartile.
Example 5

Survey results of the heights (cm) of 400 students in a certain school are shown in this
frequency table.

Height (cm) Cumulative frequency
100 = x <110 27
110 = x <120 85
120 = x <130 215
130 = x < 140 320
140 = x <150 370
150 = x <160 395
160 = x <170 400

(a) Draw a cumulative frequency curve.
(b) Find an estimate of the median.
(c) Find the upper and lower quartiles and determine the interquartile range.
(d) Determine the
@) 10" percentile
(ii) 90™ percentile

(i)  The 10 to 90 percentile range.



Solution Cumulative frequency curve showing the heights of 400 students
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From the Ogive;

(b) An estimate of the median is 129cm.

(c) Upper quartile, Q; = 138 and lower quartile, Q, = 121.5cm.
Hence interquartile range = Q3 — Q1

=138 —121.5 = 16.5cm

(d) 90™ percentile, Py, corresponds to % (400) = 360" value



1
10" percentile, P,, corresponds to % (400) = 40" value

Thus;

@) Py, = 147cm

(i1) P,, = 113cm

(iif) The 10 to 90 percentile range = Py, — Py,

=147 — 113 = 34cm

Exercise

1.

@)
(i)

(i)

Find the mean of each of the following sets of numbers.
@) 1769, 1771, 1772, 1775, 1778, 1781, 1784
(ii) 0.85, 0.88, 0.89, 0.93, 0.94, 0.96

The mean of 10 numbers is 8. If an eleventh numbet, c is now included in the results, the mean
becomes 9. What is the value of c.

The mean of #» numbers is 5. If the number 13 is now included with the #» numbers, the new
mean is 6. Find the value of 7.

If the mean of the following frequency distribution is 3.66, find the value of a.

x 1 2 3 4 5
7 3 9 2 11 8 7

The marks below were obtained by students of S5 in a certain school in the end of year
mathematics examination.

Marks 20-29 |30-39 | 40-49 |50-59 | 60-69 | 70—-79 | 80— 89

No of students | 3 8 18 24 20 12 5

Find the average mark for the class

Draw an ogive to represent the marks and use it to estimate the median and semi-
interquartile range

Using the ogive estimate the probability that a student selected at random scored a mark
between 32.5 and 49.5



6. In an experiment, 50 people were asked to guess the weight of a mobile phone in grams. The
guesses were as follows:

47 39 21 30 42 35 44 36 19 52
23 32 66 29 5 40 33 11 44 22
27 58 38 37 48 63 23 40 53 24
47 22 4 33 13 59 33 49 57 30
17 45 38 33 25 40 51 56 28 064

Construct a frequency table using intervals 0 — 9, 10 — 19, 20 — 29, etc.
Hence draw a cumulative frequency curve and estimate:

(a) the median weight,

(b) the inter-quartile range,

7. In a competition, 30 children had to pick up as many money notes of 50,000 as possible in one
minute using their hands. The results were as follows:

3 17 8 11 26 23 18 28 33 38
12 38 22 50 5 35 39 30 31 43
27 34 9 25 39 14 27 16 33 49

Construct a frequency table using intervals of width 10, starting with 1 — 10.
From the frequency table, estimate the

() mean,

(if) median of the distribution.

8. The mean weight of 8 boys is 55 kg and the mean weight of a group of gitls is 52 kg. The mean
weight of all the children is 53.2 kg. How many girls are there?

9. A group of 50 people were asked how many books they had read in the previous year; the results
are shown in the frequency table below. Calculate the mean number of books read per person.

No. of books |0 |1 2 |3 4 5 16 |7
Frequency 515 6 19 11 17 [4]2 |1




10. The heights in cm of S5 students in a certain school were recorded as shown in the table below:

Height (cm) Frequency (f)
149 — 152 5

153 — 156 17

157 - 160 20

161 — 164 25

165 - 168 15

169 — 172 0

173 -176 2

(a) Estimate the mean height of the student.
(b) Plot a cumulative frequency curve (ogive) and use it to estimate the median height.

11. The grouped frequency distribution shown below gives the speed of service of the EOP 50
performers in men’s professional tennis in a given year.

Service speed | 90 —94 | 95-99 | 100 — 104 | 105-109 | 110 -114 | 115119 | 120 —124 | 125-129
(m.p.])
Frequency 2 7 9 14 9 4 3 2

(a) Calculate the mean and modal speed of the performers.

(b) Draw a cumulative curve for the data. Use your curve to estimate the

(i) Median and semi — interquartile range of the speeds.

(i) 39" to 89" percentile speed range.

12. The table below shows the marks obtained, out of 50, by S.5 students in a Subsidiary

mathematics test.

Mark (x) No. of students (f)
1-10 9

11-20 10

21-30 11

31 -40 8

41 - 50 7

Using an assumed mean, calculate the mean mark to the nearest whole number.




13. The heights of 50 army recruits were measured and tabulated as shown below.

Height (cm) No. of recruits
151 — 155 8
156 — 160 16
161 — 165 14
166 — 170 10
171- 175 2

Using 160 cm as an assumed mean, calculate the mean height.

14. The times taken by a group of students to solve a mathematical problem are given below:

Time(min)

5-9

10 - 14 15-19

20 - 24

25-29

30— 34

No. of students

5

14 30

17

11

3

(a) Draw a histogram for the data. Use it to estimate the modal time for solving a problem.

(b) Calculate the mean time of solving a problem.

15. The speeds of public service vehicles during a police check are shown in the table below.

Speed (km/h)

31 -40

41 -50 | 51-60

61-70

71— 80

81 -90

91 - 100

No. of vehicles

10 15

15

(a) Draw a cumulative frequency curve for this data.

(b) Use your graph to estimate:

(i) the median speed.

(i) the lower and upper quartiles.

(iii) the percentage of vehicles traveling between 64km/h and 72 km/h.

16. The table below shows the ages of students in a training college.

Age Frequency
18 =x< 20 7
20 = x<22 10
22=<x<24 33
24 <x <26 21
26 <x <28 14
28 < x <30 13
30 <x < 32 10
32 =x<34 4




Calculate the median age.

17. The table below shows the time (in seconds) taken to solve a certain problem

Time(s) 30 - 49 50 - 69 70 — 89 90 - 109 | 110-119

No. of students 10 30 25 20 15

Draw a histogram for the data and use it to estimate the mode.

Variance and standard deviation

Variance

Variance is a measure of how spread out a data set is. Variance is used to indicate how spread out
the elements in the set is from the mean of the population in the set. Unlike range and quartiles, the

variance combines all the values in a data set to produce a measure of spread. It is symbolized by S.

The variance of a set of n numbers, X, Xy,..., X,, with mean X is given by S* where

>x2
S%= —x?
n

For data in form of a frequency distribution, if X;,X,,..., X, occur with frequencies f;, f,,..., f, then

the variance S of the distribution with mean X is given by:

52— S _x2
2 f
NOTE: For grouped data, X represents the mid — point of an interval.

Standard deviation

Standard deviation is the measure of spread most commonly used in statistical practice when the
mean is used to calculate central tendency. It measures spread around the mean. It is symbolized by
S. Standard deviation is the square root of variance.

So standard deviation, S = +/ Variance

The standard deviation of n numbers is given by S where



For a frequency distribution, the standard deviation is given by:

2
S = /zfx '
2 f

Standard deviation is a measure of how precise the mean of a population or sample is. It is used to

indicate trends in the elements in a given data set with respect to the mean, i.e. the spread of these
elements from the mean. Because of its close links with the mean, standard deviation can be greatly

affected if the mean gives a poor measure of central tendency.

Example 1
A hen lays eight eggs. Each egg was weighed in grams and recorded as follows:
00, 56, 61, 68, 51, 53, 69, 54.
Calculate the standard deviation

Solution

First calculate the mean;

472
Mean, X :2 =—=

n 8

59

X 60 56 61 68 51 53 69 54
X’ 3600 | 3136 | 3721 | 4624 | 2601 | 2809 | 4761 | 2916 | ¥y x2
=28168

2
S = X —_x2 = @_592
n \I 8
= /3521 — 3481

= 40 = 6.32¢ (2d.p)



Example 2

The length of 32 leaves were measured in mm. Find the mean length, variance and the

standard deviation.

Length (mm) | 20-22 | 23-25 26 - 28 29 - 31 32 - 34

Frequency 3 6 12 9 2
Solution
Length (mm) | Mid — point, X | 2 f fx fx2
20 — 22 21 441 3 63 1323
23 -25 24 576 6 144 3456
26 -28 27 729 12 324 8748
29 — 31 30 900 9 270 8100
3234 33 1089 2 66 2178
> =32 | 2 fx=867 3 fx2 = 23805
Hence Mean, X = DI = 867 =27.1 (1d.p)
> f 32
2 2
Variance, 5 = = _x2 23808 —(@j —~0.835
2 f 32 32
and Standard deviation, S =+/9.835 = 3.14 (2d.p)

Analysing data using variance and standard deviation

The variance and standard deviation is used to quickly analyze data. Data extracted by people is not
perfect but one can interpret the results in order to make informed decisions. For instance,

(i) I could say that the average weight for a baby is 3kg. Based on this number, any person
having a baby would expect it to weigh approximately this much. However, based on
standard deviation the average baby could actually never weigh close to 3kg. After all, the

average of 1 and 5 is also 3.

(i) A survey made in Uganda shows that the average Ugandan woman spends 9 hours a day on
domestic tasks, such as preparing food and clothing, fetching water and firewood, and



caring for the elderly, the sick as well as orphans. But there are some women who do not
even spend more than 2 hours a day on domestic tasks.

Thus the averages, being measures of central location only, do not indicate how the values in the
data are spread and may not give us enough information to analyse the data, hence the need to find
the standard deviation.

Standard deviation is useful when comparing the spread of two separate data sets that have
approximately the same mean. The data set with the smaller standard deviation has a narrower
spread of measurements around the mean and therefore usually has comparatively fewer high or low
values. An item selected at random from a data set whose standard deviation is low has a better
chance of being close to the mean than an item from a data set whose standard deviation is higher.

Generally, the more widely spread the values are, the larger the standard deviation is. For example,
imagine that we have to separate two different sets of exam results from a class of 30 students the
first exam has marks ranging from 31% to 98%, the other ranges from 82% to 93%. Given these
ranges, the standard deviation would be larger for the results of the first exam. Thus if the standard

deviation is a large number, the mean might not represent the data very well.
Example 1

Two machines, A and B, are used to pack biscuits. A sample of 10 packets was taken from
each machine and the mass of each packet, measured in grams, was noted. Find the standard
deviation of the masses of the packets taken in the sample from each machine. Analyse the
data and comment on which machine is more reliable.

Machine A (mass in g) | 196, 198, 198, 199, 200, 200, 201, 201, 202, 205
Machine B (mass in g) | 192, 194, 195, 198, 200, 201, 203, 204, 206, 207

Solution
For Machine A, mean X = 2 = @ =200
n 10
For Machine B, mean X = % = %80 =200

The standard deviation for machine A, S,

X | 196 198 198 199 200 200 201 201 202 205

2 | 38416 | 39204 | 39204 | 39601 | 40000 | 40000 | 40401 | 40401 | 40804 | 42025 | 3 x2=400056




2
S, = ,Zx _Yzz\/400056_2002
n 10

= \/40005.6 — 40000 =

=237 (2d.p)

5.6

The standard deviation for machine B, S,

X | 192

194

195

198

200

201

203

204

206

207

2 | 36864

37636

38025

39204

40000

40401

41209

41616

42436

42849

> x* =400240

2
s, = /zx —72=\/400240—2002
n 10

= 40024 — 40000 =24

= 4.90 (2d.p)

The standard deviation for machine A is 2.37g and the standard deviation for machine B is
4.90g. Since the standard deviation for machine A is smaller than that of machine B, then

machine A is more reliable.

Example 2

Thirteen students from each of the two classes, S.5A and S.5B did a certain mathematics test

and there scores are as shown below;

Test scores from S.5A Class
65, 66, 67,69, 70, 70, 70, 71, 71, 72, 73, 74, 76

Test scores from S.5B Class

50, 53, 54, 55, 55, 58, 59, 59, 75, 95, 98, 100, 100

Analyse the test scores and comment on which class is more reliable.

Solution

First calculate the mean mark for each class

For S.5A class, the mean

S_Zx_o14

n

13

=703




=——=70.1

For S.5B class, the mean X =
13

Tx 911
n

The standard deviation for S.5A class

x2 | 4225 | 4356 | 4489 | 4761 | 4900 | 4900 | 4900 | 5041 | 5041 | 5184 | 5329 | 5476 | 5776 §:X2

>

=64378
2

s = |2 _x2_ /@—70.32
n 13

= \/4952.15-4942.09 =+/10.06

=3.17 (2d.p)

The standard deviation for S.5B class

X |50 53 54 55 55 58 59 59 75 95 98 100 100

x2 | 2500 | 2809 | 2916 | 3025 | 3025 | 3364 | 3481 | 3481 | 5625 | 9025 | 9604 | 10000 | 10000 }:XZ

=68855

2
5 = [ZX _g2_ /@—70.12
n 13

= \/5296.54 —4914.01 = /382.53

= 19.56 (2d.p)

Notice that both classes have the same mean (about 70) but the distribution of scores is very
different. A mark selected at random from a data set whose standard deviation is low has a
better chance of being close to the mean than a mark from a data set whose standard
deviation is higher. Since the standard deviation for S.5A class is low, it is a more reliable
class.

Exercise
1. Find the mean, median and standard deviation of the following values
2,4,6,3.1,.2.1.1,54,2.5,6,8,15,7

2. Find the mean and standard deviation of the following sets of numbers




@ 11, 14,17,23,29
) 200,203,206, 207, 209

3. The mean of the numbers 3, 6, 7, a, 14, is 8. Find the standard deviation of the set of
numbers.

4. A certain factory produces ball bearings. A sample of the bearings from the factory
produced the following results

Diameter of bearing mm Frequency
81-93 4
94 - 96 6
97 -99 34
100 — 102 40
103 - 105 13
106 — 108 3

Determine the mean and variance of the diameter of the sample bearings.

5. 100 students were tested to determine their intelligence quotient (IQQ), and the results were as
shown below. All IQs are given to the nearest integer)

1Q 45— | 55— | 65— |75— [85— 95— |105— |115—

Number of pupils | 1 1 2 6 21 29 24 16

(a) Calculate the mean and standard deviation

(b) Draw a cumulative frequency curve and use it to estimate
©) median
(i1) semi interquartile range

0. The table shows the times taken on 30 consecutive days for Kalita Bus to complete one
journey on a particular route. Find the mean time for the journey and the standard deviation.

Time (minutes) Frequency
60 — 63 1
64 — 67 3
68 — 71 12
72175 10
76 - 79 4




7. 'The table below shows the distribution of marks obtained by a class of 30 students of a
certain school;

Marks 15-19 20-24 25-29 30 - 34 35-39
Frequency 10 6 5 4 5
Calculate;
6) the mean and variance

(i1) Median and modal mark
(i)  The percentage of students who scored less than 33 marks.

8. A box contains 100 tokens which differ in mass, but are otherwise identical. 20 of them have
a mass of 4.8¢g each, 35 a mass of 5.2 g each, 25 a mass of 5.7g each, 15 a mass of 6.5 g each
and the remaining 5 have a mass of 8.0g each. Calculate the expected value and variance of
the mass of a token chosen at random from the box.



MOVING AVERAGES

Moving averages is one of the methods used in business and other areas of life for forecasting

numerical data.

Moving average is obtained by finding average changes over successive periods of time. The time
eriods can be seconds, minutes, days, weeks, months, years or decades.
) ) Y ) ) 5 Y

Moving averages help us to study changes in the magnitude of quantities such as population figures,
rainfall figures, growth figures etc over periods of time. The pattern of change in figures is called a
trend and moving averages help us to form a #rend /ine which can be extrapolated to predict future

values.

It is important to have an idea about the trend that is underlying movement of the data in
consideration because this can be used to see if there are any variations. For example there could be
particular points during a year when the sales are lower than previous time.

Types of variations (trends) of data

@) Secular trend: Is formed when the direction of the data keeps going upwards or
downwards over a long period of time. For example the high jump record keeps
increasing over a long period, giving an upwards moving secular trend in the data. Also
the winning time in marathon keeps decreasing over a longtime period, thereby giving a

downwards moving secular trend in the data.

(i1) Seasonal variation: This occurs when the data follows a pattern during corresponding
months in successive years. For example heating bills. Electricity and heating bills
fluctuate with seasons; higher bills in the colder weather and lower bills in the warm
weather. Also we would expect that sales of umbrellas would increase during the rainy

season and then decrease during the sunny season.

(i11) Cyclical variation: This occurs when long periods of time follow the trend line. For
example several years of prosperity in economy followed by several years of recession

forming a pattern over time.

(iv) Random variation: This occurs when unpredictable events like war or a “crash” in the
stock markets happens. The trend of data cannot therefore be predicted easily and

cannot be “smoothed out” using moving averages since the variations are irregular.

Calculation of moving averages

Moving averages can be calculated to smooth out the seasonal variations so that #rends can be
spotted. It can be calculated using 2, 3, 4, 5, 6, 7 or more items in the data known as data points.



moving total
number of data points

Moving average =

The moving total is obtained by adding the given data items over successive periods of time. The
moving totals and averages are even or odd depending on whether the data points considered are
even or odd respectively.

The moving totals and averages are written at the mid — point of the data from which it is calculated.
Example 1
The monthly rainfall in millimeters at a weather station for eight consecutive months was
recorded as shown below.

Jan Feb Mar Apr May June | July Aug
7 18 25 20 12 8 6 4

Calculate the 4 — monthly moving averages from January to August.

Solution

Month  Rainfall (mm) 4 - point moving totals 4 — point moving averages

Jan 7
Feb 18
74+18+25+20 = 70 7740=17,5mm
Mar 25
18+25+20+12= 75 5 _185mm
Apr 20
25+20+12+8 = 65 %5 _16.25mm
May 12
20+124+8+6 = 46 46 _115mm
4
June 8
12+8+6+4 = 30 30
— =7.5mm
4
July 6
Aug 4

Hence the 4 — monthly moving average rainfall is 17.5mm, 18.75mm, 16.25mm, 11.5mm and
7.5 mm.

NB: The first moving average is computed from Jan, Feb, Mar and Apr, giving the first moving
average mid — way between Feb and Mar and so on.



Example 2

Grace a student in OLAN obtained the following marks in her weekly tests in subsidiary
mathematics during the last two months.

Week 1 2 3 4 5 6 7 8
Marks in % | 38 52 | 65 44 58 56 70 72

Calculate her 5 — monthly moving averages and hence comment on her progress in
subsidiary mathematics.

Solution
Week Marks in % | 5 — point moving totals 5 — point moving averages

1 38

2 52

3 65 384+52+65+44+58=257 51.4

4 44 524+65+44+58+56=275 55

5 58 65+44+58+56+70=293 58.6

6 56 444+58+56+70+72=300 60

7 70

8 72

From the results of moving averages it can be concluded that Grace is following an increasing
performance trend in the scores of subsidiary mathematics. She is therefore improving over the two
months.

N.B: The first moving average is obtained by averaging out the data for week 1, 2, 3, 4 and 5 giving

the first moving average mid — way at week 5 and so on.
Graphs of moving averages

Many sets of data display trends which depend upon the time of year or the particular month or
even the time of day etc. When the data is plotted on a line graph, the graph obtained is called a
time series graph and this graph in most cases shows wildly fluctuating trends.

In attempting to glean meaningful information from such graphs, we really need to isolate the
different seasons, each of which exerts its own seasonal influence. One way of doing this is to use
what are termed moving averages, which are designed to /ve/ out the large fluctuations which can

occur in a set of data that varies over time.



Moving Averages, when graphed, allow us to see any trends in data that are cyclical. By calculating
the average of 2 or more items in the data, any peaks and troughs are smoothed out. The graph of
moving average therefore presents a steady trend of change of data.

The positioning of the moving average is very important. The moving average must be plotted at the
mid — point of the data from which it is calculated. The points on the graph are then joined one after
the other successively using straight lines to give a trend line. The line graph of the moving averages
is therefore called a frend line. The trend line can be used to forecast future values by extrapolating it.

When the plotted points of moving averages do not give a straight line on joining, then we simply
draw a best fitting trend line through the plotted moving averages.

Example 1
The table below shows the number of properties let by an Estate Agency over the past three
years.
1 quarter 2" quarter 3" quarter 4™ quarter
2009 328 317 335 151
2010 355 343 361 379
2011 381 371 388 406

0] Plot these data on the graph.
(i)  Calculate the 4 — point moving averages
(iif)  Plot these averages on the same graph and draw the trend line.

(iv)  Use your graph to estimate how many properties are likely to be let in the 1% quarter of
2012.

(v) Why do we use moving averages?



Solution

(it )
Year Quarter | No. of property let | 4 — point moving totals | 4 —point moving averages
1" 328
2009 2 317
1331 332.75
31 335
1358 339.5
4" 351
1384 346
1™ 355
1410 352.5
2010 2 343
1438 359.2
3 361
1464 366
4" 379
1492 373
1™ 381
1519 379.75
2011 2 371
1546 3806.5
3 388
4" 406

From the graph the next moving average = 393.

(vi) Let the estimate of the number of properties likely to be let in the 1% quarter of 2012 be x.

Working backwards;

371+ 388+ 406 + X

1165+ x =1572

X =407

4

=393

(v ) We use moving averages to “smooth” data so that we can try to predict future values.
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N.B: The first moving average is calculated from quarters 1, 2, 3 and 4 of 2009, giving the
first moving average mid — way between quarters 2 and 3 of 2009.This is where it
should be plotted and so on.



Advantages of using moving averages

- It reduces the effects of random variation which is due to the cumulative effects of all the
short term unpredictable influences.

- It gives room different statisticians presented with same time series to come up with one
approach to explain given data.

- They can be used to predict the future trend of any quantity but the estimate should not be
too far ahead.

Example 2

The following table shows the daily sales of a certain book at Muhumuza and Sons bookshop
for two consecutive weeks.

1% week 10 9 6 11 14
2" week 9 8 6 13 12

(a) Workout the 5 — day moving averages.
(b) On the same graph paper draw both;
@) The graph of daily sales, and

(i) The graph of 5 — day moving averages.

Solution
(@)
Day No. of books sold 5 —point moving totals 5 — point moving averages

1 10
2 9

Week 1 3 6 41 8.2
4 11 49 9.8
5 14 48 9.6
6 9 48 9.6

Week 2 7 8 50 10
8 6 48 9.6
9 13

—_
(e}

12
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Example 3

The table shows the number of units of electricity used each quarter by a householder in
Mukono over a period of 3 years.

Year 2010 2011 2012

Quarter 1 2 3 4 1 2 3 4 1 2 3 4

Units used | 680 | 810 | 470 | 740 | 640 | 850 | 420 | 750 | 970 | 880 | 490 | 760

a) Plot these values on a line graph.
b) Calculate a 4-point moving average.
c) Plot the moving averages on your line graph. Draw in the trend line.

d) Comment on the trend in the units of electricity used.



Solution

(@)
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(b) The first 4-point moving average is calculated as the mean of the 4 values from 2010. The
mean of 680, 810, 470 and 740 is 675.

The second 4-point moving average is calculated as the mean of the Q,, Q5 and Q, values
from 2010 and the Q, value from 2011. The mean of 810, 470, 740 and 640 is 665.

The 3" 4-point moving average is the mean of Q; and Q, from 2010 and Q, and Q, from
2011. This moving average is 675.

\Units used \ 680\ 810 \ 470 ] 740 | 640 | 850 \ 420 \ 750 \ 970 \ 880 \ 490 \ 760 \

<
<

[
»

Moving average 675 665 675 6625 665 7475 755 7725 775

A

o) The moving averages have been added to the graph in (a). Each moving average is plotted
above the middle of the interval from which it was calculated. The trend line is drawn through the
middle of the points.

d The trend line shows that electricity usage is increasing over time. There is a seasonal
y usag g
pattern to the usage, with Quarter 3 seeing the least electricity used.

Exercise

1. A young baby was weighed by a nurse every week —end. Following is the record of her
weights.

No. of week end | 1 2 3 4 5 6 7 8 9 10 |11 |12
Weight (kg) 3513740 425 |46 |49 |518 |54 |563 |58 |60 |06.18

Calculate the 8 — weekly mowing averages for her weights during these three months.

2. The collections in thousands of shillings from the sales of tickets during the 10 days of
league matches at Namboole stadium were as given in the following table.

Day 1 2 3 4 5 6 7 8 9 10
Collection | 250 180 180 190 260 200 280 250 320 360

Find the 7 — day moving average and comment about your answer.

3. The following data gives the typical price (in pounds) for a textbook of subsidiary
mathematics.

Year | 2003 | 2004 | 2005 | 2006 | 2007 | 2008 | 2009 | 2010 | 2011




4.

Price

63

51

49

80

92

57

62 60

61

Determine and plot the three year moving averages for these data.

0.

The number of bicycles sold by a shop for the first 10 weeks of the period February to April
2012 is as in the table below.
Week 2 3 4 5 7 8 9 10
No. sold 4 6 4 5 4 5 2
@) Draw a graph showing the weekly sales.
(it) Calculate the 4 — weekly moving averages of sales.
(iif) On the same diagram as for part (i) draw the graph of the moving average. Which of
these graphs gives you a clear idea of the trend of sales and why.
(iv) Comment on the trend of sales for this period.
Karungi has the following information about the oil bills for her home over the period from
2011 to 2012.
Year 1% quarter 2™ quarter 3" quarter 4™ quarter
2011 222 120 58 172
2012 234 128 04 182
(a) Plot these quarterly bills as a time series.
(b) Work out the four-point moving averages.
(c) On the same axes as the time series, plot the moving averages and draw the trend line.
(d) Make three comments about the variations in Karungi’s oil bills from 2011 to 2012.
The table below shows the sales of a particular commodity over the past three years by
Owino market vendors.
Year 2010 2011 2012
Quarter | 1 | 2 3 4 1 2 3 4 1 2 3 4
Sales 1891 244 | 365 | 262 | 190 | 266 | 359 | 250 | 201 | 259 | 401 | 265




(a) Plot the values of sales on a line graph.
(b) Calculate a 4-point moving average.

(c) Plot the moving averages on your line graph. Draw in the trend line.

7. 'The table below shows the average termly marks scored in mathematics tests by a certain
student from his Senior One in 2009 to his Senior Four in 2012.

@
(i)
(iif)

YEAR TERMLY MARKS (%)
1st an 3rd
2009 36 50 54
2010 40 45 60
2011 39 46 70
2012 49 50

Calculate the four — point moving averages for the data.
Plot the termly marks and the four — point moving averages on the same graph.

Comment on the trend of the students’ performance in mathematics during the

period. What was likely to be his mark in mathematics in the final examination?

8. The table below shows Fiona’s quarterly electricity bills in (£) over a three year period.
Year 1 quarter 2" quarter 3" quarter 4™ quarter
2010 147 105 122 142
2011 118 78 89 115
2012 89 49 55 88
©) Plot these data on graph paper using suitable axes and scales.
(i) Calculate the quarterly moving averages.
(i11) Plot these averages on the graph obtained in (i) and draw the trend line.
(iv) Use the trend line to estimate Fiona’s electricity bill for the first quarter in 2013
showing clearly where your reading is taken.
9. The table below shows the amount of copper in thousands of tones exported by Uganda in

the period 1990 — 5

Year

1990

1991

1992

1993

1994

1995

Quantity

14

16

18

17

19

18




On the same coordinate axes draw a line graph representing this data and a graph of
three - point moving averages.

10. The sales of a computer company are given for the period of five years in the table below.

First half Second half
2007 230 810
2008 241 852
2009 259 902
2010 272 934
2011 288 966
@) Draw a graph of these sales and on it superimpose the 2 — point moving average.

(it) Estimate from your graph the sales for the first half of 2012.

INDEX NUMBERS

Index numbers are statistical measures designed to show changes in a variable or group of related
variables with respect to time, geographical location or other characteristics such as income,
profession etc. They provide a measure of the relative change in some variable or group of variables
at a specified date when compared with some fixed period in the past.

Index numbers may be classified in terms of the variables that they are intended to measure. In
business, different groups of variables in the measurement of which index number techniques are
commonly used are; (i) price, (ii) quantity, (iii) value etc. The simplest example of an index number is
a price index (price relative).

e Price Index (Price relative) — The Price Index shows how the price of something changes over a period
of time. Price index numbers measure the relative changes of a commodity or commodities between two periods.

Terminologies used in price index.

In general the present level of prices is compared with the level of prices in the past. The present
period is called the current period and some period in the past is called the base period. The
period can be days, weeks, months, years or decades. For example;

Base year is the year to compare all the other prices with, or the year on which the price changes
are based.



Current year is the year for which the index is to be calculated or the year being compared with the
base year.
Simple price index

A simple price index number measures the relative change in price of just one variable with respect
to the base price.

If we denote the price in the base period as P, and the price in the current period as p,, then

Simple price index, P = P x100
Po

Example 1

In January 2010, the price of a kilogram of sugar was 4200=. In January 2012, the price was
6300=. Taking 2010 as the base year, find the price index.

Solution

Price index = Poorz x100
p2010

- 5399, 100150
4200

So the price index or price relative = 150.
This indicates that the price of a kilogram of sugar increased by 50% between 2010 and 2012.
Example 2

One litre of petrol costs 2500= in 2005 and 3000= in 2009. Taking 2005 as the base year,
find the price relative in 2009.

Solution

Price relative = Paooy x100
p2005

_ 3000 x100=120
00

This indicates that the price of petrol went up by 20% between 2005 and 2009.
Example 3
The table below shows how the price of one house has changed over the years 2007 to 2009.

Year 2007 2008 2009
Price (£) 62,000 66,960 73,780

Taking 2007 as the base year, calculate the simple price indices for 2008 and 2009.



Solution

66960

For 2008, the price index is = x100 =108
62000

The index number 108 shows that the price has increased by 8 % since 2007

For 2009, the index number is = 73780 x100=119
62000

The index number 119 shows that the price has increased by 19 % since the base period.
The base year is 2007. We give this year an index number of 100.

This is what the table looks like now.

Year 2007 2008 2009
Price index 100 108 119

Example 4

In 2005, the price index of a commodity using 2001 as the base year was 112. In 2011, the index
using 2005 as base year was 85. What would have been the index in 2011, using 2001 as base
year?

Solution
Taking 2001 as the base year, then;
Pooos ,100=110= P05 _190 0
P2001 P2001

Taking 2005 as the base year, then;

Poon 100 =85= P _ggs . (i)

P00 P200s
Multiplying equations (i) and (ii) gives;
Panos  Paous 1 120,85

pZOOl p2005

Peons _ 0,952

pZOOl

Thus the price index in 2011 taking 2001 as the base year would have been;



Paous 100 20.952x100 = 95.2

pZOOl

Example 5

The 2011 price index for a pair of shoes was 120 taking 2007 as base year. Calculate the 2007
index, referred to 2011 as base.

Solution

Price index taking 2007 as base year, Poot 100 =120 = Peout _9 5

p2007 p2007

Poor _ 1 1

Therefore referred to 2011 as base year —~= —— =

Pao11 Paous 1.2

p2007

The 2007 price index, referred to 2011 as base; Paoor x100 = é x100=83.3

p2011

Simple aggregate price index

The simple aggregate price index is obtained by calculating the total price of a group of items as a
ratio of the total price of the same group of items in the base year. It consists of expressing the
aggregate price of all commodities in the current year as a percentage of the aggregate price in the
base year.

Simple aggregate price index, P = % %100
Po

Where 2. p,is the sum of the prices for the current year and 2. p,is the sum of the prices for the
base year.
Example 1

The table below shows the price of items in Uganda shillings of rice, sugar, eggs and
groundnuts in 2008 and 2010.

Taking 2008 as the base year, find the simple aggregate price index for the items.

Solution

Ttem 2008 Price 2010 Price
Rice (1kg) 2500 3200
Sugar (1kg) 3000 3500
Eggs (1 dozen) 4000 4500
Groundnuts (1kg) | 2000 2600




Item 2008 Price 2010 Price
Rice (1kg) 2500 3200
Sugar (1kg) 3000 3500

Eggs (1 dozen) 4000 4500
Groundnuts (1kg) | 2000 2600
Total 11500 13800

Simple aggregate price index = 2P %100

2 Py
= @x100=120
11500
This implies that the prices of these group of items increased by 20% between 2008 and
2010.
Example 2

Below is a table showing the prices of items A, B, C, D, E and F in US dollars in 1995 and
2005. Using 1995 as the base year, calculate the aggregate price index for these items.

Item 1995 Price 2005 Price
A $7.7 $8.9
B 18.5 18.4
C 8.8 10.1
D 14.6 15.6
E 15.8 17.0
F 44.0 46.2
Solution

Ttem 1995 Price 2005 Price

A $7.7 $8.9

B 18.5 18.4

C 8.8 10.1

D 14.6 15.6

E 15.8 17.0

F 44.0 46.2

Total $109.4 $116.2




Simple aggregate price index = % %100
Po

_ 1162 100-106.2
109.4

Weighted Index Numbers

An index number can include a number of different items. The index number must take into
account the proportions of the different items. These are called weightings. The final index number
is called a weighted index number. For example;

The table shows the indices for the basic costs of a factory for two years.

Year 2008 (Base Year) 2009 Weighting
Production 100 105 210
Services 100 103 40

Rent 100 109 12

N.B: 2008 =100 means that 2008 is taken as the base year.

The weighting reflects the proportion of money spent on each item. The increase of 5 % on
production costs in 1999 would have a greater effect on the total costs from the 9 % increase on
rent. This is because more money is spent on production than the rent.

We use the weightings to find the weighted index for costs.

> (weight x index)
2. weights

Weighted Index for Costs =

_ (210x15) + (40x103) + (12x109)
210+40+12

=105

This index is sometimes called the weighted mean index, or the weighted average.
Weighted Price Index

This puts into consideration the relative importance of the commodities. In this case the weights of
different commodities together with their prices or Price relatives are given.

Weighted aggregate price index numbers is the simple aggregative type in which weights are assigned
to the various items included in the index.

>W (L x100)

In general weighted aggregate price index, P = SW

where W is the weight.



But P x100 is the Price index or Price relative. Let P x100 =A
Po Po

Then weighted price index, P= M
>W

The weighted price index is some times referred to as the composite index.

Example 1

1. The table below lists seven categories of house holds expenditure and records the value of
the price index in 2008 taking 2006 as base year. The weights assigned to the seven

categories are also given.

Expenditure category | 2008 Price index | Weight
Food 106.7 163
Medical care 113.4 50
Clothing 109.4 78
Foot wear 106.6 36
Electricity 118.3 160
Drinks 101.6 55
Fuel 105.2 72

(a) Calculate the weighted aggregate price index for these seven categories of expenditure.
(b) A household’s weekly expenditure on these seven categories in 2006 was approximately
£115. Estimate the weekly expenditure on these categories for a similar household in 2008.
Solution

@)
Expenditure category A W WA
Food 106.7 163 17392.1
Medical care 113.4 50 5670
Clothing 109.4 78 8533.2
Foot wear 106.6 36 3837.6
Electricity 118.3 160 18928
Drinks 101.6 55 5588
Fuel 105.2 72 7574.4

2 W=614 2 WA=67523.3
YWA 67523.3

Weighted aggregate price index = =110.0 (1d.p)

W 614

(b) Weekly expenditure in 2008 ~110% of expenditure in 2006



_ 110 x115=£126.5
100

Example 2

Calculate a weighted price index for the following figures for 2009 based on 2007.

Item 2007 price (£) | 2009 Price(f) | Weight
Food 55 60 4
Housing 48 52 2
transport 16 20 1
Solution
Ttem Py P, W A:(&xloo) WA
Po
Food 55 60 4 109.09 436.36
Housing 48 52 2 108.33 216.66
transport 16 20 1 125 125
2 W=7 2. WA=778.02
778.02
Weighted price index = = WA = =111.1(1d.p)
2W 7
Example 3

Calculate to the nearest integer, the weighted price index for the following table of price
relatives and weights.

Price relative weight
Food 118 40
Rent 102 8
Clothing 114 12
Fuel 120 10
Others 110 30
Solution
A W WA
Food 118 40 4720
Rent 102 8 816
Clothing 114 12 1368




Fuel 120 10 1200
Others 110 30 3300
> W=100 > WA=11404
11404
Weighted price index = M =—=114 .04
>W 100

The weighted price index or weighted aggregate price index = 114 (to the nearest integer)

N.B: When calculating the Price indices, care must be taken on the units of currency used. The

prices of the commodities in both the current and base year must be in the same currency.

Example 4

A mechanical product consists of five raw materials A, B, C; D and E in the proportions of
16, 40, 11, 11 and 16% respectively. The following table shows the price indices of the raw

materials.

Raw materials Price in year Price in the year Price index in 2010
2009(%) 2010(8) based on 2009

A 2.50 3.10 124

B g 23.85 150

C 12.00 18.00 150

D 17.50 21.35 y

E 2.50 x 108

(a) Find the values of x, y and z

(b) Calculate the aggregate weighted price index representing the cost of the mechanical product

in the year 2010 using the year 2009 as the base year.

(c) If the total monthly cost of the raw materials in the year 2009 is $1.3 million, find the total

monthly cost of the raw materials in the year 2010.

the cost of each raw material rises o from the year to , find the weighte
d) If th f each ial rises by 40% fi he year 2010 to 2012, find the weighted
price index representing the cost of the mechanical product in the year 2012 based on the

year 2009.

Solution

(a) For raw material E,

X

2.50x108
X=""""""

100

x100=108

=2.70




21.35

. ———x100=y
For raw material D, 17.50
y =122
2385, 100150
For raw material B, z 9385100
7=2200702 _15.90
100
(b)
Raw materials A W WA
A 124 16 1984
B 150 46 6900
C 150 11 1650
D 122 11 1342
E 108 16 1728
2. W=100 2. WA=13604
. . . - 2WA 13604
Weighted ageregate price index in 2010, P= =——=———=136
eighted aggregate price index in SW 100
(c) Let the total monthly cost in the year 2010 = P
P 100-136
1.3
p=1313_ 1 77million
100
(d) Since the cost of each raw material rises by 40% from the year 2010 to 2012, this implies;
@ x100=140................ (1) but also h x100=136........ccceeruin. 2
2010 2009

From equations (1) and (2)

The weighted price index representing the cost of the mechanical product in the year 2012

based on the year 2009, L %100 =136 x % =190.4

2009

Value index

A value index measures changes in both the price and quantities involved. Value is the product of
price and quantity. A simple ratio is equal to the value of the current year divided by the value of
base year. If the ratio is multiplied by 100 we get the value index number.



A value index, such as the index of department store sales, needs the original base-year prices, the
original base-year quantities, the present-year prices, and the present year quantities for its
construction.

2 pg
2 Pyl

the current period and P,Q, is the product of price and quantity for the base period.

Its formula is: Value index V = x100 where p,q,is the product of price and quantity for

Example 1

The prices and quantities for various items sold at Select Garments for May 2007 and May
2012 are as follows;

Item 2007 price (Ush.) | Quantity sold | 2012 price (Ush.) | Quantity sold
Ties (each) | 3,000 1000 6,000 900
Suits (each) | 90,000 100 120,000 120
Shoes (pair) | 30,000 500 24,000 500
What is the value index for May 2012 using May 2007 as the base period?
Solution
Item Po Q% | P G | Pol P.0;
Ties (each) 3,000 | 1000 | 6,000 900 | 3,000,000 5,400,000
Suits (each) | 90,000 | 100 | 120,000 | 120 | 9,000,000 14,400,000
Shoes (pair) | 30,000 | 500 | 24,000 | 500 | 15,000,000 12,000,000
> P,4, =27,000,000 | > p,q, =31,800,000

Value index = M x100

2 Polo

_ 31,800,000

= 2o 4100 =117.8 (1d.p)
27,000,000

Example 2

The figures given below show the prices and quantities of maize, wheat and beans a certain

family used for the year 2007 and 2010.

2007 2010
Quantity Price Quantity Price
Maize 20 650 25 700
Wheat | 10 1500 38 1600
beans 5 150 38 200

Calculate the value index for 2010 for the family taking 2007 as the base year.

Solution



2007 2010

qO pO ql pl quO plql
Maize 20 650 25 700 13000 14000
Wheat 10 1500 8 1600 15000 16000
beans 5 150 8 200 750 1000

> Pyl =28750 X p,g, =31000

Value index = Mxloo

2 Po
= 31300 x100=111
28750
This shows an increase of 11% in the money spent for the items between 2007 and 2009.
Exercise
1. In 2011, the price index of a commodity was 135 when 2009 was taken as base year. The

3.

4.

value of the commodity in 2011 was £54 and in 2010 was £406. Find
(a) The value of the commodity in 2009
(b) The price index of the commodity in 2010 when 2009 was taken as base year.

The price of New Vision newspaper in 2010 was Ush.1500. The index number for the same
price of this newspaper in 2000 was 160 based on 1990. In 2010 it was 75, based on 2000.
Calculate

(a) The price index in 2010, based on 1990.
(b) The prices of the newspaper in 1990 and 2000.

The price relative of a commodity in 2001 using 2000 as base year was 105. The price
relative of the same commodity in 2002, using 2001 as base year was 95. Given that the cost
of the commodity in 2000 was 50,000=, find its cost in 2002.

A certain family in a Kampala suburb spent the following amounts per month on the items
shown in the years 2008 and 2009.

Item 2008 amount in Uganda sh. | 2009 amount in Uganda sh.
Housing 80,000 100,000
Clothing 20,000 20,000
Electricity 40,000 50,000
Water 10,000 12,000
Food 140,000 160,000
Transport 50,000 60,000




Medical fees 30,000 35,000
Miscellaneous 30,000 40,000

Using 2008 as the base year, calculate the simple aggregate expenditure index for 2009.

5. The prices of unit values of four commodities A, B, C and D in the years 2004 and 2006 were

as below;
Commodities 2004 Price 2006 Price Weights
A 4,000 5,000 7
B 9,000 11,000 2
C 6,000 7,000 3
D 6,000 8,000 6

a) Taking 2004 as the base year, calculate the
8 y
@) Simple price index for 2006.
(i) Weighted aggregate price index.

6. The table above shows the price indices and the percentage of usage of four major
ingredients used to produce a certain kind of food.

Ingredient Price index for the year 2010 Percentage of usage (%)
based on the year 2009

W 121 11

X x 21

Y 139 13

Z 113 55

(a) Calculate
@) The price of ingredient Y in the year 2009 if the price in the year 2010 is £99,

(i1) The price index of ingredient Z in the year 2010 based on the year 2007 if the price
index in the year 2009 based on the year 2007 is 140.
(b) The weighted aggregate index representing the cost of production of the food in the year
2010 based on the year 2009 is 116. Calculate
€] the value of x,
(i1) The cost of one unit of the food in the year 2009 if one unit of the food costs £14.50
in the year 2010.

7. 'The table above shows the prices of four raw materials, .4, B, C and D, used to produce a
technology product in the years 2007 and 2009, and their corresponding weightings.

Raw material Price per Unit in dollars | Weights
2007 2009




9.

A 57.30 42.98 8
B 72.10 36.05 8
C 84.20 17.88 2
D 90.10 166.69 5

(a) Calculate the composite index representing the prices of the four raw materials in the
year 2009 based on the year 2007.

(b) If the prices of the raw materials, .4, B, C and D changed by +14%, +12%, +54% and
+75% respectively in the year 2012 based on the year 2009, find the composite index
representing the prices of the four raw materials in the year 2012 based on the year 2009.

The table below shows the prices and quantities of four cereals A, B, C and D used to
produce a food product in years 2008 and 2010

Cereal 2008 2010
Quantity (kg) Price (sh.) Quantity (kg) Price (sh.)
A 25 7500 40 16000
B 30 12000 50 15000
C 10 8000 25 10000
D 20 12000 15 12000

(a) Calculate the simple price indices for the cereals based on 2008.

(b) Calculate the value index for the production of the food product in 2010 based on 2008.

The table below shows the change in the cost of a representative basket of goods and
services. The weighting of each item comes from the survey that was carried out to find the
cost of living index. The indices are worked out for 2012 taking 2009 as the base and weights

given. Calculate the weighted index for the 14 groups.

Group Weighting Index
1. Food 154 111.3
2. Catering 49 118
3. Alcoholic Drink 83 114.7
4. Tobacco 36 106.4
5. Housing 175 138
0. Fuel and Light 54 109
7. Household Goods 71 110
8. Household Services 41 113
9. Clothing and Footwear 73 111
10. Personal Goods and Saving 37 115
11. Motoring Expenditure 128 120
12. Travel Costs 23 126




13. Leisure Goods 47 107
14. Leisure Services 29 117

Correlation

Correlation is the method used to determine relationships between two or more variables being
investigated. A set of paired observations from two random variables is called a bivariate
distribution. If, in a bivariate distribution, a change in one variable is matched by a similar
proportional change in the other variable, then the technique used to measure the degree of

association is called correlation.

Before quantifying the interdependence of two variables it is often useful to plot the paired
observations on a scatter diagram. By inspection, if a straight line can be drawn to fit the data
reasonably well, then there exists a linear correlation between the variables: This is achieved by

drawing scatter diagrams.
Scatter diagrams

A scatter diagram (also known as a scatter plot) is a graphic representation of the relationship
between two variables. It helps us visualize the apparent relationship between two variables that
are plotted in pairs. Scatter diagram is a tool for analyzing relationships between two variables.
One variable is plotted on the horizontal axis and the other is plotted on the vertical axis. The
pattern of their intersecting points can graphically show relationship patterns.

If x and y are the two variables under consideration, then plotting the values of y against the values
of x gives a scatter diagram. Scatter diagrams are used in research to investigate relationships



between two variables

such as cause-and- effect relationships. In scatter diagrams, the relationship or

correlation between two variables may be either positive, negative, or zero.

Types of correlation

The type of correlation explains the relationship between the two variables say, x and y being
investigated. When a scatter diagram is plotted, the following correlation types can be found.

(a) Positive correlation: If one variable y tends to increase as the other x increases, then there

is positive correlation.

A

i

v

(b) Negative correlation: If one variable y tends to decrease as the other x increases, then there

is negative correlation.

(c) Zero or No correlation: If the data points are scatter

conclude that

ed in a shapeless pattern. You can

the two variables are not correlated over the ranges for which the data was

collected. Thus if there is no relationship between x and vy, then there is no correlation.

.
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Constructing a Scatter Diagram

Axes
The axes are constructed at right angles to each other. The scales for each axis (variable) are

from the lowest to highest value or score. Thus, it is not necessary to have a zero for scatter
diagram scales.

The next step is to select suitable scale divisions or intervals for labeling. The intervals selected
are the same for each variable, if each variable is measured in the same unit. The spacing of

the scale divisions on each axis needs to be large enough to accommodate the symbols.

Plotting Data

Each entry that is recorded by a symbol in the proper coordinates (or cell) always represents
two numerical values, one measured on the X-axis and the other on the Y-axis. These are
then plotted to give a scatter diagram.

Example 1

Draw a scatter diagram for the following data.

X 1 2 3 4 5 6 7 8 9 10
y 5 4 7 6 9 8 11 10 13 12




Solution

1<
™

12T

Scatter Graph

Comment

: There is a positive correlation between x and y.

v



Example 2

The local bakery would like to be able to predict the demand, (Sales), for their bread from the
amount they spend, (Advertising), on advertising it. The table below shows the data.

Advertising(£000)| 3 3 5 |4 |6 7 7 8 6 7 10
Sales(£000) 40 60 | 100| 80|90 | 110|120 | 130 | 100 | 120 | 150

Plot a scatter diagram and comment on the correlation.

Solution
Scatter diagram
160
140
120 L 2
100 L 4 *
— I
] )
o
o 80 4
(%)
Q2
5]
)
60 4
40 L 4
20
0
0 2 4 6 8 10 12
Advertising(£'000)

Comment: There is a positive correlation between the sales and advertising.



Drawing a line of best fit

The line of best fit is a straight line. If your scatter graph suggests that there may be a linear
relation between the two variables, a line of best fit can reasonably be drawn on the scatter

graph. This is the line that passes closest to each of the plotted point and a mean point (;(, ;/)

- - X
This line can be drawn by first calculating the co-ordinates of the point (X, y) where X = Z—
n

and 9 = & . Then draw a line of best fit, ensuring that it passes through (;(, ;/)
n

A Line of best

X >
The line of best fit is drawn such that it passes through the points or divides the points equally

and is suitable if there is very little scatter. The line of best fit is used to estimate other data
values.

Example 3

The table below shows how x varies with y.

X 10 20 30 40
y 312 509 682 865

Plot these data on a scatter diagram. State the type of correlation which the data displays.

Draw on your diagram, the line of best fit.

Solution
;(:2: 10+20—;r30+40 ~25 and 9: 312+5091-682 +865 _590
n

Mean point, (X, y) = (25,592)



Scatter diagram

900 /
800
700
.
600 ——
(% y)
500
400 /
300 i
0 5 10 15 20 25 30 35 40 45

The data displays a positive correlation.
Example 4

A company doctor is investigating the possible effect of stress upon the health of the
company’s management employees. She suspects that employees under stress will suffer
from high systolic blood pressure (mmHg). She takes a random sample of ten employees,
aged between 35 and 55 years, and records their age and blood pressure:

Management employee | Age (years) (x) Systolic blood pressure (y)
A 37.2 133
B 39.8 143
C 42.1 135
D 44.6 151
E 47.2 143
F 48.9 158
G 50.0 163
H 51.3 146
I 52.8 168
J 54.4 160

Draw a scatter diagram to show the relation ship between the age and the systolic blood
pressure and best line of fit. Comment on the relationship. A scatter graph showing the data
is given below:



170

¢
165
T
W 160 *
= .
£
@ 155
2
£ 150 * (%y)
o
8
S 145 14
E ¢ *
2> 140
135 *
*
130
35 40 45 50 55 60
Age (years)
- 372 8+...+544
x:3 +39.8+...+5 _46.83
The mean age of the employees is: 10
— 133+143+..+1
v 33+143+...+ 602150
The mean systolic blood pressure is: 10

The scatter graph shows a relationship between blood pressure and age. Blood pressure appears to
increase with age (i.e. older people tend to have higher blood pressure than young people). We say
that the two variables are positively correlated.

Example 5

The table below shows the widths and length of seven textbook covers.

Length (mm) 42 28 50 24 37 52 22
Width (mm) 30 21 35 18 28 38 16

(a) Draw a scatter diagram and comment on the relationship between length and width.
(b) Draw the best line of fit and use it to estimate the width of length

1) 30mm (i) 54mm
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There is a positive correlation between the length and width of the textbooks.

(b) The points lie in an almost straight line to plot the line of best fit you need to find the mean
of the lengths and widths.

- 42+28+50+24+37+52+22 B 255

Mean of lengths, X= - =36.4

Mean of widths, y =2 21+35+178+ 28+38+16 _ 136 =266 (X Y) = (36.4,26.6)

Draw the line through the mean point and through the middle of the rest of the points this is

the line of best fit.

©) Draw a vertical line from 30mm on the length axis to the line of best fit then a
horizontal line to the width axis. Read off this value, an estimate for the width is
23mm.

(i1) Another estimate for the width corresponding to 54mm is 40mm. This estimate is

not as good as the estimate before as it is outside the range of lengths in the table.

Exercise

1. Information about oil was recorded each year for 12 years. The table shows the amount of oil
produced (in billions of barrels) and the average price of oil (in /£ per barrel).



Amount of oil Average
produced (billions | price of oil (E
of barrels) per barrel)
7.0 34
11.4 13
10.8 19
11.3 12
9.6 23
8.2 3
7.7 30
10.9 12.5
8.0 28.5
9.9 13.5
9.2 26.5
9.4 15.5

(a) Draw a scatter graph to show the information in the table

A
35

o
-]

N
o

N
&

—
o

Average price of oil (£ per barrel)

—
-]

6 7 8 9 10 11 12
Amount of oil produced (billions of barrels)



(b) Describe the correlation between the average price of oil and the amount of oil produced.
(c) Use your graph to estimate the average price of 9.5 billion barrels of oil

2. The table lists the weights of twelve books and the number of pages in each one.

Numberofpages Weight (g)
80 160
155 330
100 200
125 260
145 320
90 180
140 290
160 330
135 260
100 180
115 230
165 350

(a) Draw a scatter graph to show the information in the table.

(b) Describe the correlation between the number of pages in these books and their weights.

360
340
320
300

80 100 120 140 160 180
Number of pages



(c) Draw a line of best fit across the point you have plotted.
(d) Use your line of best fit to estimate

(i) the weight of a book with 130 pages

@) the number of pages in a book which weighs 250 g.

3. The table lists the ages and prices of five cars.

Ageinyears |3 4 | 5 4
Price in £ 3000 | 2500 [3750 1500 [2250

(a) Plot this information on the scatter graph.
(b) Describe the correlation between the ages of these five cars and their prices.

4. 'The table shows the temperature and the relative humidity at one place at regular intervals
during one day:

Temperature 65 |68 68|70 |72 |74 |78 |81 |79 |78 |77 |75
°F, x

Relative 52 |52 (53|45 |42 |33 |32 |28 |30 |31 |32 |32
humidity %, y

(a) Draw a scatter diagram and comment on the correlation.
5. In a field, the growth of the lettuces (in cm) is measured every week, together with the

rainfall (in mm). The data collected are as follows:

x=Rainfall 0.5 1 1.5 2
y=growth 38 5 4 2

(a) Draw a Scatter diagram

(b) Draw the best line of fit and use it to predict what the growth would be if the rainfall were
2.5mm.

0. Draw a scatter diagram for the following data.

X 3 7 9 11 14 14 15 21 22 23 26
y 5 12 5 12 10 17 23 16 10 20 35

(a) Comment on the correlation.



(b) Draw the best line of fit.

7. Four identical money boxes contain coins of sh.100. The table below show the number of
coins in each box and the combined weight of the coins and the box.

No. Of coins in box, x 10 20 30 40
Combined weights of coins and 312 509 682 865
box, y

(a) Plot these data on a scatter diagram, labelling the axes clearly. State which correlation the
data displays.

(b) State the coordinates of one of the points through which the line of best fit must pass.
(c) Draw on your diagram the line of best fit.
(d) Estimate from your best line of fit;

@) The weight of an empty box

(i) The mean weight of a single coin.

Rank correlation coefficient

The rank correlation coefficient tells you the strength of linear relationship between two random
variables. It is used to find the type of correlation between two sets of data.

Instead of using the actual values of the variables, the ranks in which the data are ordered are
obtained. We rank the values in order of size, using the numbers 1, 2, 3... n. A correlation coefficient
based on the ranks can then be determined. The most popular of the methods used for determining
a coefficient for rank correlation is Spearman’s coefficient of rank correlation.

Spearman’s coefficient of rank correlation (I)

6>.d?
L =1- % where d is the difference in the values of the ranks between pairs.
Example 1

Calculate Spearman’s rank correlation coefficient for the following data:

X 25 27 27 |28 |29 |31 32 33 34 | 34

y 45 149 51 54 |52 |60 |60 |62 |63 |64




Method of ranking

The sets of values for x and y are arranged in ascending order of magnitude and the ranks are
assigned from the lowest to the highest. Where two or more egual values occur, the rank assigned to
each is the average of the positions occupied by the tied values. Then we have:

x 25 |27 |27 [28 [29 [31 [32 [33]34 |34
y 45 |49 |51 [54 |52 |60 |60 | 62|63 |64
Rank x 1 |25 |25 [4 5 |6 |7 |8 ]95 |95
Rank y 1 |2 3 |5 4 |65 |65 |8 |9 [10
Rankx—ranky() |0 |05 |05 |-1 |1 |-05]05 |0 |05 |-05
& 0 025 |025 1 1 025 [025]0 |025]025 | xd?=35

Note: (i) The 2™ and 3" places represent the same values of x (27), so we assign the average rank 2.5
to both these places.

(ii ) The 7" and 8" places represent the same values of y (60), so we assign the average rank 6.5 to
both of these places.

_6xd?
) n(n®-1)
_,_ 635 _, 21 323
*77710(100-1) ~ 990 330

= 0.98(2d.p)

The value of I, can lie anywhere between -1 and +1.

If ris positive, this indicates a positive correlation between the variables. If 7is negative, it indicates a
negative correlation. The further ris from 0, the stronger the association between the two random
variables. In particular:

Correlation coefficient interpretation
1 Perfect positive correlation
0.7<r, <1 Strong positive correlation
04<r, <07 Fairly positive correlation
0<r, 04 Weak positive correlation

0 No correlation




0> r, -04 Weak negative correlation

-04=2r >-0.7 Fairly negative correlation
0721 <-1 Strong negative correlation
-1 Perfect negative correlation

Example 2

The marks of 10 students in English and Kiswahili tests marked out of 20 are as follows;

English x 12 | 8 16 |11 7 10 13 17 12 9

Kiswahili,y |6 |5 7 7 4 9 8 13 10 11

Calculate the correlation coefficient. Comment on your answer.

English ,x 12 8 16 11 7 10 13 17 |12 9
Kiswahili,y | 6 5 7 7 4 9 8 13 | 10 11
Rank x 6.5 2 19 5 1 4 8 10 |65 |3
Rank y 3 2 |45 (45 |1 7 6 10 | 8 9
d 3.5 0 (45 |05 |0 -3 2 0 -1.5 | -6
d? 122510 1225102510 9 4 0 225 |36 | >d*=84
2
r.=1 62d” _ 1 6(84) =0.49(2d.p) ‘This indicates a fairly positive correlation between

° n(n®*-1) 10(100-1)
the marks of English and Kiswahili.
Example 3
Two competitors rank the eight photographs in a competition as follows:

Photograph A B C D E F G H
1" Competitor | 2 5 3 6 1 4 7 8
2™ Competitor | 4 3 2 6 1 8 5 7

Calculate the coefficient of rank correlation for the data and comment.

In this example, the data has already been ranked.

Rank x 3 6 1 4 7 8
Ranky | 4 3 2 6 1 8 5 7
d -2 -2 1 0 0 -4 2 1
d’ 4 4 1 0 0 16 4 1 >d*=30




_6%d* _ . 6(30) _

r, = n(nz—l)_ 8(64_1)_0.64(2d.p).

The coefficient of rank correlation is 0.64 indicating a fair positive correlation between the

competitors.

Exercise

1. The table below shows the marks awarded to six children in a competition. Calculate a

coefficient of rank correlation for the data.

Child A B C D E F
Judge 1 6.8 7.3 8.1 9.8 7.1 9.2
Judge 2 7.8 9.4 7.9 9.6 8.9 6.9

2. Seven army recruits were given two separate aptitude tests. Their orders of merit in each test

were as follows;

Order of merit 1 2nd 3 4t 5h 6" 7%
1% test G F A D B C E
2" test D F E B G C A

Find the coefficient of rank correlation between the two orders and comment briefly on the

correlation obtained.

3. The following table shows the marks of eight pupils in biology and chemistry. Rank the
results and find the value of the coefficient of rank correlation.

Biology, x 65 65 70 75 75 80 85 85
Chemistry, 50 55 58 55 65 58 61 65
y

4. Two adjudicators at a music competition award marks ten pianists as follows;



Pianist
A B C D E F G H 1 J
Adjudicator 1 78 66 73 73 84 66 89 84 67 77
Adjudicator 2 81 68 81 75 80 67 85 83 66 78

Calculate a coefficient of rank correlation for these data.

5. These are the marks obtained by 8 students in subsidiary mathematics and economics.
Calculate the coefficient of rank correlation.

Subsidiary 67 42 85 51 39 97 81
mathematics (X)
Economics (y) 70 59 71 38 55 62 80

6. A company doctor is investigating the possible effect of stress upon the health of the
company’s management employees. She suspects that employees under stress will suffer
from high systolic blood pressure. She takes a random sample of ten employees, aged
between 35 and 55 years, and records their age and blood pressure:

Management | Age (x) | Systolic blood
employee pressure ()
A 37.2 133
B 39.8 143
C 42.1 135
D 44.6 151
E 47.2 143
F 48.9 158
G 50.0 163
H 51.3 146
I 52.8 168
] 54.4 160

Calculate a coefficient of rank correlation between the age and systolic blood pressure and

comment on the value obtained.

Probability theory

Probability theory is the branch of mathematics concerned with prediction, uncertainty. It was

developed from the theory of games of chance and gambling. It prays a very important role in



astronomy, physics, chemistry, engineering, economics, business, social science, psychology and

research.
Experimental probability

Probabilities can be estimated from experiments. An experiment is a situation involving chance or
probability that leads to results called outcomes. An outcome is the result of a single trial of an
experiment while an event is one or more possible outcomes of a random experiment.

Examples of outcomes and events

(a) One toss of a coin results in the outcomes head or tail {H, T'}. One event of this experiment

is obtaining a head.

(b) One throw of an ordinary die results in the outcomes {1, 2, 3, 4, 5, 6}. An example of an
event of this experiment is obtaining a number greater than 4.

(c) Two tosses of a coin result in the outcomes {HH, HT, TH, TT}. An example of an event of
this experiment obtaining two heads.

(d) A spinner has 4 equal sectors colored yellow, blue, green and red. The possible outcomes are
landing on yellow, blue, green or red. One event of this experiment is landing on blue.

Events are denoted by Capital letters. Using example (b) we can let A be an event “obtaining
a number greater than 47, then A= (5, 0).

Experimental probability is therefore an estimate of the probability of an event. It is called
experimental because you perform activities or experiments to find the number of times a certain
event actually happened after repeating the experiment a certain number of times.

number of times a certain event happens
total number of trials

Experimental probability ~

Suppose you have a bag filled with marbles of different colors. You pull out 12 marbles without
replacing them, and 5 of those marbles are red. What is the experimental probability of getting
another red marble the next time you pull a marble from the bag?

number of red marbles pulled frombag g

total number of marbles pulled from bag 12

The probability of the next marble being red is 5 .
12

P(red) ~

Probability Defined



Every random event has a different number of possible outcomes. The probability of an event is a
value that describes the chance or likelihood that the event will happen or the chance or likelihood
that the event will end with a particular outcome.

We use the notation P(A) to denote the probability that event “A” will happen.

Certain, Impossible and Uncertain Events

The probability of an event that is certain to happen is 100% or 1, while the probability of an event
that is impossible is simply 0% or 0. Any other event that has some possibility of happening will
therefore have a probability that lies somewhere between 0 and 1 (or between 0% and 100%).

In other words, the probability of any event can be expressed as a fraction lying between 0
and 1.

Since an uncertain event has a probability that lies between 0 and 1, the higher the chance of the
outcome, the closer the probability of that outcome will lie to 1.

0 100%

| |

| |

% 1,-
Impossible event Event that might happen T

Certain event

For example, suppose a dice is rolled; the outcomes are (1, 2, 3, 4, 5, 6)
e P(dice will land on a number from 1 to 6) = certain or “1” or 100%
e P(dice will land on 10) = impossible or “0” or 0%

e P(dice will land on an even number) = 3 = 50%

6
e P(dice willland on 2) = 1
6
1
(lj% s 5?% 100°|A)
| ! | |
0 I I 1
P(10) P(2) P(even) P (1to 6)

Different Ways of Describing the Probability of an Event



Hopefully you have seen from the section that there are three main ways in which we can choose to
describe the probability of an event:

1. As a fraction — i.e. a value that lies between 0 and 1.
2. Asadecimal — ie. the result of computing the fraction;

3. Asa percentage —i.¢ a value that lies between 0% and 100%

For Example:
1
The probability of a fair coin landing on heads is: P(heads) = >

We could also choose to write this as:
P(heads) = 0.5 or P(heads) = 50%
Terminologies used in probability theory
(a) Sample Space (S)

This is the set of all possible outcomes of an experiment. It is some times termed as the possibility
space. Each possible outcome is called a sample point.

* For example, if an unbiased coin is tossed then the two possible outcomes are 'head' and
'tail'. The set of all possible outcomes is therefore {H, T}. This is called the sample
space of the experiment

* The sample space of flipping two coins -{ HH, HT, TH, TT }.

® The following table illustrates a sample space for the sum obtained when rolling two dice.

5, 1) 5,2 (5,3 5,4 (5,5) 5, 06)
6, 1) (6, 2) (6, 3) 6, 4) (6, 5) (6, 6)
1 2 3 4 5 6

Number on second die

1 (1, 1) (1,2) (1, 3) 1,4 1,5) (1, 6)
2 2, 1) 2,2) 2, 3) 2,4 2,5) 2, 6)
Number 3 3,1 (3,2 (3, 3) (3,4 (3, 5) (3, 6)
on First 4 “4,1) 4, 2) 4, 3) 4, 4 4, 5) 4, 6)
die 5
6




Table of sums

First Second Die

Die 1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

The sample space S has 36 sample points, each of which is equally likely to occur. The values in the
columns represent the sums on the two dice.

If the sample space has a countable number of sample points then we denote the number of points
in S by n(S). The probability of an event A which is a subset of S denoted P (A) is defined as

(b) Intersection of events

Given A and B are two events in a sample space S, the intersection of A and B, denoted AN B is
the event containing all sample points that are both in A and B. Sometimes we use A and B for

intersection.
(c¢) Union of events

The union of events A and B, denoted AU B is the event containing all sample points in either A or

B or both. Sometimes we use A or B for union.

(d) Compliment of events

If A is an event of a sample space S, the compliment of A denoted Aor A’is the event containing
all sample points that are not in A. Sometimes we use not A for compliment.

() Mutually exclusive events(Disjoint Events)

Two events A and B are said to be mutually exclusive if their intersection is empty having no sample
points in common (i.e. ANB = ). In this case P (ANB) =0

(f) Independence of Events

Two events are independent if one event does not affect the probability of the other event. Thus
Events are independent when the outcome of one event has no effect on the outcome of a second

event. For example throwing a die and flipping a coin are independent events.



For two independent events A and B, P ( AnB) =P (A) XP (B).

Example 1

The numbers 1 to 20 are each written on a card. The 20 cards are mixed together. One card is
chosen at random from the pack. Find the probability that the number on the card is:

(a) Even

(b) A factor of 24

(c) Prime

Solution

We will use ‘P(x)’ to mean ‘the probability of x’. Let S be the sample space such that S = {1, 2, 3, 4,
5,0,7,8... 20}

_ number of even numbers 10 1
(a) P(even) = 2 =—==
total number of numbers in the pack 20 2

number of factors of 24
total number of numbers in the pack

The factors of 24 are: F,, = {1, 2,3,4,6,812,24} (F,)=8

Therefore P(a factor of 24) = 8 = 2

20 5

(b) P(a factor of 24) =

(c) Prime numbers in the pack = {2,3,5,7,11,13,17,19}

. number of prime numbers inthe pack 8 2
P(Prime) = - =—==
total number of numbers in the pack 20 5

Example 2

One letter is selected at random from the word “SUBSIDIARYMATHEMATICS”. Find the
probability of selecting

(a) an A
(b) an E
The word “SUBSIDIARYMATHEMATICS” has a sample space of 21 letters

1S
(a) P(selecting A)= number of A -2
total number letters 21

1
7

(b) P(selecting E) = number of & _L
total number letters 21

Example 3



The two sides of a coin are known as ‘head’ and ‘tail’. Two coins are tossed at the same time.
Illustrate the possible outcomes on a sample space diagram and find the probability of obtaining

(a) Two heads

(b) A head and a tail.

The sample space S for the outcomes when the two coins are tossed is as shown.

g
S |H HH TH
"§ T HT TT
)
P
H T
Fist coin

S= {HH, TH, HT, TT} () =4
() Let A be the event  two heads are obtained’
A= {HH} — ~(A) =1

Therefore P(A) = % = % The probability that two heads are obtained is %

(b) Let E be the event ‘ a head and a tail is obtained’
E = (HT, TH} — ~(E) =2

Therefore P(E) = % 2.2

Example 4

A black die and a white die are thrown at the same time. Display all the possible outcomes. Find the
probability of obtaining:

(a) A total of 5,
(b) A total of 11,

() A ‘two’ on the black die and a ‘six’” on the white die.

| 21 1 Jan] a2 | @y | Gy ] 5 | 1e |




2,1 2,2 2, 3) 2,4 | 2,5 2, 06)

(3,1 (3,2 (3,3 G, 4 | (3,5 (3, 6)

4,1 4, 2) 4, 3) 44 | &5 4, 6)

5,1 5,2 5,3 5,4 | 5,5 5, 6)

6, 1) (6, 2) (6, 3) 6,4 | (6,5) (6, 6)
1 2 3 4 5 6

Number on white die

QN O O

There are 36 possible outcomes, shown above hence n(S) =36

(a8) Let A be an event  obtaining a total of 5 on the two dice’
A={14,41), 23,032} = nA) =4

P(A) = nAay_4 1
nS) 36 9

(b) Let B be an event  obtaining a total of 11 on the two dice
B = {(6,5),(50)} = n(B)=2

_nB_2 1
P®B) = n(s) 36 18

(c) Let C be an event ‘ obtaining a ‘a two’ on the black die and a ‘six” on the white die’
C={(2,6)} = nC)=1

n€) _1

PO= ns) 36

Example 5
A fair coin is tossed and a fair die is rolled. Find the probability of obtaining a ‘head’ and a ‘six’.
Solution

When a coin is tossed once, the sample space is: S = {H, T} where H denotes a ‘head’ and T a ‘tail’.

So P(H) = P(T) = Y.

Similarly the sample space when a die is tossed once is: S = {1, 2, 3, 4, 5, 6} So P(six) =%
The two events are independent. Therefore, P (head and six) = %x% = é

Exercise



(@)

10.

An ordinary die is thrown. Find the probability that the number obtained

(a) is s multiple of 3, (b) is less than 7, (c) is a factor of 6

A bag contains 6 red balls and 4 green balls

(a) Find the probability of selecting at random
6) a red ball (i) a green ball

(b) One red ball is removed from the bag. Find the new probability of selecting at random:
6) a red ball (i) a green ball

From a set of cards numbered 1 to 20 a card is drawn at random. Find the probability that
the number (a) is divisible by 4, (b) is greater than 15 ,(c) is divisible by 4 and greater than 15

One letter is selected at random from the word ‘UNNECESSARY”. Find the probability of
selecting:
(A anR (b)an E (c)an O

Two ordinary dice are thrown. Find the probability that (a) the sum on the two dice is 3, (b)
the sum on the two dice exceeds 9, (¢) the two dice show the number.

An ordinary die and a fair coin are thrown together. Show the possible outcomes on a
sample space diagram and find the probability that (a) a head and a 2 are obtained, (b) a tail
and a 7 are obtained, (c) a head and an even number are obtained.

The letters of the word INDEPENDENCE’ are written on individual cards and the cards
are put into a box. A card is selected at random from the box. Find the probability of
obtaining:  (a) a card with letter E (b) a card with letter N

Two tetrahedral dice (4 sided), each with faces labeled 1, 2, 3 and 4 are thrown. The score is
the sum of the two numbers on which the dice land. Find the possibility space and the
probability of each element of the space.

One ball is selected at random from a bag containing 12 balls of which x are white.

What is the probability of selecting a white ball? (b) When a further 6 white balls are added
the probability of selecting a white ball is doubled. Find x.

A bead is drawn from a container containing 10 red, 15 black, 5 green and 10 yellow beads.
Find the probability that the bead is

(a) black, (b) not green, (c) red or black, (d) not blue.

Venn diagrams



Probabilities can be illustrated on a Venn diagram. The rectangle represents the entire sample space,
and the circle represents the event A, as shown below.

O]

Combinations of probabilities can be shown on a Venn diagram, as follows;

@) Aand B, ANB. This is the overlap of the regions corresponding to A and B as shown
by the shaded region in the figure below.

o

(i) A UB is the region of points in either the A region or the B region (or both). Note that

the word or is inclusive. ‘A or B’ means ‘A or B or both’, as shown by the shaded region
below.

b

(i11) Ais the region of points that are not in A, as shown by the shaded region below.

©




Probability Laws and Notations in relation to set theory

Let a random experiment have sample space S. Any assignment of probabilities to events must
satisfy the following basic laws of probability.

1. Probabilities are real numbers on the interval from 0 to 1 i.e 0= P(A)=<1 for any event A and
PS) =1

2. Complementary law:
P(A) + P(A) =1 = P(A)=1-P(A)
3. Additive law:
For any two events A and B, P( AUB) = P(A) + P(B) — P(AnB)

If A and B are mutually exclusive P (AnB) =0 and thus P ( AuB) = P(A) + P(B)
4. Law of total probability:

For two events A and B where A, Aand B, B are complementary then

()  P®B)=P(ANB) +P(A~B)

(iii) P(A) = P(ANB)+ P(ANB)




(iv) P(B) = P(AnB)+P(ANB)

5. De - morgan’s laws

For any two events A and B
() P(AnB)=P(AUB)

(i) P(AUB)=P(ANB)
0. Multiplicative law for independent events — the and rule.
If events A and B are independent, P(AnB)=P(A)xP(B)
Contingency table

A contingency table provides a way of portraying data that can facilitate calculating probabilities. We
use a contingency table to represent the probabilities of two events, A and B, which may or may not
be independent. The contingency table might look like this:

Event A A
B | AnB | AnB | P(B)

B AnB | AnB | P(B)

P(A) | P(A) 1

Some important relationships are visible in the contingency table. In particular:

P(A)=P(AnB)+P(ANB).
P(B)=P(AnB)+P(ANB).
P(A)=P(ANB)+P(ANB).
P(B)=P(AnB)+P(ANB).
P(A)+P(A) =1
P(B)+P(B)=1

AN A e

These relationships can easily be obtained by constructing a contingency table.



Example 1

Events A and B are such that P(A) = % , P(B) :g and P(AUB) :%. Find P(AnB).

From P(AUB)=P(A)+P(B)-P(ANB)

ﬂ=E+E—P(Ar\B)
5 30 5
- 19 2 24 7
P(AAB)=—+2-- L
30 5 30 30
Example 2

Events A and B are such that P(A) = 0.5, P(B) =0.7 and P (AnB) = 0.3. Find

Q) P(AUB) (i) P(ANB)
Q) P(AUB) =P(A)+P(B)-P(ANB)
P(AUB)=0.5+0.7-0.3
=09
(i)  From P(A)=P(A~B) + P(ANB)
=  P(AnB)=P(A)-P(ANB)
=0.5-03=0.2
Example 3

Events A and B are such that P(A) = % and P(AnB) = % If A and B are independent
events, find (a) P(B), (b) P(AUB)

(a) Since A and B are independent events P(AnB)=P(A)xP(B)

1 1

1275 ®
1

P(B)=

(b) From P(AUB)=P(A)+P(B)-P(ANB)

= P(AUB)= l+1—i:l

3 4 12 2



Example 4

Given that A and B are mutually exclusive events such that P(A) = 0.5, P(AuB) = 0.9, find

() P(ANB) (i) P(AUB)

Solution

() P(ANB)=P(AUB) But P(AUB)=1- P(AUB)
=1-09=01
(i) P(AUB)=P(A)+P(B)-P(AnB) But P(A)=1-P(A)=1-05=0.5
Since A and B are mutually exclusive P(AUB) =P (A) + P (B) and P(AnB) =0
P@B) =09-0.5=04

Also P(AnB)=P(B)-P(AnB)=0.4—0=0.4

— P(AUB)= 0.5+ 0.4 — 0.4 = 0.5

Exercise

1.

2.

For events A and B it is known that P(A) = % P(AUB) = % and P(ANB) = % . Find P(B)

In a group of 30 students all study at least one of the subjects physics and biology. 20 attend
the physics class and 21 attend the biology class. Find the probability that a student chosen
at random studies both physics and biology.

For events A and B it is known that P(A) = P(B) and P(AnB) = 0.1 and P(AuUB)=0.7.
Find P(A).

The probability that a boy in S.5 class is in the football team is 0.4 and the probability that he
is in the volleyball team is 0.5. If the probability that a boy in the class is in both teams is 0.2,
find the probability that a boy chosen at random is in the football or volleyball team.

Given that P(A) :% , P(B) :%and P(ANB) =é, find P(AUB).

If events A and B are such that they are independent and P(A) = 0.3, P(B) = 0.5, find

(a P(AnB), (b) P(AUB). Are events A and B mutually exclusive?



7. Events A and B are such that P(A) = 0.4 and P(B) = 0.25. If A and B are independent

events, find (a) P(AnB), (b) P(AnB), (c) P(ANB)

8. The probability of two independent events A and B occurring together is% . The probability

that either or both events occur isg . Find the

O P

i P (B)

9. If two events A and B are independent and 3 P(AUB) = 5P(B) = 4P(A).Find

O P&A)

(i) P(ANB)

10. The events A, B and C are mutually exclusive such that P(A)= 0.3, P(B) =0.2 and P(C)= 0.3.
Find (i) P(AUC) (i) P(AUB)®

11. The probability that a student X can solve a certain problem is % and that student Y can

solve it is % . Find the probability that the problem will be solved if both X and Y try to solve

it independently

Probability Situations
The OR situation.

This deals with the probability of either one or the other or even both events occurring. If A and B
are two events, the probability that either A or B or even both occur is denoted by P(AUB) where

P(AUB) =P(A)+P(B)—P(ANB). If the two events are mutually exclusive, the probability that A or
B will occur equals the sum of their probabilities. i.e. P (A or B) = P(AuUB) =P(A) + P(B). ‘Or Law’

in probability means that the probabilities are added. We must take care to use it only when the

two events cannot occur at the same time.
The AND situation

This deals with the probability of two events A and B occurring together. ‘And Law’ in probability
means that the probabilities are multiplied. P (A and B) = P(AnB). For independent events, P (A

and B) = P (A) X P (B)
Example 1

One ball is selected at random from a bag containing 5 red balls, 2 yellow balls and 4 white
balls. Find the probability of selecting a red ball or white ball.



Solution
The two events are exclusive.
P (red ball or white ball) = P (red) + P (white)

5 4 9
—t—=—.
1 11 11

Example 2

John, Paul and mark compete in a 100m race. The probability that John wins is 0.3, the

probability that Paul wins is 0.2 and the probability that Mark wins is 0.4. Find the
probability that

(a) John or Mark wins
(b) Neither John nor Paul wins.
Solution
Since only one person can win, the events are mutually exclusive.
(a) P(John or Mark wins) = P(John wins) + P(Mark Wins)
= 0.3+ 04

=0.7

(b) P( neither John nor Paul wins) = P(John or Paul wins)©

1- P(John or Paul wins)
=1-(0.3+0.2)
=05
Example 3
A coin and a die are thrown together. Find the probability of obtaining
(a) ahead
(b) a number greater than 4
(c) a head and a number greater than 4

(d) a head or a number greater than 4



Solution
The sample space S when a coin is thrown is S= {H,T'}

Let A be the event © a head is obtained’, so n(A)=1 and n(S) =2
_1
@ PO =1 .

The sample space when a die is thrown is S={1, 2, 3, 4, 5, 6}

Let B be the event ‘a number greater than 4 is obtained’, so B={5, 6} n(B) =2 and n(S) = 6

(b) P(B) =

o|IN
Wl

(c) P(head and a number greater 4) = P(Aand B)

Since A and B are independent = P(A) X P(B)
~11 1
= X — = —
2 3 6

(d) P(a head or a number greater than 4) = P(A or B) = P(AUB) .

Since A and B are not mutually exclusive P(AUB) = P(A)+P(B)-P(ANB).

Example 4

In a group of 40 students, 14 are girls. Of the girls 8 wear sweaters and 4 out of the 26 boys
wear sweaters. What is the probability that a student chosen at random from the group is a

girl or someone who wears a sweater?
Solution

Let G be the event ‘the person chosen is a girl’ and S be the event ‘the person chosen wears

a sweatet’.

14 7 12 6 8 4
PW)="==—, P(G) = == =—, P(Wand G) =P(WNG)=—=—
(\N)4020 ()4020( )=P( )4020

PW or G) =PW uG) =PW)+P(G)-PW nG)

fr,6 4._8_9
20 20 20 12 20°



EXERCISE

1.

An ordinary die is thrown. Find the probability that the number obtained is

(a) even, (b) prime, (c) even and prime) (d) even or prime

A and B are independent events and P(A) = 0.3, P(B) = 0.75. Find the probability that
(a) Both A and B occur

(b) A or B occurs

The probability that a student in a S.5 class is left — handed is. % . From the class of 15 girls

and 5 boys a student is chosen at random. Assuming that ‘left — handedness’ is independent
of the sex of a student, find the probability that a student chosen is a boy or is left — handed.

The probability of a student in S.5 getting an A in Subsidiary mathematics is 0.24 and that of
getting a B in Economics is 0.28. What is the probability that a randomly selected student
from this class will get an A or a B?

A fair die is thrown twice. Find the probability of obtaining a 4 on the first throw and an
odd number on the second throw.

A bag contains 10 red balls, 5 blue balls and 7 green balls. Find the probability of selecting at
random

(a) aredball, (b)agreenball, (c) ablueoraredball, (d)aredora green ball.

A box contains red, green, blue and yellow counters. The table shows the probability of
getting each colour.

Colour Red Green Blue Yellow
Probability 0.4 0.25 0.25 0.1

A counter is taken from the box at random. What is the probability of getting a red or blue

counter?

Aggie and Rose both try to score a goal in netball. The probability that Aggie will score a
goal on the first try is 0.65. The probability that Rose will score a goal on the first try is 0.8.

(a) Work out the probability that Aggie and Rose will both score a goal on their first tries.

(b) Work out the probability that neither Aggie nor Rose will score a goal on their first tries.



9. Samantha takes examinations in maths and English. The probability that she passes maths is
0.7. The probability that she passes English is 0.8. The results in each subject are
independent of each other. Calculate the probability that

@) Samantha passes both subjects;

(i1) Samantha passes maths and fails English.

The conditional Probability
This is the probability that an event will occur given that another event has already occurred.

For example: A certain school has male and female teachers who teach Arts and Science subjects.
Suppose that one teacher is selected at random and it is known that the teacher is a female, what is
the probability that the teacher teaches a science subject? So this is the probability of selecting a
teacher who teaches a science subject given that the teacher is a female.

If A and B are two events, where P (A) # 0 and P(B) # 0, then the probability of A, given that B has
occurred is denoted P(A/B). This is read this as ‘the probability of A, given B’

P(ANB)
P(B)

P (A/B) =

It follows that the probability of B, given A has occurtred is denoted P (B/A) and is given by;

P(ANB)

PBIA=—0

Since P(BNA)= P(ANB)

These results can be written as P(AnB) =P (A/B) X P (B) =P (B/A) X P (A)

Note:



(i) If A and B are mutually exclusive events then, since P(AnB) =0 and P (A) # 0 and P(B)
# 0, it follows that P(A/B)= 0 and P(B/A)=0.

(i) If events A and B are independent, P(AnB) = P (A) XP (B). Thus P(A/B) = P(A) and
P(B/A) = P(B)

Example 1

Given that P (H) = g and P(H G) =5—32. Find P (G/H).

Solution
PG /H)=HNG)
P(H)
3
- 52/ _3
13 713
52
Example 2

The probability of selecting a student in a certain high school who does Geography is 0.2.
The probability selecting a student who does Subsidiary mathematics and Geography is 0.03.
Find the probability of selecting a student who does subsidiary mathematics given that
he/she does Geography.

Solution
Let G be the event ‘a student selected does Geography’
Let S be the event ‘a student selected does Subsidiary mathematics’

= P(G) =0.2, P(S and G) = P(SG)=0.03

P(S/G)= P(s f;G)
Thus ()
_ 003 _ 0.15
2
Example 3
‘If A and B are events such that P(B) = %, P(ANB) =$ and P(B/A):% . Calculate

() P, (i) P(A/B), (iii) P(A/ B).

Solution



. . _ P(ANB) _ P(AnB)
(i) Using P(B/A)——P(A) = P(A) P(B/A)
1
- 12/ _1
1 4
3
( ) :
. _P(AnB) _ 1o _1
(i) P(A/B)= rE - 4 2
6
P(A/I_B):P(A—mé) But P(AB)=P(A)—P(ANB)
P(B)
-1 1.1
4 12 6
(iii) Also P(B)=1-P(B)
1 5
=1-—==
6 6
1
= PWB)= b =%
6
Example 4

A card is picked at random from a pack of 20 cards numbered 1, 2, 3, ..., 20. Given that the
card shows an even number, find the probability that it is a multiple of 4.

Solution

The sample space, S= {1, 2, 3,4, 5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20} =
n(S) =20

Let E be the event ‘the card picked shows an even number’

Let M be the event ‘the card picked shows a multiple of 4

E= {2,4,6,8,10,12,14,16,18,20} n(E) =10 =P(E)="E)-10-1

n(s) 20 2

_ _ nM)_5 1

M = {4, 8,12, 16, 20 = P(M) = 5.1

th8,12,16,20; () =5 =PM)=15 20 1
M AE) = {4,8,12,16,20} n(MAE)=5 —~pM~E)=NEOM)_5 1
ns) 20 4

1
Hence P(M/E) :M: 4 _1

P(E) 1 7
2



Exercise
_ 2 _ 1 _1
1. IfP(A/B) = : ,P(B) = Z’P(A)_ 3 find
(@ PB/A), (b) P(ANB)
2. A number is picked at random from the digits 1, 2, ..., 9. Given that the number is a

multiple of 3, find the probability that the number is
(a) even (b) amultiple of 4

3. Xand Y are two events such that P(X) = %, PX/Y) = % and P(Y/X) %:_ Find

@ PXNY), (b) PY), () PXULY).
4. 'The two events A and B are such that P(A) = 0.6, P(B) =0.2, P(A/B) = 0.1. Calculate the
probabilities that

(i) both of the events occur (ii) B occurs, given that A has occurred.
5. Given P(A) :g, P(B) :% and P( AnB) :%
Find:
() P(ANB)
(i) P(A/B)

(ii) P( ANB)
Probability tree diagrams

A tree diagram is a diagram that is shaped like a tree, with the branches of the diagram representing
all of the different possible outcomes for the event taking place. It may be drawn to represent
probabilities when only two possible have to be considered. For example tossing a coin where the
outcome at each toss can only be one of the two possibilities; Heads or Tails.

Tree diagrams are especially useful when working with two or more events that are happening at the
same time and when the number of possible outcomes of an event is not immediately obvious. They
are used to:

@) provide us with a way to visually represent all of the possible outcomes of an event so as
to generate a sample space
(i1) Calculating probabilities when two events are combined.

Example 1
A husband and wife are considering having three children.

(a) Draw a tree diagram to show all of the possible combinations of boys and girls that can
exist with three children and write down the sample space. ( Possible outcomes)

(b) What is the probability that all the three of the children will be girls?
(c) What is the probability that 2 of the children will be boys 1 will be a girl? (in any order)



Solution
At each birth, there are two possible outcomes — Girl (G) or Boy (B). Each of these

1 . . .
outcomes has > chance of happening. This event can be represented on a tree diagram as:

Possible Probabilities
outcomes
1y RETENE I
: GGG 2°2°2°8
1 :
E E l><1><1=1
T gGGB 2722 8
1 f 1111
1 2 : GBG 2228
> 1111
i i GBB 2272 8
1 5
. 1
L > 11 1.1
1 B 272728
T 2 GG 2><2><2 8
> 1
5 1111
T ) : BGB 2><2><2 8
. 5 1111
 BBG 2°2°278

1

1
-~ 00|k

N| -
N~

: BBB Ll

2
(2) The simpBARNe, s 2 (BBORN: B, B3, GBBRN: G, BGB, BBG, BBB
NOTE:
(1) We fill the possible ontcome for each event at the end of every branch.
(iz) We include a branch for every possible outcome of an event.
(i11) We write the probability of each possible outcome on the branches of the “tree”.
RULES OF OBTAINING PROBABILITIES:

(i) When the required outcome is given by a path along the branches of a probability tree,
multiply the probabilities along that path.

(i) When the required outcome is given by more than one path in a probability tree, add the
probabilities resulting from each path. This is possible when we are calculating the
combination of different ways in which the two events can occur according to a set of
conditions.

(b) The first path marked * involves having all the three children as gitls. The probability of this
event is obtained by simply multiplying the fractions on the three branches along the path.

Therefore, P (all the three children are gitls) = P (GGG) = % .



c e paths marked # involve having 2 of the children as boys and 1 as a girl. To find the

The path ked # involve having 2 of the child boys and 1 girl. To find th
probability that 2 of the children will be boys and one will be a girl, we add the probabilities
resulting from each path.

Therefore, P (two boys and one girl) = P (GBB) + P (BGB) + P (BBG)

1l
|
+
|
+
@ |
| w

Example 2

A bag contains 5 red balls and 3 green balls. A ball is drawn at random and then replaced.
Another ball is drawn. What is the probability that both balls are green?

Solution
Let R, be the event ‘a red ball is drawn first’

R, be the event ‘a red ball is drawn second’
G, be the event ‘a green ball is drawn first’
G, be the event ‘a green ball is drawn second’
The tree diagram is as shown below. Since the ball is replaced after the first draw the total

number of balls does not change. .

5 : 5 5 25
8 R,: P(R,NR,))==x—=—
8 RO =8~
5 :
8 Ry
SR 3 { PRNG,)=2xo=2
8 5 GZ. (RiNG) 8 8 64
3G 8—R, P(Glr\Rz):§x§:E
3G : 8 8 64
X :
8
AN 33 9
8 2 F>(GlmGZ):§xg:a
1% draw 2" draw
P (both balls are green) = P(G, NG,) 338
8 8 64

Example 3

A bag contains 5 red balls and 3 green balls. A ball is selected at random and not replaced. A
second ball is then selected. Find the probability of selecting;

(a) two green balls
(b) one red ball and one green ball.

Solution

\,
Py
N
o)
~~
<9
D)
py)
N
I
|
X
I
|5
o

SR 3 L pRAG)=2x31
7 GZE (1 2) 8><7



3 2
P (tw balls) = P(G,NG,)=x%< ="
(@) P (two green balls) (G, NG,) s 7=

(b) P (one red, one green ball) = P(R,nG,) + P(G,NR,)

Example 4

A school canteen sells Chapatti and Cakes, and Fanta, Sprite and Coke cool drinks.

(a) If a student wants to buy something to eat and drink from the canteen, write down all of

the possible combinations that the student could choose.

(b) The tree diagram below shows all of the possible combinations of food and drink at this

canteen.
1 Drink
Food 3 _ Fanta
. Chapatti Sprite
2
3 Coke
1 Fanta
1 3
2
1
3 .
Cake Sprite

3 Coke



@) What is the probability that a student will choose a Chapatti and a Fanta?
(i) What is the probability that the student will end up with some sort of food and a Coke?
Solution
(a) The possible combinations that a student can choose include;

{(Chapatti and Fanta), (Chapatti and Sprite), (Chapatti and Coke), (Cake and Fanta),
(Cake and Sprite), (Cake and Coke)}

(b) (i) P (Chapatti and a Fanta) =

X

N |-
ol

Wl

@it ) P (Some sort of food and a Coke) = P (Chapatti and Coke) + P (Cake and Coke)

=[33)+3)

Il
o
ol
Wl

Example 5

In a class of 24 girls, 7 have black hair. If 2 girls are chosen at random from the class, find
the probability that (a) they both have black hair, (b) neither has black hair.

Solution

Let B be the event ‘the girl chosen has black hair’, then P (B) = 27—4 and P(B) = % . In this

case B means that ‘the girl chosen is not having black hair’

6 6 7
B,: P(B, "B
> BB = % w
T B
™ 17 i
7B 2 R 7 17 _119
= i P(B,NB2)=—
. B 24" 23 552
178 BB, p@ne)< .l 10
g : 24" 23 552
g :
24 :
16 _
3% D B2i P(BinBy-1l,10_ 34
: 24723 69

1% Choice 2" Choice :



7.6 _7

P (both have black hair) =P B,)=—x—=—
(a) P (both have black hair) = P(B,"B,) 1 23" o2

(b) P (neither has black hair) = P(BinB2) = %x% = %
Exercise

1. By drawing a tree diagram, find the possible outcomes when a coin is tossed three times.

2. The probability that a biased die falls showing a 6 is 0.2. This biased die is thrown twice.
(a) Draw a tree diagram showing the possible outcomes and the corresponding probabilities,

considering the event ‘a six is thrown’.
(b) Find the probability that exactly one six will be obtained.

3. A box contains ten green and six white marbles. A marble is chosen at random, its colour
noted and it is not replaced. This is repeated once more. What is the probability that the
matrble chosen are of the same colour? Ans{l)

2

4. A bag contains 8 white counters and 3 black counters. Two counters are drawn, one after
the other. Find the probability of drawing one white and one black counter;
(a) If the first counter is replaced. Ans'[ﬁj

121
(b) If the first counter is not replaced. Ans.(z—d'j
55

5. A bag contains 3 black and 5 white balls. 2 balls are drawn at random one at a time without
replacement. Find
@) The probability that the second ball is white. Ans'(Ej

8
(i1) The probability that the first ball is white given that the second is white. Ans.(fj
7
0. A box contains 3 red, 2 green and 5 blue crayons. Two crayons are randomly selected from

the box with out replacement. Find the probability that:

@) The crayons are of the same colour. Ans.(ﬂ)

(ii) At least one red crayon is selected. Ans_( 8]



7. (a) A bag X contains 5 white balls and 3 black balls and bag Y contains 2 white balls and 3
black balls. A ball is drawn at random from each bag. Find the probability that

@ Both balls are white
(i1) One ball is white and another black.

(b) A ball is drawn at random from bag X and then put into bag Y. Then a ball is drawn at
random from bag Y. Find the probability that the balls drawn from bags X and Y are of

different colours.

8. A box contains 3 blue marbles and some green marbles all of identical size. Two marbles are

drawn at random without replacement. If the probability of drawing two blue marbles is 28

how many green marbles are in the box?

9. A box A contains 3 red balls and 4 black balls. A box B contains 3 red balls and 2 black balls.
One box is selected at random and then from that box, one ball is selected at random. Find:
@) the probability that the ball is red
(i1) the probability that the ball came from A, given that it is red.

10. A machine makes two parts which fit together to make a tool. The probability that the first
part will be made correctly is 0.9. The probability that the second part will be made correctly
is 0.95.

(a) Complete the tree diagram below giving the missing probabilities.

nd
1% Part 2" Part
0.95 Correct
Correct
Incorrect
Cotrect

(b) Use the tree oth parts will be made correctly.

m to work out the probabili
Incorrect

Incorrect



Permutations and Combinations

Permutations

Permutations refer to all possible ways of arranging objects (different arrangements) that can be
made out of a given set of objects, by taking some or all of them at a time.

Informally, a permutation of a set of objects is an arrangement of these objects into a particular
order. For example there are six permutations of the set {1, 2, 3}, namely (1, 2, 3), (1, 3, 2), (2, 1, 3),
2,3,1),(3,1,2)and (3,2, 1)

Factorial notation n!
The continued product of the first n natural numbers (i.e. the continued product of n consecutive

integers beginning with one and ending with n) is denoted by the symbol n! and is read as factorial n.

Thusnl=1x2 x3... xn.



7T'=1x2 x3 x4 x5 x6 x7.
50=1 x2 x3 x4 x5.
31=1 x2 x3.
Arrangements of objects in a row
Resultl
The number of ways of arranging n unlike objects in a row or line is n!
Example 1
How many ways can the letters A, B, C, D be arranged.
Solution
The number of ways of arranging the 4 letters is 4/ =1 x2 x3 x4 = 24.
When the letters A, B, C, D are considered;
The first letter can be chosen in 4 ways (either A or B or C or D),
the second letter can be chosen in 3 ways,
the third letter can be chosen in 2 ways,
the fourth letter can be chosen in only 1 way.
Therefore the number of ways of arranging the 4 letters is (4) (3) (2) (1) = 24
Example 2
Find the number of possible arrangements for five students to sit on a desk.
Solution
Number of possible arrangements of five students = 5! =1 x2 x3 x4 x5 =120

Considering the five students, the 1 seat can be occupied in 5 different ways (any of the five
students can occupy the 1% seat), the 2™ seat can be occupied in 4 different ways, the 3 seat
can be occupied in 3 different ways, the 4™ seat can be occupied in 2 different ways and the
5" seat can be occupied in only one way. This is as shown below;

5 4 3 2 1

Seat 1 Seat 2 Seat 3 Seat 4 Seat 5

Thus there are 5 x4 x3 x2 x1= 120 possible arrangements.
Result 2

[
The number of ways of arranging in a row n objects, of which p are alike is % .

Example 3



How many ways can the letters A, A, A, D be arranged?

Solution
The number of ways of arranging 4 objects of which 3 are alike = gz % =
H XX
Example 4
How many permutations can be made out of the letters of the word ‘GOOD’ taken all
together?
Solution

In the given word “GOOD?”, there are 4 letters and the two O’s are alike.

!
The number of permutations of 4 objects of which 2 are alike = %: % =12
H X £LX

Result 3

The number of ways of arranging in a row n objects of which p of one type are alike, q of a second type are alike, r of
nl

the third type are alike, and so on is .
plg'r!..

Example 5
In how many ways can the letters of the word “STASTISTICS” be arranged.
Solution

Consider the word ‘STATISTICS’, there are 10 letters and S occurs 3 times

T occurs 3 times
I occurs 2 times

!
Therefore the number of ways = % =50400.

Example 6

How many permutations can be made out of the letters of the word “MISSISSIPPI” taken
all together?

Solution

In the given word “MISSISSIPPI” there are eleven letters, and ‘S’ occurs 4 times,

I occurs 4 times
P occurs 2 times

The number of permutations of eleven letters taken all at a time



]
:L:34650‘
41 x 41 %21

Permutation notation "P,

The number of permutations of n different objects taken r at a time is usually denoted by the

!
symbol "B, where "B = n
(n—r)!
Example 7
How many permutations are there of 3 letters chosen from eight unlike letters of the word
“RELATION”.
Solution

The number of permutations of 8 different objects taken 3 at a time is given by;

| ]
°p, -8 8 33 ways
8-3)! 5l

Example 8

A number of four different digits is formed by using the digits 1, 2, 3, 4, 5, 6, 7 in all possible
ways. Find how many such numbers can be formed.

Solution

There are 7 digits given. The number of ways of 7 objects taking 4 at a time is given by;

| |
P, = & =L=840Ways
7-4! 3!

Thus the different 4 — digit numbers that can be formed are 840.

Arranging Objects in a Circular form or ring

The number of ways of arranging n unlike objects in a ring or circular form is (n — 1)! In circular
permutation, we fix the position of one object and then arrange the remaining (n — 1) out of n
objects in all possible ways. This can only be done in (n — 1)! ways.

For example, consider 4 people A, B, C and D who are to be seated at a round table.
The number of different arrangements of 4 people around the table is 3!
Example 9

A, B, C, D, E are four different coloured beads which are threaded on a ring. In how many
ways can these threads be arranged?

Solution



There are five beads to be arranged in a circular form.
Number of ways = (5 — 1)! = 41 = 24
Example 10

In how many ways can 7 gentlemen and 7 ladies sit at a round table so that no two ladies are
together?

Solution

The number of ways in which 7 gentlemen can be seated around a round table = (7 — 1) =
0!

Since no two ladies are to be together, the ladies can be put in, one between every two
gentlemen, thus there are 7 places for ladies and they are to use all of them and this can be
done in 7! ways.

Hence the number of ways in which both the gentlemen as well as the ladies can be seated
around a round table so that no two ladies are together = 6! X 7! = 3,628,800

Condition permutation

This involves getting the number of ways of arranging objects following a given number of
restrictions.

Example 1

(a)How many different arrangements can be made by using all the letters in the word
‘MATHEMATICS’?

(b) How many of them begin with C?
(c)How many of them begin with T?
Solution

(a)In the given word ‘MATHEMATICS’, there are eleven letters. ‘M’ occurs twice, ‘A’
occurs twice and “T” occurs twice.

1
The number of permutations of these eleven letters taken all at a time = i = 4989600

212121
(b) To find how many of these arrangements begin with ‘C’, then C takes the first position

as shown;

1 2 3 4 5 6 7 8 9 10 11
C

We have now to arrange the remaining 10 letters.



|
This can be accomplished in o = 253,600 ways
21 x21 x21

(c) To find how many of them begin with “I”, then T takes the first position. We are now left
with 10 letters. The letter “I” no longer occurs twice for one of the two T’s has occupied
the first position. We have now to arrange the remaining 10 letters. This can be done in

|
_ 907,200 ways
21 x2!

Example 2

In how many different ways can the letters of the word ‘CONSTITUTION’ be arranged?
How many of these will have the letter ‘N’ both at the beginning and at the end?

Solution

The word ‘CONSTITUTION?’ consists of 12 letters having O, N, I occurring two times
each and T occurring three times.

12!

The required number of different ways = ————————
2! x21 x21 x 3!

=9,979, 200 ways

For having N both at the beginning and at the end, let us fix one N each at the beginning
and at the end. Then we are left with arranging 10 letters and N no longer occurs twice.

10!

The number of arrangements would therefore be = ————
21 x21 x 3!

=151,200 ways

Example 3

How many arrangements of the letters of the word COMRADE can be made if the vowels
are never separated.

Solution

There are 7 different letters in the word ‘COMRADE’ of which 3 are vowels and 4

consonants.

If vowels are never separated, we regard the vowels (o, a, €) as one letter, then we have to
arrange 5 letters (o, a, €), ¢, m, 1, d taken altogether.

We get 5! arrangements in each of which the vowels are not separated. And since in each of
these arrangements keeping all the other letters in their own places, the three vowels can be
arranged among themselves in 3! ways.

The total number of required arrangements = 5! X 3! = 720

Example 4

In how many ways can the letters of the word “ARRANGE” be arranged? How many of
these arrangements are there in which



(i) The two R’s come together?
(i) The two R’s do not come together?
(i)  The two R’s and the two A’s come together?
Solution
There are 7 letters in the word “ARRANGE” out of which 2 are A, 2are R, 1is N, 1is G

and 1 is E. The letters of the word may be arranged in

=1260 ways

I x2!

(i) For the two R’s to come together, let us combine these into one letter. In such a situation
we have 6 letters out of which 2 are A, 1is R, 1is N, 1is Gand 1is E.

!
Required number of arrangements = %: 360

(i) The number of ways for two R’s not to come together = total number of
arrangements — number of ways when two R’s come together.

Required number of arrangements = 1260 — 360 = 900

(iif) Treating both the R as well as the A as one individual letter, then there shall be 5
different letters which may be arranged in 5! = 120 ways.

Example 5

(a)How many distinguishable ways are there to rearrange the letters in the word
COMBINATORICS?

(b) How many distinguishable arrangements are possible with the restriction that all vowels
(“A”, “T”, “O”) are always grouped together to form a contiguous block?

(a) There are 13 letters in the word COMBINATORICS, including two C’s, two O’s and two Is.
13!

So, the total number of arrangements is —————
21 x21 x2!

(b) If all five vowels are consecutive, they form a single block. Then first we need to count
permutations of the consonants and one block of vowels. Given eight consonants with two

!
C’s), we havezg—". But every arrangement of consonants and the block of vowels can be

combined with any permutation of vowels inside the block. For five vowels including two
21 x21
9! x 5l

2! x2! x2!

O’s and two I’s we have

possible permutations inside the block. Then by the product

rule we get the answer:



Example 6

Students A, B, C, D, E, F, G, H, I, and ] must sit in ten chairs lined up in a row. Answer the
following questions based on the restrictions given below.

(a) How many ways can the students sit if the two students on the ends of the row have to be
vowel-named students?
(b) How many ways can the students sit if no two students with vowel names can sit adjacent to
each other?
Solution

(a) There atre three vowels, thus for 2 students on the ends of the row to be vowel — named, this
can be done in ®p, ways. Following those two choices, we can arrange the rest of the 8
students left in 8! ways. Thus, the total number of ways the students can sit is (*p,) (8)).

(b) Place all seven consonants like so (C designates an arbitrary consonant):

C C C C C C C

Now, the empty slots ( ___ ) represent possible locations for the vowels. There are 8 places
which can be filled with 3 vowels and this can be done in ®p, = (8)(7)(6) ways to place the

vowels. The 7 consonants can be ordered in 7! ways. Thus, there are (8)(7)(6)(7!) ways the
students can sit without any vowel-named students sitting next to each other.

Example 7

How many permutations can be made out of the letters of the word INDEPENDENCE?
In how many of them the vowels occur together?

Solution

The word INDEPENDENCE has 12 letters of which N occurs 3 times, D occurs 2 times
and E occurs 4 times.

12!

The number of permutations = —————
3! x2! x4!

For vowels to occur together, then we consider the 5 vowels as one letter so that we have 8
letters N, D, P, N, D, N, C, (I, E, E, E, E) to arrange of which N occurs 3 times and D
occurs 2 times.

Hence the number of arrangements of the letters is TIeET
' xXZ2z!

Again, the vowels being 5 in number of which E occurs 4 times can be arranged among

I
themselves in %



] I
8! ><5.

Thus number of permutations in which vowels occur together =

3t x2! 4l
Exercise

1. If the letters of the word “WOMAN” be permutated, find the numbers of words that can be
formed. Ans.120

2. Find the number of words that can be formed by considering all possible permutations of
the letters of the word “FATHER”. Ans.720

3. How many different six digit numbers can be formed from the digits of 5, 4, 8, 4, 5, 4.
Ans.60

4. How many arrangements can be made out of the letters in the word “TERRITORY”’?
Ans.30240

5. In how many ways can 5 people sit at a round table conference? Ans.24

6. Nine children play a party game and hold hands in a circle. In how many different ways can
this be done?

7. A circular ring has ten different beads. In how many ways can the beads be arranged along
the ring?

8. In how many ways can 5 gentlemen and 3 ladies sit at a round table so that no two ladies are
together? Ans.1440

9. In how many ways can 7 people sit at a round table? How many of these possible
arrangements can a husband and wife sit together?

10. In how many ways can the letters of the word “LAUGHTER” be arranged so that the
vowels may never be separated? Ans.4320

11. Determine all the possible arrangements of the letters KAMPALA. How many of these end
with (i) A (if) K? Hence find the probability that an arrangement ends with A or K.

12. In how many ways can the letters in the word SISTER be arranged if the vowels are not to
come together?

13. In how many different ways can the letters of the word MISCELLANEOUS be arranged if
the E’s cannot come together?

14. In how many different ways can the letters in the word ARRANGEMENTS be arranged?
Find the probability that an arrangement chosen at random begins with the letters EE.
Ans. ﬂi

(21 66
15. If the letters of the word PROBABILITY are arranged at random, find the probability that

the two I’s are separated. Ans.lg1



16. In how many ways can the letters of the word FACETIOUS be arranged in a line. What is

the probability that an arrangement begins with IF and ends with S? Ans.(9!, 7—12)

17. If the letters of the word ABSTEMIOUS are arranged at random, find the probability that

the vowels and consonants appear alternately. Ans.%

18. A class has 8 girls and 4 boys. If the class contains 6 sets of identical twins, where each child
is indistinguishable from their twin, how many different ways can the class line up to go to

assembly? Ans.

Combinations

Combination is the number of ways of selecting a group of objects from a given set of objects. The
different groups or selections or collections that be formed out of a given set of objects by taking
some or all of them at a time (without regard to order of their arrangements) are called their
combinations. With combinations, the order does not matter; for example a subject combination.

If a student has eight subjects at ‘O’ level and he/she is to select the different combinations at ‘A’
level, then he/she may chose Arts or Sciences and create the different combinations of 3 subjects
say; HEG(History, Economics and Geography), PCB(Physics, Chemistry and Biology), etc. In
combinations PCB and BCP mean the same thing since the order in which the elements are chosen

does not matter.

Example 1



List all the three letter combinations that can be formed from the five letters A,B, C, D, E

and hence state the number of combinations.
Solution

ABC, ABD, ABE, ACD, ACE, ADE, BCD, BCE, BDE and CDE
Thus 10 three letter combinations can be formed.
Example 2

List all the possible three subject combinations that can be formed from the following four
Arts subjects; History(H), Economics(E), Geography(G), Literature(L).

Solution
HEG, HEL, HGL, LEG

There are four possible combinations.

.. . n
Combination Notation ( ] or "C,
r

The number of combinations of n different objects taken r at a time is usually denoted by the

!
symbol [:] or "C, read as ‘the combinations of r objects from n objects’ and is given by "C, = " nr')lrl
Example 1

A committee of four people is formed from nine people. In how many ways can this be
done?
Solution

The number of combinations of 4 people from 9 people is given by

! !
°C, = 9 9 196 committees
(9—4)141 5141
Example 2
In how many ways can a hand of 4 cards be selected from an ordinary pack of 52 playing
cards?
Solution
5 521 521

C, = = = 270725 ways
(52—-4)141 48141

Example 3

Four letters are chosen at random from the word RANDOMLY

(a) How many possible combinations can be formed?



(b) How many of these can be formed if all the four letters chosen are consonants and
hence find the probability that all four letters chosen are consonants.

Solution

I 1
(a) Possible combinations = °C, = 8 8 70

B8-4)141 4141
(b) There ate six consonants, so if all the four letters are consonants

6! 6!
= - _15
(6-4)141 2141

Possible combinations = °C,
Let S be the sample space n(S) = 70

Let E be the event ‘four consonants are chosen’. n(E) = 15

pEy-NE)_15_3
ns) 70 14

Example 4

A committee of three men and one woman is obtained from five men and three women. In
how many ways can the members be chosen?

Solution

Three men can be selected from five men in °C; ways and one woman can be selected from

three women in °C, ways.
Thus number of ways of selecting members = °C, X °C,

_ 5 3l 5!

= ¥ X—— = =

2131 211 2121
Therefore 30 such committees can be formed.

Example 5

Three letters are selected at random from the word BIOLOGY. Find the number of
selections which can be made;

@) Without the letter O
(i1) Contains both of the letters O.

Solution



@ Number of selections without the letter O = number of ways to choose 3 letters
from B, L, G, Y

= °C,=10.

(if) Number of selections with 2 letters O for example 0O, , 0O, and

so on = number of ways to choose 1 letter from B, I, L, G, Y
= °C, =5.
Example 6

From 6 boys and 4 gitls, 5 are to be selected for admission for LAW course at the

University. In how many ways can this be done if there must be exactly 2 girls?
Solution

Since there must be exactly 2 gitls, then there should be 3 boys in order to make a group of 5
students.

The number of ways of choosing 3 boys out of 6 is  °Cyand the number of ways of choosing

2 gitls out of 4is *C,
Hence the number of ways = °C, X “C, = 120 ways.

Example 7

There are 3 boys and 4 gitls at a birth day party. In how many ways can a team of 3 students
be formed so as to include at least one boy?

Solution

Since the team is to include at least one boy, then possible number of boys is 1, 2 or all 3.
The total number of students should be 3; hence the following teams can be formed;

Number of teams with 1 boy and 2 girls = %C,x“C, =18
Number of teams with 2boys and 1 gitl = %, x‘C, =12
Number of teams with 3 boys and no gitls = *C;x*C, =1

Total is 18 + 12 + 1 = 31. Thus 31 such teams can be formed.

Example 8



The question paper of Subsidiary mathematics consists of 10 questions divided into two
sections A and B of 5 questions each. In how ways can a student select 6 questions taking at
least two questions from each section.

Solution

The question paper may be answered in the following ways

@) 2 questions from section A and 4 questions from section B
(it) 3 questions from section A and 3 questions from section B
(iif) 4 questions from section A and 2 questions from section B
For alternative (i) number of choices = °C,x°C, =50

°C; x °C, =100

For alternative (ii) number of choices

For alternative (iii) number of choices = °C,x°C, =50

Total number of choices = 50 + 100 + 50 = 200 ways.
Exercise

1. A committee of five students to comprise the school council is to be selected from eight
male students and five female students. Find how many possible committees can be
obtained. Ans.1287

2. In how many can a committee of 3 ladies and 4 gentlemen be appointed from a meeting
consisting of 8 ladies and 7 gentlemen? Ans.1960

3. A committee of four people is to be selected from six women and three men. In how many
ways can this committee be chosen, if there has to be at least a lady on the committee?

4. A games coach has to choose a team of six out of ten of the best athletes and one of the six
has to be made a captain. How possible teams can the coach obtain?

5. From twenty athletes selectors have to allocate four to compete in the first race and another
four to compete in the second race. How many possible choices are there?

6. From 5 gentlemen and 6 ladies a commiittee of 5 is to be formed. In how many ways can this
be done if;

6] The committee is to include at least one lady. Ans.461



(i) There is no restriction about its formation. Ans.231

(iif) Not more than 3 gentlemen? Ans.431

PROBABILITY DISTRIBUTIONS

Random Variable
A random variable is a numeric outcome that results from an experiment that can take on different

values whose (numerical) value is determined by the outcome of a random experiment.

Example: toss two fair coins
° Let H denote a head, T a tail



There are four possible outcomes:
{HH, HT, TH, TT}

Now consider a variable X, defined as “the number of heads that are observed in the throw of two
fair coins”. The situation is as follows

Possible outcomes Number of heads
TT 0
TH 1
HT 1
HH 2

The variable, X, “number of heads”, is a random variable and has 3 possible outcomes: 0, 1 or 2.
Random Variables are denoted by upper case letters (X) and individual outcomes for random
variables are denoted by lower case letters (X)

Random variables (r.v) may be discrete or continuous:

Discrete Random Variable

A discrete random variable is one which may take on only a countable number of distinct values
such as 0, 1, 2, 3, 4, ... Discrete random variables are usually (but not necessarily) counts. If a
random variable can take only a finite number of distinct values, then it must be discrete. For
example if a husband and wife are considering having three children, the number of boys could be 0,
1, 2 or 3. The variable being considered is ‘the number of boys produced’ and it can be denoted by
X. It can only take exact values, 0, 1, 2 and 3 and so is called a discrete variable.

More examples of discrete random variables include the number of sweaters sold at school, the
number of traffic police reporting for duty, the Sunday morning attendance at a church, the number
of patients in a doctor's surgery, the number of defective light bulbs in a box of ten., the number of
heads obtained if we toss a coin twice.

Probability Distribution

A probability distribution is a table, formula, or graph that describes the values of a random
variable and the probability associated with these values. It is also sometimes called the probability
function or the probability mass function.

Discrete Probability Notation



An upper-case letter will represent the name of the random variable, usually X. Its lower-case
counterpart, X , will represent the value of the random variable.

The probability that the random variable X will equal x is:
P(X = x) Or more simply p(X)

The probability distribution of a discrete random variable X is sometimes called the probability
density function (p.d.f) of X and is responsible for allocating probabilities.

Properties of a p.d.f of a discrete random variable X

@) > P(X=x)=1

all x

i) 0= P(X =x)<1 for all values of X. ie. the probability of X taking the value of X lies
between 0 and 1

Note: The probability density function can be expressed as a formula, i.e. P(X =X) = f(X)

Example 1

An ordinary die is thrown once. Write the probability distribution of the score on the die.

Solution
The sample space S = {1, 2, 3,4, 5, 6}

Let X be a random variable ‘the score obtained when a die is thrown’

X 1 2 3 4 5 6
P(X=x) | T 1 1 1 1
6 6 6 6 6 6

all x

11111
NOTE: > P(X =Xx)= E+6+6+6+g+6=1, confirming that X is a random variable.

Example 2

The probability mass function of a discrete random variable X is defined as p(X) = aX for

X =1,2,3,4. Find the value of a hence represent the distribution on a vertical line graph.

Solution

The probability distribution of X is



X 1 2 3 4

P(X=x) | a 2a 3a 4a
Since X is a random variable, >, P(X =x)=1
all x
So at2a+3at+4a=1
10a =1
a=1
10

Hence the probability distribution is

X 1 2 3 4
P(X =x) 1 1 1 1
10 10 10 10
and it can be represented by a vertical line graph:
4
P(X =x)
4 -
10
3 |
10
2 1
10
1 ——
10
0 1 1 >
0 1 2 3 4

Example 3
A random variable t has the following distribution
Pt=1)=0.1,Pt=2) = 0.2, P(t =3) =0.3, P(t =4) =0.4.
Show that the distribution above is a probability distribution and determine
i) P(t<3)
i) P(1=t<4
(i) P(t =2)

Solution

The probability density function for the random variable T is as shown below;



1 2 3 4
PT=t) | 01 0.2

t

2 P(MT=t)=01+0.2+0.3+04=1

all t

Since 2. P(T =t) =1, then the distribution above is a probability distribution.
all t

() P(t <3) = P(T=2) + P(T=1)
=02+0.1=03
(ii) P (1< t <4) = P(T=1) + P(T=2) + P(T=3)
=0.1+02+03=06
(iii) P(t =2) = P(T=2) + P(T=3) + P(T=4)
=02+03+04=09

Example 4
The probability density function of the discrete r.v. is given by:

1 X
P(X=x)= C(ZJ for x=0,1,2,3,.... Find the value of the constant, c.

Solution

1 X
P(X=x)= C(Zj for x=0,1,2,3,.... implies that X goes up to infinity

Since X is a random variable 2 P(X =X) =1

all x

0
1
Substituting for X in the function gives: P(X =0) = C( 4j =C

1 1
P(X :1) :Cﬁzj

1 2
P(X :2) :C(Zj

3
P(X =3)= C(%) and so on.

1 1V (1Y
So > P(X :x):c+c(zj+c(zj +C(Zj +...

all x



SR

This represents the sum to infinity of a geometric progression with the first terma=1 and

common ratio I = Z

a
Thus the sum to infinity of a G.P is given by: r
—r
1
=C —1 =1
1——
4
Hence 4c=3
3
c==
4

Example 5

A drawer contains 5 red socks and 3 green socks. A sock is taken at random from the
drawer, its colour is noted and it is then replaced. Another sock is taken. If X is the random
variable ‘the number of red socks taken’, find the probability distribution for X.

Solution

We first construct a tree diagram to obtain the probabilities

5 5 5 25
8 Ry: P(RRNR)==x=—=—
8 (RiNR,) 3 3" 52
5
s R :
: 5 3 15
SR g G,: P(R1mGz):§X§:a
5 :
3G 8—R, P(Glr\Rz):—x—zE
g 64
8 1
3 :
2 : 33 9
s G, P(GlﬂGz):§Xg:a
1% draw 2 draw i

If X is the random variable ‘the number of red socks taken’, then X can take on wvalues 0, 1
or 2. The probability distribution is formed as follows:

X 0 1 2




PX=x)] 9 5
64 32 64

Expectation of a discrete random variable, E(X)

The expectation or mean of a given random variable X (or expected value), written E(X), is given

by:  E(X) =) xP(X =X)

all x

The symbol g is usually used for the expectation so that g = E(X)

Example 6
A random variable X has probability density function (p.d.f) as shown. Find the expectation
EX).
X 1 2 3 4 5
P(X=x) | 0.1 0.2 0.4 0.2 0.1
Solution
X 1 2 3 4 5
P(X=x) |01 0.2 0.4 0.2 0.1
xP(X =x) | 0.1 0.4 1.2 0.8 0.5 pr(x =x) =3

E(X) =Y xP(X =x)=0.140.4+1.2+0.8+0.5 = 3

all x
Example 7
A random variable X has the probability — density function
2X
—:Xx=12,34.
FO) =1k
0;else where

Find:
(i) the value of k
(i) expectation of X
(i) PX=3/X>1)

Solution

The probability distribution of X is



X 1 2 3 4
PX=0 [z &+ 8 16
k k k k
(i) Since X is a random variable, >, P(X =x)=1
all x
2
So 2,2,8, 16,
k k k k
0_,
k
k =30
Hence the probability distribution is
X 1 2 3 4
PX=0 1 2 & 8
15 15 15 15

(i) The expectation of X, E(X) = Z XP(X =Xx)

all x

X 1 2 3 4
PX=X) |1 2 4 8
15 15 15 15
XP(X=x) | 1 4 12 32 e
( )| L = = = | D xP(X=x)=—
15 15 15 15 1 arx 15
49
-~ The expectation, E(X) = E
P(X<3nX>1)
i) PX=3/X>1) =
(i) PA=3/X>1) P(X > 1)
<_XZ]_>
X=3 o
L ] i |
I 1 1 )
1 2 3 4
=P(X <3nX >1)= P(X =2)+P(X =3)
R
15 15 15

P(X>1)=P(X =2)+P(X =3)+P(X =4)
2 4 8 14
=—+—+—=—

15 15 15 15



Example 8

A variable X has a probability mass function shown below

X 1 2 5 10
f(x) 0.5 a 012 | b

Given that x can take on only the values given and E(X) = 2.5, find the values of aand b.
Solution

X 1 2 5 10
P(X=x) |0.5 a 0.12 | b Zp(xzx)=0_62+a+b

XP(X =x) | 0.5 2a | 0.6 10b pr(xzx)=1,1+2a+10b

Since X is a random variable, >, P(X =x)=1

all x
=0.62+a+b=1
A+D=0.38 e 0]

Since E(X) = 2.5, > XP(X =x) =2.5
all x
=1.1+2a+10b=2.5
284100 =14 (ii)

Solving equations (i) and (i) simultaneously gives: a=0.3 and  b=0.08

Properties of the expectation, E(X)

The definition of expectation can be extended to any function of the random variable. In general, the
following results hold when X is a discrete random variable.

1.  E(a)=a, where a is any constant.
2.  E(aX)=aE(X), where a is any constant.
3. E(aX+b)=aE(X)+b, where a and b are any constants.

Example 9



The r.v. X has p.d.f. P(X = X) as shown in the table:

X 1 2 3 4 5 6
P(X =x) | 0.0625 0.1875 0.25 025 0.1875  0.0625

Calculate (a) E(X), (b) E(4), (¢) E(5X), (d) E3X -5), (¢) E2X +2)

Solution

X 1 2 3 4 5 6

P(X=x) | 0.0625 0.1875 025 0.25 0.1875  0.0625

xP(X =x) | 0.0625 0375 0.75 1 09375 0375 | 3 xP(X =Xx)=3.5

@ E(X)=D xP(X=x)=35

all x

(b) Since E(a)=a, where a is any constant.
=E4)=4

(c) Since E(aX)=aE(X), where a is any constant.
— E(5X)=5E(X)=5x3.5=17.5

(d) Since E(aX +b)=aE(X)+b, where a and b are any constants.
= E(BX -5)=3E(X)-5
— 3(3.5)-5=5.5

(e) E@X+2)=2E(X)+2
= 2(3.5)+2=9

Variance of a discrete random variable, Var(X)

For a discrete random variable X, with E(X) = u, the variance of X, written Var(X) is given by:
Var(X)=E(X?)— 4 where E(X?)=> x*P(X =Xx)

all x
=Var(X)=E(X*)-[E(X)]’

[E(X)]2 is written as E*(X); so we have: Var(X)=E(X?)-E*(X)

Standard deviation of a discrete random variable



The standard deviation of a discrete random variable X = /Var(X).
Example 10

The r.v. X has probability distribution as shown in the table:

X 0 2 5 6
P(X=x) |011 035 046 0.8

Find (a) E(X),  (b)E(X?), (9Var(X), (d) the standard deviation of X

Solution

X 0 2 5 6
P(X=x) |011 035 046 0.08

XP(X =Xx) 0 0.7 2.3 0.48 pr(x =X)=3.48

x*P(X =x) | Y L4115 288 | 3 'x’P(X =x)=15.78

@ E(X)=> xP(X=x)=3.48

all x

b) E(X?) =) x’P(X =x)=15.78

all x

© Var(X)=E(X*)—-E*(X)
=15.78—3.48°
=15.78—12.1104
=3.6696
=3.67 (2d.p)

(d) Standard deviation of X = 4Nar(X).
=/3.67 =1.916 (3d.p)

Properties of the Variance, Var(X)

For the discrete random variable X and constants a and b,

1. Var(a)=0
2. Var(aX)=aVar(X)
3. Var(aX +b)=avar(X)

Example 11



The discrete random variable X has probability distribution as shown in the table.

X 10 20 30
P(X=x) | 0.1 0.6 03

Find (2)Var(X), (b)Var(20), (c)Var(3X), (d)Var(2X +3), (¢) standard deviation of X

Solution
X 10 20 30
P(X =x) 0.1 0.6 0.3
XP(X =Xx) 1 12 9 ZXP(X =X)=22
X*P(X =X) 10 240 270 pr(x =X) =520

(@) Var(X)=E(X*)-[E(X)]

E(X) =D xP(X =x)=22

all x

E(X?) =) x*P(X =x) =520

all x
= Var(X) =520-22°
= 36

(b) Since Var(a)=0
=Var(20)=0

(©) Since Var(aX)=a*Var(X)

=Var(3X) =3?Var(X)
=9x36 =324

(d) Since Var(aX +b) =a*var(X)
=Var(2X +3) =2°Var(X)

=4x36=144
(e) Standard deviation of X = 4Nar(X).
=36 =6

Mode



The mode of a discrete probability distribution is the value x at which its probability mass function
takes its maximum value. A mode of X is a number m such that P(X = m) is largest. This is the
most likely value of X or values of X if it has several values with the same largest probability.

Example 12

A random variable has the following probability distribution

X 0 1 2 3 4 5 6
P(X=x) [0.03 004 006 012 04 0.15 0.2

Determine the mode
Solution

The mode is 4, since its probability is the greatest. Thus X = 2 is the mode.

Example 13
The probability distribution of X is as follows:
X 1 2 3 4 5 0
POX=) |1 5 1 1 3
16 16 4 4 16 16

Find the mode.

Solution
. . . 1 1.
The mode is 3 and 4 since the probability P(X =3) = " and P(X =4)= le the greatest.

The Cumulative Distribution Function (Distribution function)

The cumulative distribution function (c.d.f.) of a discrete random variable X is the function F(X) which

tells you the probability that X is less than or equal to X. The cumulative distribution function is a

cumulative sum of the probabilities up to a particular value.

So if X has probability density function P(X =X), the c.d.f. is denoted by F(X)and is mathematically

described as: F(X)=P(X <£X)

X
=ZP(X:X) X=Xy X5y X5, Xy
X=X,

The cumulative distribution function is sometimes known as just the distribution function and its table
called the distribution table.

Example 14


http://en.wikipedia.org/wiki/Discrete_probability_distribution
http://en.wikipedia.org/wiki/Probability_mass_function

The probability distribution for the random variable X is shown in the table:

X 1 2 3 4 5
P(X =x) | 0.05 0.25 0.3 0.15 0.25

Construct the cumulative distribution table.

Solution

X
We know that ~ F(X)=P(X <x)=> P(X =Xx) x=1,2,..5
x=1
So F(1)=P(X <£1)=0.05
F(2)=P(X <£2)=0.05+0.25=0.3
F(3) =P(X £3)=0.05+0.25+0.3=0.6
and so on

F(4)=P(X <£4)=0.75
F(5)=P(X <5)=1
NOTE: F(5)=1, thus always the last value of F(X) =1

The cumulative distribution table is:

X 1 2 3 4 5
F(x) | 005 03 0.6 0.75 1

Example 15

For the discrete random variable X the cumulative distribution function F(X) is as shown:

X 0 1 2 3 4
F(x) |02 032 067 09 1

Construct the probability distribution of X, and find P(X > 2).

Solution

P(X =0)=F(0)=0.2
P(X =1) = F(1) - F(0)
=0.32-0.2=0.12
P(X =2) = F(1)~ F(0)
~0.67-0.32=0.35
P(X =3)=F(3)-F(2)
=0.9-0.67=0.23



P(X=4)=F4)-F(3)
=1-0.9=0.1
The probability distribution table is:

X 0 1 2 3 4
P(X=x) [02 0.12 0.35 023 0.1

P(X>2)=P(X =3)+P(X =4)
=0.23+0.1
=0.33
Median

The median of a discrete random variable is the "middle" value. It is the value of X for which P(X < x)

is greater than or equal to 0.5 and P(X 2> X) is greater than or equal to 0.5. Thus the median of X is the
least number m such that P(X < m) = 0.5 and P(X =2 m) = 0.5.

Example 16

In a recent little league softball game, each player went to bat 4 times. The number of hits made
by each player is described by the following probability distribution.

Number of hits, x 0 1 2 3 4
Probability, P(x) 0.10 0.20 0.30 0.25 0.15

Construct a cumulative distribution and find the median of the probability distribution.

Solution

The cumulative distribution table is:

Number of hits, x 0 1 2 3 4
Probability, P(x) 0.10 0.20 0.30 0.25 0.15
F(x) 0.10 0.30 0.60 0.85 1

The median is 2; because P(X < 2) is equal to 0.60, and P(X > 2) is equal to 0.70. The

computations are shown below.
P(X<2) = P(x=0) + P(x=1) + P(x=2) = 0.10 + 0.20 + 0.30
P(X>2) = P(x=2) + P(x=3) + P(x=4) = 030 + 0.25 + 0.15

0.60
0.70

Example 17
The probability distribution of a random variable X is given by:

X 0 1 2 3
P(X =Xx) 0.008 0.096 0.384 0.512




Find the median and mode.

Solution

The median is 3, since P(X =< 3) =1 = 0.5 and P(X = 3) = 0.512 = 0.5. Further, 3 is the least
value of X with this property.

The mode is also 3, since its probability is the greatest.

Exercise

1.

The probability distribution of X is a shown:

X 2 3 4 5 6 7 8
P(X=x) | L 2 3 4 32 1
16 16 16 16 16 16 16

Show that X is a random variable.

The probability density function of a discrete random variable X is given by P(X =Xx) =kx for
X =12,13,14.. Find the value of the constant k.

The p.d.f. of a discrete random variable X is given by P(X =X) = kx*, forx =0,1,2,3,4. Given

that k is a constant, find the value of k. Ans ( 1 j
130

The discrete random variable Y has p.d.f. shown

y 10 1 2 3
PY=y) | 01 02 035 015

Find (a) the value of ¢, (b) P(-1<Y <2), () P(Y >1) , (d) P(-1<LY <£2), (e) the mode.

A drawer contains 8 brown socks and 4 blue socks. A sock is taken from the drawer at random,
its colour is noted and it is then replaced. This procedure is performed twice more. If X is the
r.v. ‘the number of brown socks taken’, find the probability distribution for X.

The probability distribution of a r.v. X is as shown in the table:

X 1 2 3 4 5
P(X=x) | 015 0.25 d 0.1 0.2

Find (a) the value of d, (b) E(X), (¢ Var(X), (d) the standard deviation of X

A bag contains 5 black beads and 6 red beads. Two beads are picked, one at a time, and not
replaced. Let X be the t.v. ‘the number of red beads picked’. Find E(X).

The discrete t.v. X has p.d.f. P(X =0)=0.05,P(X =1)=0.45,P(X =2) =0.5.
Find @ u=E(X), G)E(X?), ©E@X+1), @Var(X), () Var(3X —3)

The probability distribution for the r.v. X is shown in the table.



10.

11.

X 0

1 2

3

4

5

6

P(X =x)

0.03 0.04

0.06

0.12

0.4

0.15

0.2

r 1

2 3

4

F(r) |0.13

054  0.75

1

Construct the cumulative distribution table and find the median.

For a discrete r.v. R the cumulative distribution function F(r)is as shown in the table:

Find (a) the probability distribution of R, (b) P(R >2), (c) P(R <3) (e)Var(R), (d) Var(4X)

A discrete random variable X has the following probability distribution

X

1

2

3

4

PX=)

"/ 16

Y2

Ya

i

Find the mean and variance of X.

A discrete random variable X has a probability function

X
X x=12.
P(X=x) =ik oo

0 elsewhere.

where k is a constant

Given that the expectation of X is 3, find

@) the value of n and the constant k
(i1) the median and variance of X
(iif) PX=2/X22)

A regular customer at a boutique observes the number of customers, X, in the boutique when
she enters has the following probability distribution.

Number of customers, x 0 1 2 3 4
Probability p(x) 0.15 0.34 0.27 0.14 0.10

(i) Find the mean and standard deviation of X

(i) The cumulative distribution of X

(i) The mode and median of X

A six — faced die is shaped in such a way that it produces a score, X, for which the probability

distribution is given in the following table.

X 1 2 3 4
PX=0 [,k k&
2 3 4

5
Kk
5

Y ESle




20
Show that the constantK = E Find

(i) the mean and variance of X.
(i) P(X >2) and P(X <2)
(iti) the cumulative distribution of the variable

(iv) the median of X
4 )
15. The r.v. X has p.d.f. P(X =X) = C(EJ for x=0,1,2,3... Find the value of the constant, c.

16.  The discrete random variable R has p.d.f. given by P(R=r)=c(3—r) for r=0,1,2,3.
(i) Find the value of the constant ¢
(i) the expectation of R
(iii) Var(R)
(iv) Var(4R—3)



BINOMIAL PROBABILTY DISTRIBUTION
Concept of a binomial distribution

One discrete probability distribution that has many commonly encountered applications is the
binomial probability distribution. The binomial distribution describes the probabilities of discrete
events that have only two possible outcomes (often described as success or failure). The application
of this distribution is quite varied. In statistical quality control, items are often inspected and
classified as either conforming or non-conforming. Airlines book passengers who ultimately show
up for the flight or do not show up for the flight. In a similar vein, a variety of organizations accept
some sort of reservation (hotel bookings, restaurant reservations, automobile service appointments,
etc.), and in each case the customers may either show up or not show up. These two outcomes are
what are referred to as success and failure. Which we choose to label as success doesn’t really matter
in the analysis, however, at times the judicious assignment of the success or failure label can make
computations a little more streamlined

This probability distribution results from experiments which have only two mutually exclusive
outcomes. These outcomes are referred to as success and failure for example

1. Tossing a coin to get a head or a tail

2. Passing and failing exams

3. Getting a baby boy or baby girl
Properties of a binomial distribution

A binomial experiment has the following four properties:
1. The experiment consists of a sequence of 7 identical trials.

2. Two outcomes are possible on each trial. We refer to one as a success and the other as a
failure.

3. The probability of a success, denoted by p, does not change from trial to trial.
Consequently, the probability of failure, denoted by 1— p, does not change from trial to
trial.

[Note: the probability of failure is often denoted by the letter ¢, where ¢ = (1 — p)] thus p+¢g =1
4. The trials are independent.
Binomial notation

If the probability that an experiment results in a successful outcome is p and the probability that the
outcome is a failure is ¢, where ¢ = 7 — p, and if X is the r.v. ‘the number of successful outcomes in



n independent trials’, then the binomial probability distribution of X is given by:
P(X =x)="C, p*q"™ Xx=0,12,...,N

Where X is the number of successes and n~ _  n!
X (n—x)!x!

(Your calculator may have a function key to calculate these numbers directly, but if not, you can use

the factorial function key which will certainly be on any scientific calculator.)

If X is distributed in this way, we write X [ Bin(n, p, X) where n is the number of independent trials

and p is the probability of a successful outcome in one trial and X the number of successes.
n and p are called the parameters of the distribution.

So we read the statement X [J Bin(n, p, X) thus: X follows a binomial distribution with parameters n
and p.

Expectation (Mean) for a Binomial Distribution

For a binomial distribution with # trials, where the probability of success in each trial is p, the
variance is:

Variance and Standard Deviation for a Binomial Distribution

For a binomial distribution with # trials, where the probability of success in each trial is p, the
variance is: Var(X) =npq where q=1-p

and Standard deviation: o = Var(X) =/npg

How to determine the binomial probabilities

The probabilities of a binomial distribution can be obtained by calculating them using a formula or
reading the values from binomial tables.

Example 1

The random variable X is binomially distributed with n=4 and p=0.4. Find
@ P(X=2)
(i) P(X = 1)
(i) P(X < 3)

Solution

Given that X [1 Bin(n, p,X) with n=4,p =0.4,q = 0.6

and so P(X =x)="C,_p*q"™ =*C, (0.4)*(0.6)*™* x=0,1,2,3,4.
i) P(X =2)="C,(0.4)*(0.6)> =0.3456 (4d.p)

i) Px21)=P(x=1)+P(x=2)+P(x=3)+P(x=4)



=*C,(0.4)'(0.6)’+C,(0.4)*(0.6)*+*C,(0.4)*(0.6)" + *C,(0.4)*(0.6)"
=0.3456 4 0.3456 4+ 0.1536 + 0.0256 = 0.8704 (4d.p)

(i) P(X <3)=P(X =0)+P(X =1)+P(X =2)
=*C,(0.4)"(0.6)*+*C,(0.4)' (0.6)*+*C,(0.4)*(0.6)°
=0.1296+0.3456+0.3456+=0.8208 (4d.p)

Example 2
A coin is tossed 3 times and the number of heads showing up recorded

(a) Obtain a binomial probability distribution for the number of heads showing and
hence
(b) Find
(i) Probability that only one head shows up
(ii) Probability that a least one head shows up
(iii) Probability that at most two heads show up
Solution

Let X be the r.v. ‘the number of heads showing up’.

Then p=P(Head) =% and q = P(Tail) =%

Thus X [ Bin(n, p,x) where p=0.5 and n=3

and so P(X =x)="C p*q"™ =C,(0.5)*(0.5)** x=0,1,2,3.
= P(X =0) ="C,(0.5)"(0.5)° =0.1250 (4d.p)

= P(X =1)=C,(0.5)'(0.5)> =0.3750 (4d.p)

= P(X =2)="C,(0.5)*(0.5)" =0.3750 (4d.p)

= P(X =3)=C,(0.5)°(0.5)" =0.1250 (4d.p)
(a) The probability distribution is as shown:

X 0 1 2 3
P(X =x) | 0.1250 | 0.3750 | 0.3750 | 0.1250

(b)
() P(X=1)=0.3750

i) P(X21)=P(X=1)+P(X=2)+P(X =3)
=0.3750+0.3750+0.1250 = 0.8750 (4d.p)

(i) P(X £2)=P(X =0)+P(X =1)+P(X =2)
=0.1250+0.3750+0.3750 = 0.8750 (4d.p)



Example 3
. . .4 .
The probability of winning a game is e If ten games are played, what is the

(i) Mean number of successes
(i) Variance and standard deviation
(iti) Probability of at least 8 successes in the ten games

Solution
: > < > 4
Let ‘a win’ be ‘success’. Then p = z =0.8and q=0.2

Let X be the r.v. “the number of successes”

Then X 0 Bin(x,n, p) where p=0.8 and n=10
() Mean number of successes, E(X)=np=10x0.8=8
(i) Variance, Var(X)=npq=10x0.8x0.2=1.6
Standard deviation:\/\m
=J1.6 =1.265 (3d.p)
(i) P(X >8)=P(X =8)+P(X =9)+P(X =10)
P(X =8) = "C,(0.8)*(0.2)* =0.3020
P(X =9) ="C,(0.8)"(0.2)" =0.2684
P(X =10) = ""C,,(0.8)'(0.2)" =0.1074
P(X >8)=0.3020+0.2684+0.1074 = 0.6778
Example 4

The random variable X is such that X [J Bin(n, p) and E(X) =2, Var(X) = % .

Find the values of n and p.

Solution
E(X)=nxp NP =2 (1)
24 .
Var(X)=npq :>npq=E .................. (i)
Substituting equation (i) in (ii) gives: 2 = 'Y
260 =24
__12
26 13

12
Bur p=1-q=1-



1
13
From equation (1) np =2

p

1
=>Nx—=2
13
n=26

Binomial tables

Occasionally we can avoid the binomial formula. Because probabilities of binomial variables are so
common in statistics, tables are used to alleviate having to continually use the formula.

The common mathematical tables have values of 7 ranging from 1 to 20, and the values of p that are
included are 0.01, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, 0.45, 0.50. So, if the value of 7 is less
than or equal to 20 and the value of p is one of the 11 values listed above, you should use the tables.

The binomial tables show the probability of X successes in N independent trials each with

X qN—X

probability of success P . Each entry in the table is calculated by the formula "C, p*q"™ and the

calculations are done for you, and all you have to be able to do is read a table. You should only
resort to the formula if you can not use the tables.

Example 5

A drug is used to treat patients of a certain disease. The probability that a patient cures when
treated with this drug is 0.1. If 5 patients are given the drug, find the probability that 3 of
them get cured.

Solution

Let X be the r.v. ‘the number of patients (from the 5) who get cured’.
Then X [I Bin(n, p) with n=5 and p=0.1 and q=0.9

Using the formula:
P(X =3) ="C,(0.1)*(0.9)* = 0.0081

We are required to find P(X =3) so we can use the table.

First identify the proper table for the value of # i.e. the binomial distribution table of
individual terms. For the above example N'=5 and an extract of the table looks like this:

n| x| 001 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
0 | 9510 | .7738 | .5905 | .4437 | .3277 | .2373 | .1681 | .1160 | .0778 | .0503 | .0312
1] .0480 | .2036 | .3280 | .3915| .4096 | .3955 | .3602 | .3124 | .2592 | .2059 | .1562
5 [727[7.0010 | 0214 | 0729 | .1382 | 2048 | .2637 | .3087 | 3364 | 3456 | 3369 | .3125
3| .0000 | .0011 | .0081 | .0244 | .0512 | .0879 | .1323 | .1811 | .2304 | .2757 | .3125
4 | .0000 | .0000 | .0004 | .0022 | .0064 | .0146 | .0284 | .0488 | .0768 | .1128 | .1562
5| .0000 | .0000 | .0000 | .0001 | .0003 | .0010 | .0024 | .0053 | .0102 | .0185 | .0312




Once you have identified the proper table for your value of #, go down to the row that corresponds

to the correct value of X.
n| x 0.01 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
9510 7738 5905 | 4437 3277 2373 | 1681 | .1160 | .0778 | .0503 | .0312

0480 | .2036 | .3280 | .3915 | .4096 | .3955 | .3602 | .3124 | .2592 | .2059 | .1562
0010 | .0214 | .0729 | .1382 | .2048 | .2637 | .3087 | .3364 | .3456 | .3369 | .3125
.0000 | .0011 | .0081 | .0244 | .0512 | .0879 | .1323 | .1811 | .2304 | .2757 | .3125
.0000 | .0000 | .0004 | .0022 | .0064 | .0146 | .0284 | .0488 | .0768 | .1128 | .1562
.0000 | .0000 | .0000 | .0001 | .0003 | .0010 | .0024 | .0053 | .0102 | .0185 | .0312

G| ©

Then go across to the column that corresponds to the value of p. Where this column crosses the row
for X, you will find the probability.

n | x| 001 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
9510 | 7738 | .5905 | 4437 | 3277 | .2373 | .1681 | .1160 | .0778 | .0503 | .0312

0480 | 2036 | .3280 | 3915 | 4096 | .3955 | .3602 | .3124 | 2592 | .2059 | .1562
0010 | 0214 | 0729 | .1382 | 2048 | 2637 | .3087 | .3364 | .3456 | 3369 | 3125
.0000 | .0011 - 0244 | 0512 | .0879 | .1323 | .1811 | .2304 | .2757 | .3125

.0000 | .0000 | .0004 | .0022 | .0064 | .0146 | .0284 | .0488 | .0768 | .1128 | .1562
.0000 | .0000 | .0000 | .0001 | .0003 | .0010 | .0024 | .0053 | .0102 | .0185 | .0312

(G20 [EN Wi —| O

The tables tell us the probability is 0.0081. Hence P(X =3)=0.0081 (Tab)
Example 6

A random variable X ~Bin(8,0.4)
Find
@ P(X=2)
(b) P(X =0)
() P(X>06)
Solution
n=8, p=04, q=1-p=0.6
(a) P(X =2)=0.2090 (Tab)
(b) P(X =0)=0.0168 (Tab)
(0 P(X>6)=P(X=7)+P(X =8)
=0.0079+0.0007 =0.0086 (Tab)

Cumulative Binomial probability tables

These tables give the cumulative probabilities F () =P(X <r) for the possible values of I. Thus, a

cumulative probability is just the probability that X has a value of 7 or less, where ris some possible

outcome of the experiment.



We will use the symbol B (n, p, 1) to denote cumulative binomial probabilities, which are formally
defined as:

Bin(n, p,r)=P(X<r)=P(X=0)+(PX =1)+P(X =2)+...+ P(X =) :Zr:b(n, P, X)

x=0

This may look rather complicated at first glance, but you just have to remember that B (n, p, ) is
simply the sum of binomial probabilities for the values of X = 0 through X =.

Example 7

If X is a r.v. such that X [ Bin(5,0.3). Use the cumulative binomial probability tables to find
the following:
(a P(X<4) b) P(X=2) (0 P(X<3) @ P(X>1) (¢ P(X=>=3)

Solution

Since X [J Bin(5,0.3) thenn=5and p=0.3

Thus first identify the proper binomial cumulative table for the value of N and then go down
to the row that corresponds to the correct value of X and column corresponding to the value
of p. For the above example N=5 and p =0.3. An extract of the table looks like this:

p
n X 0.05 0.10 0.20 0.25 0.30 0.40 0.50

0.7738 | 0.5905 | 0.3277 | 0.2373 | 0.1681 | 0.0778 | 0.0313
09774 | 09185 | 0.7373 | 0.6328 | 0.5282 | 0.3370 | 0.1875
0.9988 | 0.9914 | 0.9421 | 0.8965 | 0.8369 | 0.6826 | 0.5000
1.0000 | 0.9995 | 0.9933 | 0.9844 | 0.9692 | 0.9130 | 0.8125
1.0000 | 1.0000 | 0.9997 | 0.9990 | 0.9976 | 0.9898 | 0.9688

Bl RN =O

(a) P(X <4)=0.9976 (directly from table)
(b) P(X=2)=P(X <2)-P(X <1)
=0.8369—-0.5282
=0.3087
(© P(X <3)=P(X <2)=0.8369 (Tab)
d) P(X>1)=1-P(X <1)
=1-0.5282
=0.4718
() P(X23)=1-P(X <2)
=1-0.8369

=0.1631
Example 8



It is known that 25% of all fish caught in a certain vicinity are infected with a particular
parasite. What is the probability that between 5 and 10 inclusive of 20 randomly selected
fish from this population will be infected with the parasite?

Solution
Let X be the r.v. ‘the number of infected fish (from the 20) which are caught’.
Then X [ Bin(n, p) with N=20 and p=0.25 and q=0.75

Now, we are asked to find the probability that the experiment will result in either 5 or 6 or 7
or 8 or 9 or 10 infected fish (the word inclusive means "include the boundary values 5 and
10 of the interval mentioned"). We could proceed and simply calculate these six simple
probabilities and sum them up to get the required answer:

P65<X<10)=P(X =5)+P(X =6)+P(X =7)+P(X =8)+P(X =9)+P(X =10)
but this is beginning to look like quite a lot of work.

and so, we can calculate the desired answer to the present problem using the formula:
P(5<X <£10)=P(X £10)-P(X <4)

An extract of the cumulative binomial probability table for n=20 is shown below.

p
n X | 0.05 0.1 0.2 0.25 0.3 0.4 0.5

0| 03585 | 0.1216 | 0.0115 | 0.0032 | 0.0008 | 0.0000 | 0.0000
20 1| 0.7358 | 0.3917 | 0.0692 | 0.0243 | 0.0076 | 0.0005 | 0.0000
2| 09245 | 0.6769 | 0.2061 | 0.0913 | 0.0355 | 0.0036 | 0.0002
3| 09841 | 0.8670 | 0.4114 | 0.2252 | 0.1071 | 0.0160 | 0.0013
4| 09974 | 0.9568 | 0.6296 | 0.4148 | 0.2375 | 0.0510 | 0.0059
51 09997 | 09887 | 0.8042 | 0.6172 | 0.4164 | 0.1256 | 0.0207
6 | 1.0000 | 0.9976 | 0.9133 | 0.7858 | 0.6080 | 0.2500 | 0.0577
7 | 1.0000 | 0.9996 | 0.9679 | 0.8982 | 0.7723 | 0.4159 | 0.1316
8 | 1.0000 | 0.9999 | 0.9900 | 0.9591 | 0.8867 | 0.5956 | 0.2517
9 | 1.0000 | 1.0000 | 0.9974 | 0.9861 | 0.9520 | 0.7553 | 0.4119
10 | 1.0000 | 1.0000 | 0.9994 | 0.9961 | 0.9829 | 0.8725 | 0.5881
11 | 1.0000 | 1.0000 | 0.9999 | 0.9991 | 0.9949 | 0.9435 | 0.7483
12 | 1.0000 | 1.0000 | 1.0000 | 0.9998 | 0.9987 | 0.9790 | 0.8684
13 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.9997 | 0.9935 | 0.9423
14 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.9984 | 0.9793
15 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.9997 | 0.9941
16 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.9987
17 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 0.9998
18 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
19 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000

Finally, we need cumulative probabilities for X < 10 and for X < 4, so we read the cumulative
binomial tables from the rows in the n = 20 sections that are labeled X = 10 and X = 4,
respectively, getting: P(X <£10)=0.9961 and P(X <4)=0.4148



= P(5< X £10)=0.9961-0.4148 =0.5813

Example 9

A doctor found that 40% of children treated with a particular drug survive, 10 children were
known to have the disease.
Find the probability that

(i) Atleast 7 children will survive after being treated
(i) Between 3 to 5 children inclusive will survive.
Solution

Let X be the r.v. ‘the number of children that will survive after treatment’.

Then X [J Bin(n, p) with n=10 and p=%20.4 and q=0.6
0 P(X>7)=P(X =7)+P(X =8)+P(X =9)+P(X =10)
P(X =7) =0.0425
P(X =8) =0.0106
P(X =9) =0.0016
P(X =10) = 0.0001
= P(X >7)=0.0548

Or using the cumulative binomial tables
P(X <7)=1-P(X £06)
=1-0.9452=0.9877 (Tab)

(i) PB<X <5)=P(X =3)+P(X =4)+P(X =5)
=0.2150+0.2508 + 0.2007 = 0.6665

Or using the cumulative binomial tables
PB<X <5)=P(X<5)-P(X<2)
=08338—-0.1673 = 0.6665

Mode of a binomial probability distribution

The mode is the most likely value of X to occur and therefore has the highest probability. It can be
found by working out the probabilities for the values of X near the mean and then the value of X
near the mean with the highest probability is the mode.



Example 10

The germination of bean seeds is not easy. From experience, Mpanga the expert bean grower
knows that on average the probability of a bean seed germinating is 0.4. Six seeds are
planted. Determine the most likely number of germinating seeds.

Solution

Let X be the r.v. ‘the number of germinating bean seeds’.

Then X [J Bin(n, p) with n=6 and p==0.4 and q=0.6

We first find the mean, E(X)=np=6x0.4=2.4
Hence the values of X near the mean are 2 and 3. Their probabilities are:

P(X =2) = °C,(0.4)*(0.6)* =0.3110
P(X =3) = °C,(0.4)°(0.6)’ =0.2765

The most likely number of germinating seeds (mode) is 2 since it has the highest probability.

EXERCISE

1. A coin is biased so that a head is twice as likely to occur as a tail. If the coin is tossed 15
times, determine the
(i) Expected number of heads Ans.(10)
(i) Probability of getting at most 2 tails.  Ans.(0.0793)
2. A pair of dice tossed 10 times, determine the probability that the sum of 7 appears.
(2) Exactly 4 times AnS.(0.0543)
(b) Between 4 to 8 inclusive times AnS.(0.0697)

3. A family plans to have 3 children
(i) Write down the possible sample space and construct its probability distribution given
that x is the number of boys in the family.
(i) Find the expected number of boys.

4. The probability that Bob wins a game is % He plays 8 games. What is the probability that he
wins
(i) Atleast 7 games Ans.(0.1951)
(i) Exactly 5 games  Ans.(0.2731)
5. A multiple choice test has 10 questions of which each has 4 alternative answers but one is

correct. If a student attempts the question through guess work, find the probability that
(i) He gets half of the questions correct ANS.(0.0584)

(i) He gets more than 7 correct answers. ANS.(0.0004)



10.

11.

12.

13.

14.

15.

16.

17.

Calculate the probability of a drawing pin landing on its back 3 times in 5 trials if the
probability of getting a drawing pin to land on its back on any toss is 0.4 Ans.(0.2304)
It is known that 60% of candidates will achieve in an examination. If 5 people sit the
examination find the probability:

(a) Exactly 3 candidates will achieve.

(b) At least 3 candidates will achieve.

Suppose 8 flies are selected at random from a population in which 42% of all flies have red
eyes. What is the probability that 3 of these flies will have red eyes? Ans.(0.2723)

It is thought that 25% of all fish caught in a certain vicinity are infected with a particular
parasite.
(a) What is the probability that 6 of 20 randomly selected fish from this population will
be infected with the parasite? Ans.(0.1686)
(b) What is the probability that there will be six or seven infected fish in the sample of
twenty fish selected randomly.  Ans.(0.2810)
If x is binomially distributed with mean 0.45 and n = 10, find the most likely value of x.

In Iganga, 40% of the inhabitants have a particular eye disorder. If 12 are waiting to see the
doctor, what is the most likely number of them to have the eye disorder?

In a certain city, rain falls on average one day out of three. If three dates are selected at
random, what is the probability that rain will fall on at least one of the three dates?

In darts game Peter finds that the probability of getting the bull’s eye i1s 0.25. In 10 trials, find
the probability that

(i) at least two attempts are successful

(i) between two and five inclusive attempts are successful

(iii) at most three are on target.
In a given community, the probability of finding a person with secondary level of education

is 2in 5. If a random sample of 6 persons is taken, find the probability that

(i) Exactly 3,

(i) at most 4 persons, have had secondary education.
The probability that a student is awarded a distinction in the subsidiary mathematics
examination is 0.25. Find the probability that in a group of 10 students more than five pass
the examination with a distinction.
The random variable X is distributed binomially with mean 2 and variance 1.6. Find

(a) the mode of X

(b) P(X <0)
Use cumulative binomial probability tables to find the following:

(a) X[ Bin(6,0.2), find

@) P(X<3) @) P(X=4) (i) P(X =5)
(b) X[ Bin(6,0.2), find



i) P(X=06) (i) P(X<3) (i) P(X<5) (iv) P(X >3)

18.  The probability that it will be a fine day is 0.4. Determine the most likely number of fine
days in a week and standard deviation.



CONTINUOUS RANDOM VARIABLES

A continuous random variable (r.v.) is the one that takes on an uncountable number of values. This
means you can never list all possible outcomes even if you had an infinite amount of time. For
example, X could be the continuous random variable ‘the time taken, in minutes to finish eating
suppet’, H could be a continuous random variable ‘the height, in cm, of 50 students in senior five of
a particular school’.

CONTINUOUS PROBABILITY DENSITY

Continuous probability density functions are probability functions where by the random variable X
take on any value in some interval of values. Because a continuous r.v. can take an infinite number
of values, the probability of it taking any one is always measured over an interval.

The probability density function is written f(X) where f(X) >0 throughout the range of values for

which Xis valid. This probability density function (p.d.f) can be represented by a curve, and the
probabilities are given by the area under the curve.

kx, 0<x<2
0, elsewhere
of function is a continuous probability distribution function.

For example the function f(x) = { has values of X in the range of 0 to 2. This kind

Properties of a continuous p.d.f.

yA

»

Consider the curve below which shows a p.d.f. f(X) in which the r.v. X is valid over the range

a<x<bh
h X

The following properties can then be established:

3 -

b
) jf(x)dx=1 :jf(x)dx=1

all x

Thus the total area under the curve y = f (X) between x=a and x=Dbis 1.

XZ
i) P(x, <X <x,)= '[ f (x)dx is the area under the curve between X;and X, where X, > X,

X

4 y=1(x
y ¥




Note: For continuous p.d.f. one requires the knowledge of integration.

Example 1

kx, 0<x<2
0, elsewhere

Given f(x) = {

(a) Find the value of k.
(b) Find P(0< X £1)

Solution
(a) Since X is a random variable the total probability is 1,
2
So j (kx)dx = 1
0
, 2
P&} i
2
0
LS
2
4k =2
k=1
2
X
Therefore f(x)= E ,0<x<2
2 X A y :g
(b) P(0£X£1)=I5dx =+ ‘/
1
1
_EKX_H _1 2T
282 ) 4 _ .6‘3& >
Similarly 0 1 2 X
P(0 < X <1) =Shaded area under the graph
)2t
2 2 4
Example 2

Suppose that the error in the reaction temperature in °C  for a controlled laboratory experiment

is a continuous random variable X having the probability density function:



X2

Fo) ==
=0

(3) Show that [ f(x)dx=1

all x

(b) Find P(0< X <1)
(¢) find P(0<x<3)

Solution

-1

1 - 1
(®) P(0<x<1=jx—d [ } -
03 0 )

© | o

2 2 X 3 (2)3
(0 P(0O<x<3)= —dx:{—} =~ =
'!:3 9 . 9

Example 3

The random variable X has a p.d.f. given by

, —1l<x<?2

otherwise

(a) TX—Z dx = X 2 —1[8—(—1)3]—8—+1—1
3 7 19, 9 9

ax, 0<x<1

a, 1<x<?2

fl) = 3a—ax, 2<x<3
0, elsewhere

(i) Sketch the graph of y = f(X)and find the value of the constant a

(i) Find P(1.5 < x < 3)

Solution

() The sketch of y = f(X)

f(x)4 f(x)=a
fpo=ax |

T\




The area under the graph = area of the trapezium

1
Area = 5 xa(3+1)

=2a
But the total area is 1,
Thus 2a=1
1
a=—
2
X 0<Xx<1
2
1
— 1<x<2
Therefore f(X)=12
X
X hex<s
2 2
0 otherwise

Similarly @ be obtained using integration by considering the fact that I f (x)dx =1. Thus:
all x

1 2 3 2 1 2 3
Iax dx+ja dx+j(3a—ax) dx=1 = {ﬁ} +[ax]f+{3ax—ﬁ} =1
0 1 2 2 2

2
E+(2a—a)+ a—9—a —(661—E =1
2 2 2

a 18a—9a 12a—-4a
—+a+ - =1
2 2 2

ja_9%a 8a_3ata-8a_,
2 2 2 2
4a_

2

0

1

1
a=—
2

. T x 3 x
(ii) P(1.55x§3)=1jSE dx+£(5—5j dx
- f(x)4

N | —




Example 4

A probability density function is defined by the diagram given below

f(x) 4
k +

0 1 2 3 4 X
where K is a constant
(a). Find the value of k and hence obtain the expression for f (X)

(b). Determine the mean and variance
Solution

(a) The value of k can be got by considering the fact that the total area under the graph = 1

= l x4xk=1
g 1
k==
2
The expression for is got by determining the equation of the line
f(x 1_0
() 4 4 L Gradient of line = 2— =1
11 ' 2) 4-0 8
? | —0 1
| Equation of line is got from y=o_2
| x-0 8
: =>y= Ly
: : : ; > 8
0 1 2 3 4 X



lX 0<x<4
Thus f(x)= 8

otherwise
4.2 34
X X 64
Mean,u= | xfF(X)dx=|—dx=|—| =—=2.67
) e [ 10000 | K| <53
all x 0 0
e xt T 256
Variance = j x> f (x) dx—,uzzj—dx—(z.67)2= | =7.13="0-7.13=0.87
all x 0 8 32 0 32

Example 5
The diagram‘below shows the sketch of y = f (x) for a certain random variable X
y A
2_ |
11 e
: : —
0 0.25 0.5 0.75 X

Use the sketch to obtain the expression for the probability density function f(x)
Solution

The probability density function is got by obtaining the equations of the lines in the different

intervals given. y4
240, 2) . (0.75, 2)
14 |
(0.25, 1) 0.5, 1) E
0 025 05 0.75 x
For 0<x<0.25 Gradient of line = 2-1 =—
0-0.25

. . -2
Equation of line is got from o —4
X —_

=y =2-4X



For 0.25<x<0.5 Equation of lineis y=1

For 0.5<x<0.75 Gradient of line = 2=t
0.75-0.5
Equation of line is got from y-1 _ 4
X—=0.5
—y=4x—1
2-4x 0£x<0.25
1 0.25<x<0.5
Thus f(X)=
4X-1 0.5<x<0.75
0 otherwise
Example 6
The continuous r.v. X has probability density function f(X) where
L(x+2) -2<x<0
f(x)=43 0<x<%
0 otherwise

(a) Find P(-1< X <1)
(b) Find P(X >1)

Solution

0 1
@) P(-1<X<1)= jé(x+2)2dx+jg dx
-1 0

= i[(x+2)3}: +[§I)

=5 8-1)+(3-0)

7 1 19
=t —=—
24 2 24
41
) P(X >1):jzdx
1
4
| xp_(a_t
2], \6 2

Mean (Expectation) of a continuous random variable



If X is a continuous random variable with probability density function f (X), then the expectation of

X denoted E(X)or uis defined as:
u=E(X)= j xf (x) dx

all x

Variance and Standard deviation of a continuous random variable
If X is a continuous random variable with probability density function f (X), then the Variance of X
denoted Var(X)is defined as:
Var(X) = I x> f(x) dx — where 1= I xf (x) dx
all x

all x

The standard deviation of X is often denoted as o, and given by o = War(x )

Example 5
0<x<2

X
Given that f(X)= 2
0 elsewhere

Find the mean value and standard deviation of the function

Solution
The mean of X, = J. xf (x) dx
all x
X _l{X_T
R
8§ 4
= l)(§ = —_ = —
The variance of X, Var(X) = j x> (X) dx —
all x
_ix _(if _1H 16
)72 3) 204 9
16
—(Llxlo)__~
(2 4 ) 9
2
=p_1_=
9
2 2 2
The variance is 5 and thus the standard deviation, o = «Nar(X) = \/; = %
Example 6

A random variable has a p.d.f. given by



Solution

(a) Sketch the graph of f(X)

(b) Find the value of k
(c) Determine E(X) andVar(X).

(a) Sketch graph of f(X)

kx,
f(x) ={k(4 —x),

0<x<?2
2<x<4
0, elsewhere

A X 0 2 4

f(x) f(x) |0 2k 0
2kt Area under graph = 1
ibh=1

KT Ix4x2k=1
4k =1

0 1 2 3
(b) Alternatively

Since j f(x)dx=1

all x

J%(kx)dx + j‘(4k —kx)dx =1

2
{k_} [“ k_} »
2 2
0 2

4k (mk—ﬂj-(Sk—ﬂjﬂ
2 2 2

2k +16k —8k —8K + 2k =1
4k =1

k=l
4

2 2 kX3
(©) Mean, u= j xf (x) dx = j(kx )dx+_[(4kx kx?)dx = [3 l {

all x
__§E+(64k_64kj_(16k 8k
3 2 3 2

1 1
Butk=— = u=8x—=2
4 4

oo

o\ 4

_ J 8k aok— Yk skt
5) 3 3

1

4

8k 24k

kﬁ}4
2

=8k

3



Var(X) = j x> (X) dx — 2>

d allx 5 4 42 5 Lt
@ [ xf dx=f(kx3)dx+j(4kx2—kx3)dx={%} {‘”;X _kﬂ

all x 0 2 0 2

4k

16k (256k 256kj (32k 16k) 256k 256k 32k
= + - - - =4k + - - +
4 3 4 3 4 3 4 3

=8k+%-64k:%-56k

Sincek:l,: J’ X £ (X) dx:(%xl)—(%xl]:%_%:ﬂ
i 3 4 4 12 4 3
1 1 2
Hence Var(X):—4_22:_4_4:_
3 3 3

Example 7

The probability density function for a continuous random variable X is

f(x)=a+bx*, 0<x<1
0, otherwise.

where a, b are some constants. Find

(a) The values of @ and b if E(X) =§
(b) Var(X).
Solution
(a) Using;

jf(x)dx=l = j‘(a+bx2)dx=l = ax+%x3|é=1

0 0
—
< a+3 (1)
And
1 1
b a b 3
E(X) = [xf (0d= [x(a+b)dx=2x2+2xt =20 222 i
()!() {( ) Rl e (i

Solve for the two equations, we have

a:g, b=E
5 5



+§XZ’ O=x=<=1

3

f (X)) =—
(b) S 5
O, otherwvise.
Thus,

T s
Var(X)= [ x*f(Qdx—[E(X)] = [ % (x)dx (5}

all x

1 6 9 1 6 9 2
=X +—x| +
Exercise

2X (0 <x< 1)
0 elsewhere

1. Verify that f(x) = {

is a legitimate probability density function and find

1 1
Pl —=—< X <=]|. Ans.(*+
[ 2 2} @)

2. The lead concentration in gasoline ranges from 0.2 to 0.6 grams per liter. The density of the
o kx—1 for (0.2<x<0.6)
random vatiable is given by f(X) =
0 elsewhere
(a) Find the value of k
(b) What is the probability that a liter of gas will have between 0.3 and 0.5 grams of lead?
3.

The random variable X has a p.d.f given by
kx, 0<x<1

1
f) =gk -2, 1<x<4
0, elsewhere
() Sketch the graph of f(X) and find the value of k. Ans.(k =1)
(i) Determine the mean and Var(X) Ans.(E(X)=2,Var(X)=:

4. Verify that the function defined by

IA

X

IA

6'

Z,0 2
fx)=<1_x 2 < x <6 Isaprobability density function.
2 2’ T T

0, elsewhere

[EnN



Find
@ P(0.5<x<15) Ans.(3)

(i) E(X)and Var(X) Ans.(E(X)=%,Var(X)=1.0)

5. Given that the p.d.f. of a certain continuous random variable is defined as:

kx, 0<x<1
f(x)=[k(2—x),1 <x<2
0, elsewhere

(i) Determine the value of K
(i) Determine E(X)and the Standard deviation.

6. A random variable X has the p.d.f given by

kx, 0<x<1
f(x)={k(4—x2), 1<x<?2
0, elsewhere
(i) Find the constant K Ans.(k = %

(i) Determine E(X) and Var(X) Ans.(E(X)=1.2,Var(X)=0.12)

7. A continuous random variable X has a p.d.f
kx(3 —x), 0<x<2
f(x)={k(4—x), 2<x<4
0, elsewhere
Find
(i) The value of K Ans.()
(i) The mean Ans.(1.75)
(i) P(1 < x <3) Ans()
(iv) Sketch the function f(X)

8. A discrete random variable x has a probability density function
%(x+a), —a<x<0
fG) = i(Za—x), 0<x<2a
0, elsewhere

where a is a constant.

Determine
(i) The value ofa  Ans.(a=1)

(i) The wvariance

(i) P(x < 1.5/x > 0) Ans.(&



9. A continuous random variable X has probability density function f(x) defined by

k(x + 2), -1<x<0
f(x) =42k(1—x), 0<x<1
0, elsewhere

(i) Sketch the function
(i) Find k and the mean of x Ans.(k=2,E(X)=3)

(@qump(o<x<§%>o) Ans.(2)

10.  The continuous random variable R has probability density function given by

( r
| g, 0<x<3
=<1
@) {E (4-7), 3<x<k
k 0, elsewhere
(a) Sketch f(r) and show that k=4
(b) Find
@ PL<x<2) AMGJ
(ii) Standard deviation
11.  The random variable X has a p.d.f. given by
( X
| §, 0<<x<?2
ﬂx:ng 2<x<3
I 2, ==
k 0, elsewhere

(a) Sketch the graph of f(x)

(b) Evaluate P(1 < x < 2.5)
(c) Find the mean

12. The probability density function of a random variable X is given by

(k(x+2), -1<x<0
j% 0<x<1
flx) = G— x), 1<x<3
kO elsewhere

(a) Sketch the function f(X)
(b) Find the
(i) The value of K



(i) Mean of X

13. A continuous random variable X takes values in the intervals shown. The probability density
function of X is defined by

kx, 0<x<1
fx) = { k, 1<x<?2 where K is a constant
0, elsewhere

() Show thatk =~

(i) The mean and variance of X

14. A random variable X has a p.d.f. given by
_fax—bx? 0<x<2
fe) = { 0, elsewhere

where a and b are constants. Given that E(X) = 1.

() Find the values of a and b
(ii) Find the variance

(iii) Sketch the function

(iv) Find P(1 < X < 2)

15. Arandom variable x has ap.d. f given by
_ [ ax?+ bx 0<x<2
f& = { 0 elsewhere

where a and b are constants. Given thatE(x) = 1.25

() Find the value of 2 and b Ans.(a - %,b - ;—zj
(i) Find the variance Ans.(0.24)

(iii) Sketch the function

(iv) Find P(1 < x < 2) Ans.(0.69)

16.  The diagram below shows the probability density function for a continuous random variable
X

w|[\)\<
| -
»

v



17.

18.

19.

20.

(a) Obtain the expression for f(x)
(b) Determine the mean and variance

A p.d.f. is defined by the diagram given below

Ya
k-

1
01 2 3 4 5 6
where k is a constant
(2) Find the value of k and hence obtain the expression for f () Ans.(k = %)

% 0<x<2
f(X)=972+1 2<X<6
0, otherwise

(b) Determine the mean and variance

A random variable x takes on the values of the interval
0 <x <2 andhasap.d.f given by
a, 0<x< 1%

fl) = “@2-x), 1%<x$2

0, elsewhere
Find

(i) The value of a
(i) P(x < 1.6)

The probability density function for a continuous random variable X is

X+ 2
O, otherwise

Find (a) P(X| <1) (&) P(X? <9) (¢ E(X) and Var(X)

The continuous random variable, X, has probability density function defined by



£X, 0<x<8
f(x) =484 8§<x<9
0, otherwise

where £ 1is a constant.
(i) Sketch the graph of f(x)

(ii) Show that £ =0.025.

(iii) Calculate the probability that an observed value of X exceeds 6.



NORMAL DISTRIBUTION

Concept of normal distribution

Normal distribution is probability distribution of a continuous random variable and is the most
commonly used in statistics. A variable with a normal distribution displays what we call a bell-shaped
distribution. Itis called “normal” because it is a good model for random error around a particular
value. For instance, a person’s height will not be exactly equal to the average height for all people in
the world. However, we would expect a lot of people to be fairly close to the average, and less
people to be much taller or shorter. Additionally, we might expect that there will be as many people
below average as there are people above average. For this reason, we might use a bell-shaped
distribution to signify more people in the middle and fewer in the extremes.

Normal Distribution

y 24

This famous bell — shaped curve is the graph of a normal distribution. Many characteristics of
manufactured products and human characteristics such as height, mass, intelligence, and various
kinds of abilities approximate a normal distribution.

The Normal Distribution has 2 parameters, the mean x and the standard deviation o . The mean

represents the central point of the distribution, while the standard deviation describes the width of
the distribution. The higher the standard deviation the wider the Normal curve will be.

Properties of a Normal Distribution

It is a continuous distribution.

Every normal distribution has a mean, #, and a standard deviation, o .
The curve is bell — shaped and symmetric about the mean y.

The total area under the curve and above the horizontal axis is equal to 1.

AR SR A

Almost all the population lies within 3 standard deviations of the mean.

Calculating probabilities using the Normal Distribution

For a continuous random variable X, the formula for the density curve of the normal distribution is:

—(x=p)*
1 2 . .
e 29 (this determines the bell shape)

f()=

2no



While the formula is too complicated to integrate, by observation you can see that the formula is
entirely determined given values of u and o. For this reason, the mean and standard deviation
completely define a normal distribution.

If X is distributed in this way we write X [] N(u,c7)

Here is a plot of normal distributions with different values of p and o:

u
o

fX)

5 0 5

In order to obtain the probabilities under the normal curve, there are Normal Probability Tables
available, with this calculation done for one particular Normal Distribution called the Standard
Normal Distribution.

The Standard Normal Distribution

The standard normal distribution is the normal distribution with mean 0 and standard deviation 1.
It is often denoted Z to differentiate it from a regular random variable X or Y. SoZ [1 N(0, 1)

Standard Normal Distribution
Mean =0, Standard Deviation=1




To calculate probabilities for a Normal Distribution, with a different mean and standard deviation,
we must first convert the values (X) from that distribution into standard values (Z) using the

following formula: Z=u where 1 = Mean and ¢ =Standard Deviation. The process of
o

obtaining the standard normal variable Z is known as standardization.
Standard Normal tables

These tables are used find areas below certain values of Z of a normal distribution. The standard
normal tables give cumulative probabilities. The organization of the table is as follows:

e The left column gives a value z to one decimal place.
e The top row gives the 2™ decimal place for z.

e The numbers in the body of the table give the area below the z-score given by the
cotresponding numbers in the row/column.

i.e. the numbers in the body of the table are P(Z < z), where Z is the standard normal random
variable.

Note that the table only gives the area below particular z-values, but not the area above or between
values. To find these areas, you must use the fact that the area under the entire curve is 1.

Example 1

Consider a normal distribution with mean 70 and standard deviation 2. What is P(X < 68)?

Solution



To find areas under this special distribution, statisticians used numerical integration methods to find
areas below certain values of Z, (these are called z-scores). These areas have been compiled into a
table (Table A-2, back cover of the book). The organization of the table is as follows:

o The left column gives a value z to one decimal place.
e The top row gives the 2™ decimal place for z.

e The numbers in the body of the table give the area below the z-score given by the

cotresponding numbers in the row/column.

i.e. the numbers in the body of the table are P(Z < z), where Z is the standard normal random
variable.

Note that the table only gives the area below particular z-values, but not the area above or between
values. To find these areas, you must use the fact that the area under the entire curve is 1.

MECHANICS

Mechanics is a branch of the physical sciences concerned with the state of rest or motion of bodies
that are subjected to the action of forces. It is therefore concerned with much that we meet in every
day life — the motion of engines, the flight of aero — planes, the stresses in bridges and frameworks
and many similar problems. Such problems, as we shall constantly note have to be simplified and
somewhat idealized to make them capable of solution by simple mathematics, but this simplification
is a necessary preliminary to any more detailed attack.



MOTION IN A STRAIGHT LINE

A body is said to be in motion if its position changes with time. The position of the object can be
specified with respect to some assigned origin called a reference position.

Terms used to describe motion in a straight line
Distance

This is the length between any two specified points.
Speed

This is the rate of change of distance.

Distance covered

Speed=
= P Time taken

Thus: Distance travelled = speed x time

The speed expresses the rate of motion without specifying the direction. Speed is therefore a
quantity having magnitude only, and is defined completely when we know this magnitude. Any
quantity having magnitude and no direction is called a scalar quantity, so that speed is a scalar.

Uniform speed may be defined as such that the body moves through equal length of its path in
equal times. Thus a body is said to be moving with constant/uniform speed if its speed remains
unchanged such that the body travels the same distance in equal time intervals.

For example a car moving at constant speed of 50kmh™ implies that; the car will travel 50km in
each hour. The car would therefore travel 100km in 2 hours, 150km in 3 hours etc.

Displacement

This is the distance measured in a specified direction. Displacement is measured from a given
initial position in the direction given. Displacement is a quantity specified by both magnitude
and direction. Any quantity having both magnitude and direction is called a vector quantity, so
that displacement is a vector quantity.

For example; if we say that a car travels a distance of 100m, the expression “100m” is a scalar
quantity. But if the car happens to be moving along a straight line and we mention the direction
of travel say 100m due east, we are now dealing with a vector quantity; and this is called the
displacement of the car.

When the direction of motion of a body remains unchanged, then the distance travelled is equal
to the displacement. If the direction of motion changes part way through the motion, then the
distance travelled is not equal to the displacement. In formulae S is used to denote both distance
and displacement.

Suppose a body moves 15km due east and then 10km due west;



Distance moved = 15km + 10km = 25km
Displacement from initial position = 15km E + 10km W = 5km E
Velocity

This is the rate of change of displacement. It is a vector quantity. The velocity of a body is a
measure of the speed at which it is travelling in a particular direction. If a body has constant or
uniform velocity, then both the speed and the direction of motion of the body remain
unchanged.

In most cases speed is referred to even if it is velocity. Thus the velocity of a car may be stated
as 80kmh™ due South and the speed of this car is then 80kmh™. The letter V is used to denote
both speed and velocity but the difference between them need to be remembered.

Thus;
Distance travelled = speed X time
S=vxt
Similarly;
Distance travelled in a particular direction = velocity X time taken
S=vxt
Acceleration

This is the rate of change of velocity. It is a vector quantity.

. hange in veloci v
— Acceleration, a = S1a9€ Ih VEIOC ty dv

Time taken  dt

Uniform or constant acceleration is when equal changes in velocity occur in equal time
intervals. Thus if a body moves so that the changes of velocity in any equal times are the same in
direction and equal in magnitude, the acceleration is said to be uniform.

Consider a car travelling in a straight line. If initially its velocity is 5ms™ and 3 seconds later its
velocity is 11ms™, the car is said to be accelerating.

For the above example, the car would be accelerating with acceleration a = T =2ms 2.

Average speed

This is the ratio of the total distance covered to the total time taken.

total distance covered
total time taken

= Average speed=

Average velocity

This is the ratio of the total distance covered in a particular direction to the total time taken.



total distance covered in a particular direction
total time taken

= Average velocity=

Example 1

K, L and M are three points in that order in a straight road with KL. = 40km and LM =
90km. A woman travels from K to L at 10 kmh™ and then from L to M at 15 kmh™.
Calculate:

(a) the time taken to travel from K to L

(b) the time taken to travel from L to M

(c) the average speed of the woman for the journey from K to M.

Solution

I4—40 km —>I<— 90 km —»I

| | |

K L M

(a) Using S=vxt for K to L gives:

40 =10t
t=4h
= The time taken to travel from K to L is 4 hours.
(b) Using S =vxt for L to M gives:
90 =15t
t =6h
= The time taken to travel from L to M is 6 hours.
total distance travelled from K to M

Using Average speed=
(©) Using gesp total time taken

V_40+90
4+6

v=13kmh™
The average speed for the whole journey is 13 kmh™.

Example 2
A body travelling at a constant speed covers a distance of 200m in 8 seconds. Find the speed of
the body.
Solution
Distance covered
Time taken

V= % =25ms !

Using Speed=

Example 3



A, B and C are points on a straight line. At time t=0, a body passes through a point A and is
moving with constant velocity of 4ms™
(a) Find how far the body is from A when t= 3s.
(b) What is the value of t when the body is at a point B, 24m from A?
(c) If the body rests for 5s at B and it then moves with constant velocity of 6ms’ to
point C which is at a distance 30m from B, find the average velocity of the body’s
journey from A to C.
Solution
(a) Using S=vxt
Distance from A = 4X3 = 12m
The body is 12m from A when t=3s.
(b) Using S=vxt for A to B
24=4t
t=06s
The body takes 6s to move from A to B
(c) Using S=vxtforBtoC
30=6t
t=5s
Thus the body takes 5s to move from B to C
total distance covered from Ato C
total time taken
_ 24430 54 4 a75ms?
6+5+5 16

The average velocity for the journey is 3.375ms-1

= Average velocity=

Change of Units (kmh™ to ms™)

The speed or velocity in kmh™ can be changed to ms” by considering the fact that a body which is
travelling at a certain number of kilometers per hour is of course travelling a number of metres per
second.

1km = 1000m
1 hour = (60%60) s = 3600s

Example 1
Express a speed of 36kmh™ in ms™.

Solution

36x1000

36kmh™ = 10ms ™t



A speed of 36kmh™ is equivalent to a speed of 10ms™.
Example 2
Express a speed of 81kmh™ to ms™.

Solution

81x1000

81kmh™ = =22.5ms™

In calculation, the units of the quantities involved must be consistent. If the speed is in kmh™, then
the time must be in hours and the distance in km. However if the speed is in ms™, then the time
must be in seconds and distance in mettes.

Example 3

Find the distance travelled in 3 minutes by a body moving with a constant speed of 15kmh ™.
Find also the time taken by this body to travel 200m at the same speed.

Solution
-1 : 3 1
v =15kmh t=3 minutes = — =—
0 20
. 1 3 3
S=vt givesS=15x—==km Or —x1000=750m
20 4 4

To find the time taken to travel 200m

15x1000 25
———=="ms
3600 6

S =200m v=15kmh™ =

25
Using S=vt gives 200 = Z xt whete t is measured in seconds
t=48s
Exercise

1. Find the distance travelled in 5 seconds by a body moving with constant speed of 3.2 ms’
1

2. If an athlete runs a 1500 metre race in 3 minutes 33 seconds, find his average speed for

the race.

3. A body travelling at a constant speed covers a distance of 3km in 2 minutes. Find the
speed of the body in ms™.

4. Express a speed of 35kmh™ in ms™.



5. A, B and C are three points lying in that order on a straight road with AB= 5km and
BC=4km. A man runs from A to B at 20kmh™ and the walks from B to C at 8kmh.
Find;

(a) the total time taken to travel from A to C.
(b) the average speed of the man for the journey from A to C.

6. A car is driven from Town A to Town B, 40km away at an average speed of 60kmh .
The car is at B for 10 minutes and is then driven back to A.

(a) Find the average speed for the journey B to A if the average speed for the complete
journey is 60kmh-1.

(b) What is the average velocity of the car for the complete journey?

GRAPHICAL REPRESENTATION

Linear motion can be represented graphically. The most important graphs are the s — t (distance or
displacement — time graphs and the v — t (velocity — time) graphs.

Displacement — time graph

This is a graph that shows the displacement, S of the body at any time t. The displacement time
graph shows the displacement of an object as a function of time. Positive displacements indicate the
object’s position is in the positive direction from its starting point, while negative displacements
indicate the object’s position is opposite the positive direction.

The gradient of a displacement — time graph represents velocity. Thus m is a measure of the

velocity in ms™.

Displacement — time graph for a stationery body

= 4

E X Stationary - object stays at position 'x'
qé all of the time!

[«B}

(&}

c—é_ The Gradient of the graph = 0 ms” so
a velocity = 0 ms’

Time (S)

Displacement — time graph for a body moving with uniform velocity



A body moving with uniform velocity covers equal displacements in equal times. The displacement
— time graph is a straight line like OA. The steeper the line the bigger the gradient and hence the

greater the velocity.

A : ds :
Slope or Gradient = o = Velocity
t

The negative gradient indicates the body is

Displacement
S (m)
ds moving in the opposite direction (moving
'backwards') - so it finishes up where it started!

»
|

dt Time (s)
Displacement — time graph for a body moving with non —uniform velocity

When the velocity of the body is changing, the slope of the displacement — time graph varies, and at
any point equals to the slope of the tangent. For example in the figure shown below, the slope of the

tangent at T is Q—g = % =20. The velocity at the instant corresponding to T is therefore 20ms .

[
>

oS
T

= N w
o o o
1 1 1

Displacement (m)

o

Time (s)

Example 1

The graph below shows the displacement time graph for a moving object. Describe the
motion in regions OA and AB.

What is the velocity of the object during the first 3 seconds?

A
B
10+ A -

Displacement
S (m)

y

0 3 6 " Time
t(s)



Solution

From O to A, the object is moving with uniform velocity and from A to B, the object is
stationery i.e. having zero speed.

The velocity of object during the first 3s = Gradient of AB

a5 _10_ 3.3ms™!
d 3

Example 2

Mr. Olal is jogging away from his house at a uniform velocity and stops after 5 seconds
when he is 5m away. He then decides to take a short five-second rest in the playground.

After his five second rest, he runs back to the house in 21 seconds. Draw the displacement-

time graph for his motion and describe Olal’s motion.

Solution

Displacement (m)
w H

0 2 4 6 8 10 12 14

Time (s)

From the graph, Mr. Olal’s displacement begins at zero meters at time zero. Then, as time
progresses, his displacement increases at a rate of 1 ms’, so that after one second, Olal is one meter
away from his starting point. After two seconds, he is two meters away, and so forth, until he
reaches his maximum displacement of five meters from his starting point at a time of five seconds.
He then remains at that position for 5 seconds while he takes a rest. Following his rest, at time t=10
seconds, Olal races back to the house at a speed of 2 ms™, so the graph ends when he returns to her
starting point at the house, a total distance traveled of 10m, and a total displacement of zero meters.



As we look at the displacement — time graph, notice that at the beginning, when Olal is moving in a
positive direction, the graph has a positive slope. When the graph is flat (has a zero slope) he is not
moving and when the graph has a negative slope, Olal is moving in the negative direction that is
back to his house.

Example 3

The facts below can be seen from the displacement — time graph below;

8T B
Displacement -
S (m)
2 -
of—+—+— e
2 4 6 8\ 10 /12 Time
2T t(s)

4+ D

1. The starting or initial position A of the body is 3m from a reference position O. The
initial velocity is given by the gradient at A and is positive. The body is travelling
away from O in the positive direction.

2. From A to B the body travels further away from O but its velocity is decreasing, as
the gradient is decreasing.

3. At B, 7m from O, the velocity is zero. The body is momentarily at rest. The time is
5s from the start.

4. From B to C the gradient is negative. Hence the velocity is negative that is the body
is travelling back towards O and arrives there after 8s from the start. However the
distance travelled up to this time is 3+7 = 10m but the displacement from O is zero.

5. The body reaches position D (3m from O in the opposite direction to B) after 10s
and is momentarily at rest.

6. From D to E, the body is again travelling in the positive direction and reaches O
again after 12s from the start.

Velocity — time graph

The velocity — time graph is the v — t graph relating velocity to time. The gradient of a velocity —

time graph represents acceleration.



The facts below can be obtained from the velocity — time graph below;

A
V (ms™
( 10)—— A B
0 : ' c —
0 5 10 12 Time (s)
d

\
e The gradient of this graph(aj measures the acceleration in ms™.

e The body starts at t=0, from rest (with zero velocity). From O to A the velocity increases
until it reaches 10ms™ at time 5s. Since OA is a straight line, the acceleration is constant or
. . . 10-0 10 - _
uniform and is equal to gradient of OA = =0 = = =2ms ~. At A acceleration stops.
e From A to B the body travels with constant velocity (10ms™) and thus acceleration is zero.
e From B to C the velocity decreases steadily and the body comes to rest again at t= 12s.

From B to C the acceleration is negative also known as retardation. The body has a uniform
10-0 10 -

———=-5ms .
12-10 2

retardation equal to the gradient of BC =—

Area under the velocity — time graph

The area under a velocity — time graph is numerically equal to the distance covered by the body and
represents strictly the displacement.

If velocity is measured in ms"' and time in s, the area will give the displacement in m; if velocity is in
kmh™ and time in h, the area represents the distance measured in km. Thus care must be taken to
work in consistent units, not for example ms™' and h.

Example 1

The graph below represents the velocity — time graph of an object for which it is in motion.
Calculate the total distance travelled and the average speed during this period.

A
V (ms™)
104 B
0 i C:
Solution 0 3 6 Time (s)



Total distance travelled = area under velocity — time graph
= area of trapezium OABC

= %OA(AB+OC)

1
=—x10(3+0)
2
=5(9) =45m
Example 2

A car accelerates from rest to reach a certain speed in 600 seconds. It then continues at this
speed for another 600 seconds and decelerates to rest in further 300 seconds. The total
distance covered is 17500m. Find the steady speed reached.

Solution
Let the steady speed reached be V

A

Vi B C

D
0 600 1200 1500 t (seconds)

The total distance covered = area under the velocity time graph (area of trapezium ABCD)
1
17500 = EXV (AD+BC)

1
17500 = —xV (1500 + 600)

35000 = 2100V
16.7ms™' =V

The steady speed reached by the car is 16.7ms .

Example 3

The graph below shows the motion of a car.

V/ (kmh™)4

»

454 A

v



0 5 10 15 t (minutes)

Use the graph to find (i) the acceleration
(i) the retardation, both in ms™.
(iti) the distance travelled in km.

Solution

Since the acceleration and deceleration are required in ms™, then the velocity should be in
ms” and time in seconds.

45 %1000

45kmh™ = =12.5ms 'and 5 minutes = 5x60=300s

(i) The acceleration = Gradient of velocity time graph along OA
LAV 225-0
dt  300-0

=0.075ms ™

(if) The retardation = Gradient of velocity time graph along BC
Cdv 225-0 225

= = = =—0.075ms >
dt  (10-15)60 =300

(iii)Since the distance is required in km, the velocity should be in kmh™ and the time in h

Distance travelled = area under velocity — time graph (area of trapezium OABC)

:%x45(AB +0C)

LINT i+Ej
2" L6060

=7.5km

Example 4

A train starts from station P and accelerates uniformly for 2 minutes reaching a speed of
48kmh. It continues at this speed for 5 minutes and then is retarded uniformly for a further
3 minutes to come to rest at station Q. Find

(i) the distance PQ in km.

(i) the average speed of the train.



(iii)the acceleration in ms-2

(iv) the time taken to cover half the distance between P and Q.

Solution
V (kmh™h)4

481 A B
s s 9

P - - ; —>

0 2 7 10 t (minutes)
L 7 L t(h
30 60 6

(i) The area under the graph represents the distance travelled

1
The graph is a trapezium of area = 5 (sum of parrallel sides) x height

:%(AB+PQ)><48

1 1

=—X i-{-— x 48 = 6km
2 (60 o

So the distance PQ = 6km

total distance travelled

(i) The average speed =

time taken
= &, =36kmh™
6
(ii) To find the acceleration over section OA, we use metres (m) and seconds (s)
1 48x1000 ;40 _ _
agkmh™ =22 s = Uppg !
3600 3

Acceleration = Gradient of velocity time graph

40 /
1 =3 = -2
Gradient of OA 120 0.11ms

(iv) Let half the distance be covered in t min [L hj

V (kmh')4 o
48+ A F
- 5 G,
0 2 t t (minutes)
% i t (h)



The area OAFG represents 3km (half the distance covered)
1t 1 t

.'.3:1(AF+OG)><48:—[———+—)><48
2 2160 30 60

=75=2t-2 Or =75=2—-2 Or t = 475 minute.
Example 5

Car A is travelling at a steady speed of 60kmh™ and passes a stationery car B. The driver of
car B immediately accelerates reaching 80kmh™ in 20s and continues at this speed until he
overtakes car A. Find the distance travelled by car B when this happens.

Solution

Since the speed has been given in kmh, the time must be converted to hours.

20S = 20 v hours
3600 180
V/ (kmh?)4
80 -+ R >
P / !
60 i CarA Q
CarB !
0 | C >
0 L(ZOS) t t (h)

Since the two cars A and B travel the same distance, the area ORSC = the area OPQC
Let t (in hours) be the time taken for car B to overtake car A
Then area ORSC = the area OPQC

l><80 t+t—L =60xt
2 180



40(180t+180t—1j:60t

180
40(360t —1) = 10800t
360t —-1=270t
90t =1
.

90

1
Hence the distance travelled by B = vxt =60x % =0.67km.

Equations of linear motion
A basic type of motion is that of a body travelling in a straight line with constant or uniform
acceleration. For this motion we can derive useful equations known as the equations of motion.
Consider the motion of a body which accelerates uniformly from an initial velocity u to a final

velocity v in time t. The velocity — time graph can be represented as shown below;

V-

Velocity

u_.

v—-u
The acceleration of the body is defined as the rate of change of velocity i.e. a=——

1. Since the gradient of a velocity/time graph gives acceleration, we have:
v—-u

t
=at=v—-u  (By cross multiplication

or | v=u+at

................................ (Equation 1)

2. The area under the velocity — time graph represents the displacement.

1 .
Hence S = > (U+V)xt (Area of Trapezium)

_ L . 1 ,
Substituting for v in this equation, S = 5 (U+u+at)xt gives

1
S =ut+—at?
2




................................... (Equation 2)

1 1 v—-u
3. From the first two equations; S = E (U+v)xt= E U+Vv)(——) Or 2as=v’-u’
a

= VE=UP428S | o (Equation 3)

The three equations for uniformly accelerated motion in a straight line involving uniform
acceleration can be used to solve problems instead of using a velocity — time graph or in addition to
doing so.

Important points to note:

- A body starting at rest has initially velocity zero.
- A body brought to rest has its final velocity as zero.
- A stationery body has velocity zero.

- A deceleration implies negative acceleration.
Example 1

A body starts from rest and moves in a straight line, accelerating uniformly at 5ms™. Find its
velocity after 6 seconds.
Solution

Using v=u+at

We have: u=0; a=5t=6

2. v = 0+5(0)

v = 30ms”

This means that the velocity after 6 seconds is 30ms.

Example 2

A particle starts with velocity 3ms™ and accelerates at 0.5 ms™. What is its velocity after
(i) 3s (i) 10s? How far has it travelled in these times?

Solution

() Using v=u+at
We have: u=3ms™; a= O.Sms'z; t=3s; v=¢
v =3+0.503)

5oV =4.5ms’

This means that the velocity after 3 seconds is 4.5ms ™.

(i) Using v=u+at



We have: u:3ms'1; a= O.Sms'z; t=10s; v=?
~ov = 3+0.5(10)

e 1
C.v = 8ms

This means that the velocity after 10 seconds is 8 ms .
1
The distance travelled in 3s; S =ut +Eat2 where u=3ms™"; a= O.Sms'z; t=3s

1
= =3><3+5><0.5><32

=9+2.25
S =11.25m

1
The distance travelled in 10s; S =ut +Eat2 where u=3ms"; a= O.5ms’2; t=10s

1
= =3><10+E><o.5><102

= 30+25
S =55m
Example 3

2
A body moves along a straight line from A to B with uniform acceleration gms'z. The time

taken is 12s and the velocity at B is 25ms™". Find;
(i) the velocity at A
(ii) the distance AB
Solution

() Using v=u+at

We have: v=25ms™’; a= =ms?; t=12s; u=?

2
525 = ut(1)

SU=17ms”
Therefore the velocity at A is 17 ms ™.

.. 1 2
(ii) Using S:ut+5at2 where u=17ms™'; a= gms’z; t=12s

1 2
=S =17x124+—-x=x12°
2 3

= 204+48
S =252m
The distance AB is 252m



Similarly the distance AB can be obtained by using the third equation:

2 _
v> =u®+2as where v=25ms”; u= 17ms'; a= gms 2SS =AB?
2 2 2
= 25" =17 +2><(ng

625-289 = 4 S
3
1008 =4S (By cross - multiplication)
S =252 (as before)

Example 4

A cyclist travelling down hill accelerates uniformly at 1.5ms ™. If his initial velocity at the top
of the hill is 3ms”, find how far he travels before reaching a velocity of 7ms .

Solution
Using v:=u?+2aS where v=7ms"’; u= 3ms'; a= 1.5ms ;S =?

=72=3%+2x1.5S

49-9=3S

40 = 3S

S = ﬂrn
3

The cyclist travels a distance of ! =13.33mbefore reaching a velocity of 7ms ™.
3

Example 5

A car starts from rest, accelerating at 1ms™ for 10s. It then continues at a steady speed for a
further 20s and decelerates to rest in 5s. Draw the velocity — time graph and find;

(i) the distance travelled in m.
(i) the average speed in ms™.
Solution

»
|

<
|
o
O

Velocity (ms™)

D
0 10 30 3'5 t Zseconds)




Using V=uU+at for the acceleration ;
We have: u:Oms’l; a= 1ms'2; t=10s; v=?
Sov = 0+1(10)
-v=10ms"
This means that steady speed reached after 10 seconds is 10 ms™.

(1) Distance travelled = area under velocity — time graph (area of trapezium ABCD)

:%xv(BC + AD)

=%x10(20+35)

=275m

total distance travelled
time taken

275 55

A

(i) The average speed =

Example 6

A motorist travelling on a straight stretch of motorway at a steady speed of 32ms™ sees a
warning sign for road works asking motorists to reduce speed. She immediately decelerates
uniformly for 24 seconds until she reaches a speed of 20ms™'. She travels at this speed for 1500m
and then accelerates at 1.2ms” until she regains her original speed of 32ms".

(i) Draw a speed/time graph to illustrate this information, marking the time intervals on
the horizontal axis.
(i) Calculate how far, in metres, the motorist travels from the time she sees the warning
sign until she regains her original speed.
(iii) Calculate how much less time it would have taken the motorist to complete her
journey if there had been no road works.
Solution

(i) Time taken by motorist travelling at constant speed of 20ms-1 can be got from:
Distance 1500

Time= =75 seconds
Speed 20
Time for the acceleration from 20ms'to 32ms™ can be got using the equation:
v=u-+at
=32=20+1.2t

t=10s



The speed — time graph is as shown below;
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(i) Distance = Total area under the speed — time graph
Area of trapezium I = %x 24(32420) =624m
Area of rectangle II = 75x20 =1500m
Area of trapezium III = %x 10(32+20) =260m

The total area = 624 +1500+ 260 = 2384m

Hence the distance the motorist travels from the time she sees the warning sign until
she regains her original speed is 2384m

(i) With road works, time = 109s

Distance 2384
Speed 32

Without road works, time = =74.5s

Hence if there had been no road works, it would have been less by (109 — 74.5) =
34.5 seconds for the motorist to complete her journey
Example 7

A, B and C are three points on a straight road. A car passes A with a speed of 5ms'and
travels from A to B with a constant acceleration of 2ms™. From B to C the car has a constant
retardation of 3.5ms” and comes to rest at C. If the total distance from A to C is 475m, find
a. the speed of the car at B.
b. the distance of B from A.



Solution
Sketch of v — t graph

A

Velocity (ms™)
h

OF— >< P>
0 b L t (seconds)

Using the equation v = u+at ; the speed at B is given by

V=542, @)

From B to C, using the same equation
0=V—=350, e (i)

This gives V=3.5t, =5+ 2t .ccccrivrirnnns (iii)

1
The distance from A to B (S)) is given by the equation S =ut+ 5 at’

1
Hence S, = E(S+5 +2t )t =5t +t
and the distance from B to C (S,) is similarly given by
1
S, = E(3.5t2)t2 =1.75t,°

Total distance is 475=S, +S, = 5t, +1,> +1.75t,>
Substituting for t,in terms of t;, using equation (iii)

5+2t 25+20t, +4t°
Then 475 =5t, +t,° +1.75[ = ! =1 1 Jeading to

2
j =5t +t,> +

3325 =35, +7t,” + 25+ 20t, +4t,°
11t,* +55t, —3300 =0
t%+5t,—300=0
(t, —15)(t, +20) =0
t, =15s
Hence the speed of the car at B= v=5+2t, =5+2(15) =35ms™"

1
and the distance of B from A is S; =—(5+5+2t))t,
2



1
S1:E(S+35)><15

= 300m
Exercise

1. The manufacturer of a new car claims that it can accelerate from rest to 90kmh 'in
10seconds. Find the acceleration.

2. A body moves along a straight line uniformly increasing its velocity from 2ms™ to 18ms” in a
time interval of 10s. Find the acceleration of the body during this time and the distance
travelled.

3. The graph in the figure below represents the displacement — time graph travelled by a car
plotted against time. 4

100 A
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a. How far has the car travellfiing (b end of 5 seconds?
b. What is the velocity of the car during the first 5 seconds?
c.  What has happened to the car after A?

4. A car starts from rest, accelerates at 0.8ms” for 10s and then continues at a steady speed for
a further 20s. Draw the velocity — time graph and find the total distance travelled.

5. A body decelerates at 0.8ms?, passes a certain point with a speed of 30ms™. Find its velocity
after 10s, the distance covered in that time and how much further the body will go until it
stops.

6. A particle travelling with acceleration of 0.75ms ™ passes a point O with speed 5ms™. How
long will it take to cover a distance of 250m from O. What will its speed be at that time?

7. A particle starting from rest moves with constant acceleration x ms''for 10s, travels with
constant velocity for a further 10s and then retards at 2x ms™ to come to rest 300m away
from its starting point. Find the value of x.

8. If a particle passes a certain point with speed 5ms’ and is accelerating at 3ms?, how far will it
travel in the next 2s? How long will it take (from the start) to travel 44m?

9. A particle moving along a straight line with uniform acceleration covers the first two

consecutive distances of 100m and 140m in time intervals of 20 and 40 seconds respectively.
a. Calculate the:
(i) acceleration and initial velocity of the particle
(i) total time taken before it comes to rest.
b. Sketch the motion of the particle.



10.

11.

12.

13.

14.

15.

16.

Two cars start from the same place. One accelerates at 1ms™? for 10s, the other accelerates at
0.8ms™ for 20s. Both cars continue with speed then reached. How long after the start will the
second car overtake the first and in what distance.
A bus travelling at 15ms™" and accelerating at 0.2ms” passes a stationery car. The bus
accelerates for 5s and then continues at a steady speed. Thirty seconds after being passed the
car starts with acceleration 0.5ms™ until it reaches a speed of 30ms™, with which speed it
continues to travel.

() What is the distance between the bus and the car 0.5 minutes later? Ans.1917.5m

(if) When will the car overtake the bus?
A motorist accelerates uniformly from rest at a rate of a ms™ for 10s and then travels at
constant speed of 20ms ™' and slows down to rest at s constant retardation of 2a ms™. If the
total distance is 550m,

(1) Sketch the velocity — time graph of the motion of the motorist.

(i) Find the value of a

(ii))Find the maximum speed attained by the motorist.

(iv)Find the acceleration and retardation of the motorist.
A train travels along a straight piece of track between two stations A and B. The train starts
from rest at A and accelerates at 1.25ms” until it reaches a speed of 20ms . It then travels at
this steady speed for a distance of 1.56km and then decelerates at 2ms™ to come to rest at B.
Find:

a. The distance from A to B.

b. The total time taken fro the journey.

c. The average speed.
Four points A, B, C and D lie on a straight road such that BC, CD are 448cm and 576cm
respectively. A cat moving along this road covers each of these distances from A to D at 8
second intervals with a constant acceleration. Find

(1) the constant acceleration.

(i) its speeds at A and D

(iii)the distance AB.
A train stops at stations R and T which are 2.1km apart in a straight line. It accelerates
uniformly from R at 1ms~ for 20s and maintains a constant speed for a time before
decelerating uniformly to rest at T at 2ms™.

(i) Sketch a velocity — time graph for the motion of the train.

(ii) Find the time taken for which the train is travelling at a constant speed.

(iif)Determine the average speed for the whole journey.
A particle moving in a straight line with a constant velocity of 6ms™ for 3s. Then there is a
constant acceleration of -3ms” for 5s.

a. Draw a velocity — time graph for its motion.

b. Find

(1) the distance it has travelled
(i) how far the patticle is from the start?



17.

18.

19.

20.

21.

(iii)the velocity after 8 seconds.

c. If the velocity is then kept constant, how long will it take to get back to the start?
Two stations A and B are a distance of 6x m apart along a straight track. A train starts from
rest at A and accelerates uniformly to a speed Vms™, covering a distance of x m. the train
then maintains this speed until it has travelled a further 3x m, it then retards uniformly to
rest at B. Make a sketch of the velocity — time graph for the motion and show that if T'is the

time taken for the train to travel from A to B, then T =— seconds.
Vv

A particle starts from rest, moving with constant acceleration of 1.5ms?, for 12 seconds. For
.1 .
the next 48 seconds the acceleration is g ms~, and for the last ten seconds it decelerates

uniformly to rest.

(1) Sketch the velocity — time graph for the particle’s motion.

(if) Find the distance travelled by the particle.

(iif)Calculate the average velocity of its motion.
A motorist starting a car from rest accelerates uniformly to a speed of Vms™in 10 seconds.
He maintains this speed for another 50s and then applies the brakes and decelerates
uniformly to rest. His deceleration is numerically equal to twice his previous acceleration.

(i) Sketch a velocity — time graph

(if) Calculate the time during which deceleration takes place.

(iii)Calculate the initial acceleration.
Three collinear points A, B and C are such that 4AC=3AB. A particle moving with uniform
acceleration passes A with a velocity of 10ms-1and reaches B ten seconds later.
Given that AB=300m, find

(1) the acceleration.

(ii) the velocities at C and B.
The table below shows the velocity of a particle during the course of its motion
t (s) 0 5 10 15 20 25 30
V (ms™) 0 4 8 8 8 7 6
Plot a graph of velocity against time and use it to find

(i) The retardation of the body during the last 10s.

(if) The total distance travelled by the particle

(iif)Describe the conditions of the particle during the period 10s to 20s.



RESULTANTS AND COMPONENTS OF FORCES

A force is a vector quantity that causes a change in the state of motion of a body. A body in motion
can change its velocity or direction only if a resultant force acts on it. The unit of force is the newton
).

A force vector can be expressed in two dimensions on the (x, y) plane. For example, imagine the
surface of a table top to be an (x, y) plane. I can push a box across this table surface in several
different directions not just parallel to the length or with table. I can push it across a table top or at a
slanted direction relative to the edges of the table top.

Box

Hence we can represent a force by a straight line. The length of the line represents the magnitude of
the force and the arrow show the direction of the force. It will thus make some difference if I push
the box at P or Q in the direction shown.

Types of force
The following types of force have particular names;

Weight

This is the gravitational attraction of the earth on a body. It always acts vertically downwards. If I
hold a brick, I feel it exerting a downward force on my hand. If I let it go, the brick will fall to the
ground. The force I felt on my hand is now free to pull the brick towards the ground. This force is

called the weight.
' -$€I’E"T,;'~71
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The weight of the brick W= mg where m is the mass of the block and g is the acceleration due to
gravity. A body of mass m kg thus has a weight of mg N. The value of g should be taken as 9.8ms™
unless stated otherwise.

The weight of a body acts through a point called the centre of gravity.

Reaction

If I place the brick of weight W on a horizontal table, it does not move and it is said to be in
equilibrium. It is not realistic to assume that the gravitational attraction force acting downwards has
ceased, so there must be an opposing force exactly equal to W acting vertically upwards and also

through the centre of gravity. This force is called the normal reaction.
Req f:tion (R)

TR -
PR B R=W
oo '..' . --.!\.
Tension e

v
Weight (W)

If a body, say a brick is suspended by a string or spring and the string does not break, the brick is

again in equilibrium. In this case the force acting upwards which equalizes the weight passes along

the string and is called the tension in the string.

Tension (T)

Weight (W)

Friction

If a body is placed on a horizontal table and it is pushed along the table, a force has to be exerted in

order for the body to move. R
A

.. ?".,g'_);:
Friction —— [} 31 «—— Push

v

The resistance to this push is called the frictional force. It opposes the relative motion. In this
situation there are four forces acting on the brick. If the body is pushed harder, eventually the
frictional force is overcome and the brick moves.

Resultant of parallel forces



A resultant force is a single force which has the same effect as the two or more forces acting at a
point. When two or more forces act on a body, the total force on the body is called the resultant
force.
e When two or more parallel forces act on the body in the same direction, the resultant force
is got by addition.

_>F1 _
F, Resultant force F = F, + F,

Example 1
Find the resultant of the following forces.

Solution

Resultant force = 10 + 6 = 16N.

Example 2

Find the resultant force acting on the body shown.

SN —> —> 10N
12N——» —— 6N

Solution

Resultant force F =5+ 12 +10 +6 = 33N

e When two or more parallel forces act in opposite directions, the resultant force is got by

subtraction.
Resultant force;
F,¢— —F, F=F, —-F, it F>F,
Or F=F,-F, ifF,>F,
Example 3

Three forces act on a body as shown below. Find the resultant force.

+— 8N

12N ———»
— 2N

Solution
Resultant force FF = (12 + 2) — (8) = 6N to the right.

Example 4



Find the resultant of the following forces acting on the body as shown.

<«— ON
— 6N

Solution
Resultant force F = (9 — 6) N = 3N to the left.
Resultant of forces at right angles

When two or more forces act on a body at right angles (perpendicular to each other), the resultant
force is obtained by use of Pythagoras theorem.

Resultant force F is got from;

F2 = F12 + F22 (Pythagoras theorem)

> F=JF>+F}
Body F, RRE

Direction of the resultant force

o o ) F
The direction or inclination of the resultant force can be obtained from tan @ = —- such that;

2

0 =tan™ (%j to the F, force.

2

NOTE: Since force is a vector quantity, its magnitude and direction should always be stated.

Example 5
Find the resultant force acting on the body shown.
6N
Body 8N

Solution

Resultant force F is got from;

| F2 =62 +8°
| F =36+64
Botly N F =100 =10N

The direction of the resultant force F is obtained from;



tan¢9=9:é :¢9=tan‘1(§j
8 4 4

Therefore the resultant force is 10N making an angle with the 8N force.
Example 6

Four forces act on a body as shown below. Find the resultant force.

8N

16N 4N

3N

Solution

Resultant force horizontally = (16N — 4N) = 12N to the left.

Resultant force vertically = (8N — 3N) = 5N to the North.

Resultant force F is got from;

5N ;
: F?=12"+5
| F =4144+25
0 !
Body 12N F =169 =13N
The direction of the resultant force F is obtained from;
5
tanf=— =@o=tan"'| >
12 12

Therefore the resultant force is 13N making an angle with the 4N force.
Exercise

1. Find the resultant of the following forces acting on the body as shown below.

ONe— —2N

2. TForces act on a body on a smooth ground as shown. Find the resultant force.

— 3N
— 2N

6N «——

3. A horizontal force of 0.6N acts on a body. There is a resistance of 0.15N opposing the first
force. What is the resultant force on the body?

4. Tind the resultant of the following forces.

a. 10N b. TN

30N

12N



5. Two forces of 7N and 24N act away from the point A and make an angle of 90" with each
other. Find the magnitude and direction of their resultant.

6. A body is acted on by 3 forces of 10N, 6N and 3N as shown below. Find the resultant force.
10N

6N < » 12N

Parallelogram of forces

It two forces are acting at an angle 6 to each other when 0 is not equal to 90, the resultant force is
obtained from parallelogram law.

Consider two forces F; and F, represented by the line segments AB and AD such that the angle

between the forces F, and F, is 0. D
F1
A ! > B
F2

The parallelogram ABCD can be completed by drawing BC and DC as shown below;

A

To find the resultant of the forces F, and F,, we consider AB+ AD = AC . Hence the resultant of
the forces I, and I, can be represented by the line segment AC which is a diagonal of the
parallelogram ABCD. This is referred to as a parallelogram of forces.

The resultant force IF can be obtained using the parallelogram law;



F>=F’+F,+2FF,cosd

F=F2+F, +2FF,cosf

The direction of the resultant force, « which is the angle that the resultant makes with I, can be got
F F

by sine rule: —— = —
sina  sin(180—0)

Example 7

Find the magnitude of the resultant of the forces shown in the sketch and the angle that the

resultant makes with the larger force. AN

25°
> 7N

Solution

By parallelogram law F? = 4% +7° +2x4x7¢c0s 25"

The resultant force  F =/16+49+ 5608 25

F =10.75N
The direction of the resultant can be obtained by using sine rule:

4 F

sing sin155"
_ 4sin155"
1075

a =9.05"
The resultant force is 10.75N making an angle of 9.05" with the larger force.

sina

Exercise

1. Two forces of 5N and 8N act away from the point A and make an angle of 40" with each
other. Find the resultant force and the angle the resultant makes with the 8N force.



2. Find the angle between a force of 7N and a force of 4N if their resultant has magnitude of
9N.

3. Find the magnitude of the resultant of two forces of sizes 5N and 8N acting at 50" to each
other.

4. In each of the following diagrams, two forces are shown. Find the magnitude of their
resultant and the angle it makes with the larger of the two forces.

10N
y AN b) 5N 0 1N

105°
30° 120°
> 5N 3N

5. Forces of 3N and 2N act along OA and OB respectively, the direction of the forces being

indicated by the order of the letters. If AOB =150" find the magnitude of the resultant of the
two forces and the angle it makes with OA.

6. Find the angle between a force of 6N and a force of 5N given that their resultant has
magnitude of 9N.

7. The angle between a force of P N and a force of 3N is 120°. If the resultant of the two
forces has magnitude 7N, find the value of P.

Components of a force

The components of the force F in any direction is a measure of the effect of the force F in that
direction. Mathematically, the component of a force in any direction is the product of the magnitude
of the force and the cosine or sine of the angle between the force and the required direction.

Resolving forces

The separation of a force into its components is called the resolution of a force. Forces can be
resolved into two components at right angles or perpendicular to each other when a right angled
triangle is constructed around the force, making it the hypotenuse.

Suppose a force F acts in the direction shown at an angle 6 to the x — axis.

y
Fsin® F
Y
6 > D¢
Fcosh



We use cosine if resolving the force to the required direction closes the angle and sine if resolving it
results into opening the angle. Thus the force I can be resolved into two components, one along x —
axis and the other along y — axis.

Let X and Y represent the horizontal and vertical components of F, along the x and y — axis.

Resolving in the x — direction (horizontally): X = Fcos0
Resolving in the y — direction (vertically): Y = Fsin6

Therefore the force F is equivalent to a force FcosO along the x — axis and Fsin0 along the y — axis.
It is important to remember that when a force F has been resolved into its components in two
perpendicular directions, the force F is the resultant of these two components.

Resultant of a number of forces

When there are a number of forces acting, their components in a particular direction can be added
together, due regard being given to the directions of the components.

Consider the forces S, P and QQ acting in the directions shown.

A

S Q

9 > X

The forces can be resolved into two perpendicular components. It is however important to note that
the direction of the arrow in the forces being resolved has to be considered as the direction will
determine whether the components must be added or subtracted.

Let X and Y be the components of resultant of the forces along the x and y- axis respectively. Then;

Resolving in the x — direction: X =P cos@+Qcosa —S cos S
Resolving in the y — direction: Y =Psin@+Qsina +Ssin S

Thus in a force diagram, the forces S, P and Q can be replaced by their components. The forces are
represented in magnitude and direction by the sides of the triangle, the arrows on the sides of the
triangle indicating the directions of the forces.

The resultant force F of the forces S, P and Q can thus be obtained from;
F?=X>+Y? (Pythagoras theorem)

F=vX®+Y?




Since force is a vector quantity, it must be specified both in magnitude and direction. The direction
of the resultant force 6 can be calculated from tané = % hence @ =tan™ (%j . Thus the resultant
of the forces should be stated in magnitude and direction.

Example 8

Find the components of the given forces in the directions of the x — axis and the y — axis.

(@) (b)

Solution
(a) Component along the x — axis = 5Xc0s35" = 4.10N

Component along the y — axis = 5Xsin 35" = 2.87N
(b) Resolving along the x — axis gives us: 10€0s40” —20c0s70" =7.66—6.84 = 0.82N

Resolving along the y — axis gives us: 10sin40” —20sin70" = 6.43+18.79 = 25.22N
Example 9

Forces of 4, 3, 2 and 1N act at a point A as shown in the diagram below. Find the magnitude
of their resultant and direction from AB.

Solution

Let X and Y be the components of the resultant of the forces along AB and AY respectively;

Resolving horizontally: X =4 +3c0s30° +2c0s60” —1c0s 30" = 6.732N
Resolving vertically: Y = 3sin 30° +2sin 60" +1sin30° =3.732N



The resultant force F = x/XZ +Y? = \/(6.7322 +3.732*) =7.7N

If 6 is the angle the resultant made by F with AB, then

3.732N Y 3.732
tanf=—=——
X 6732
F — @ =tan™! [&J ~29.0"
g 6.732
> 6.732N
A B

Therefore the resultant of the forces above is 7.7N and acts at an angle of 29.0" to AB.
Example 10

Find the resultant of the given forces, by finding the components of the forces in the
direction of the x and y axes.

yasN 2N

4N

600I

Solution

Resolving along the x — axis: X =1+2€0860" —4sin60" =—1.464N
Resolving along the y — axis: Y =3+2sin60" +4¢c0s60° = 6.732N

The resultant force F = x/XZ +Y? = \/(1.4642 +6.732*) =7N

If 6 is the angle the resultant makes with the horizontal, then

Y 6.732
= tanf=—=——

X 1.462
Y 6.732
=f0=tan'| —= |=77.7"
1.464

X

The resultant force is 7N and the direction of the resultant force is 77.7" to the horizontal.

Example 11



ABCD is a rectangle. Forces of 9N, 8N and 3N act along the lines DC, CB and BA

respectively, in the directions indicated by the order of the letters. Find the magnitude of the
resultant and the angle it makes with DC.

Solution
D 9¢N C Resolving horizontally: X =9—-3=06N to right
Y 8N Resolving vertically: Y =8N to South
A < B The resultant force I::\/X2+Y2 :\/(62+82):10N
3N

If 6 is the angle the resultant makes with DC, then

6N tan49:i=§=i
X 6 3

=0=tan"' (%) =53.13"

The resultant is 10N making an angle 53.13" with DC.

Example 12

ABCDEF is a regular hexagon. Forces of 2, 4\/5 ,8, 2\/3 and 4N act at A in direction AB,

AC, AD, AE and AF respectively. Find the magnitude of their resultant and its direction
from AB.

Solution

Let the resultant force be F

Resolving horizontally: X =2+ 43 c0s30" +8¢0s60° —40s60° =10N

Resolving vertically: Y = 24/3 +4+/35in 30° +8sin60° +4sin60° = 10+/3N

F=VX2+Y2 =J(104/3)? +107 =400 = 20N



If 6 is the angle the resultant F, makes with the horizontal AB,

103N
tan¢9:i:M
P X 10

=@ =tan"’ (\/5) =60"

> 10N
A B

The resultant force is 20N inclined at angle of 60" to AB.
Conditions for equilibrium of any number of forces acting on a body

If the forces acting on a body are in equilibrium, the resultant force F must be zero. This is only
possible when X=0 and Y=0. It follows therefore that if any number of forces is in equilibrium, the
algebraic sums of their components in two directions perpendicular to each other must separately be

zero. 1.e. the forces in opposite directions balance.
Example 13

Find the magnitude of the unknown forces S and T if the body is in equilibrium under the
action of the given forces.

(a) S0N (b) S 10N
T 50N T l
—» 10N
S+ > 10N hm I
Solution '|l' ]£N 50N

(a) Since the body is in equilibrium, then;
The horizontal forces balance and therefore: S =50+10= 60N

The vertical forces balance and therefore: T +10 =50
T =40N

(b) Horizontally: T =10N

Vertically: S=10+50=060N

Example 14
The given forces act on a particle at O which is in equilibrium. By resolving, find P and S.
v4 N
|
P
60"




Solution
Resolving along the x — axis: X =10+7C0S 60° —S cos 30"

Resolving along the y —axis: Y =P +7sin 60" —Ssin 30"
Since the particle is in equilibrium;

X =0 2104+7¢c0s60" —Scos30” =0
= 5¢0530" =10+7¢0s60"

B2

2 2
S =94/3N
Similarly, Y =0 .. P+7sin60" —Ssin30’ =0

= P +7sin60" = Ssin 30"
\/__9\/— 1
P=\/§N

Exercise

1. Find the resultant of the following forces in magnitude and direction.

3N A
C 1
208N ® 10N © ;
20N ;
20N ;
;
0 TN
....... . 30 " i
15N !
]
30N '

2. Forces of 5N, 9N and 7N act along the sides A, BC and CA respectively of an equilateral
triangle ABC in the directions indicated by the letters. Find the resultant in magnitude and
direction.

3. The resultant of two forces X N and 3N is 7N. If the 3N force is reversed, the resultant is
«/E N . Find the value of X and the angle between the two forces.

4. Find the resultant of the given forces, by finding the components of the forces in the
direction of the x and y axes.

yA A 4N
@ H2N sGN ) g A CHEEE IV

3N

_________ TN 30~
30

4N N



10.

ABCD is a rectangle. Forces of 3N, 4N and 1N act along AB, BC and DC respectively, in
the directions indicated by the order of the letters. Find the magnitude of the resultant and
the angle it makes with AB.

ABCDELF is a regular hexagon. Forces of 3, 4, 8, 2 and 6N act in the directions AF, FE, ED,
CD and AB respectively. Find the magnitude of their resultant and its inclination to AB
where AB is horizontal.

Four forces of magnitudes 4N, 13N, 20N and 3N act along the sides AB, BC, DC and DA

respectively of a square of sides @& metres. Find the magnitude of the resultant force and
direction the resultant force makes with AB.

The diagram below shows three forces acting on a particle in the directions shown.

8N

Find P and 0 if,
(i) the three forces are in equilibrium.
(ii) the resultant of the three forces is 10N due North.

A regular hexagon PQRSTU has forces of 10N, 12N, 8N, 20N, 12N and 15N acting along
PQ, QR, SR, SP, TP and UT respectively. In each case the direction of the force is given
according to the order of the letters. If PQ) is horizontal, find the magnitude and direction of
the resultant force with respect to PQ.

The diagram below shows three forces used to direct a space shuttle S towards a target area.
50N VA

Find the magnitude of the resultant force.



11.  ABCDETF is a regular hexagon. Forces act along AB, AC, AE and AF of magnitudes 3N,
2N, 1IN and 3N respectively. Find the magnitude of the resultant and the direction it makes
with AB.

12. Find the magnitudes of the unknown forces X and Y if the particle is in equilibrium under
the action of the given forces.

SON 30N X
(@) T (b) T T
—> 40N «—Y
X+
l —> 20N l —> 20N
Y 70N
13.  Each of the diagrams below shows a particle in equilibrium under the forces shown. In each
case find the value of P and Q. VA
yA 20N E P
@ < ! b ® © ;

10N i

10N

14.  The diagram below shows forces in equilibrium acting at Q.

6N
X

60°

3N < > 2N
W

y

(i) Find the values of x and y.

(i) If the ON force is removed, calculate the magnitude and direction of the resultant
force at Q.




FRICTION
Friction is the force which opposes relative motion between two bodies in contact.
Concept of friction

A block of mass m kg rests on a horizontal table and a horizontal force of P newtons is applied to
the block. The forces acting on the block are shown below:

Rough surface

Mg

The force I which opposes the motion of the block is called the friction force. The friction force
acts parallel to the surfaces in contact and in a direction so as to oppose the motion of one body

across the other.

If the surfaces were perfectly smooth, FF would be zero and then motion would take place however
small the applied force P might be. However when surfaces are surfaces are rough, the block will

only move if P is greater than the frictional force F.
Limiting equilibrium

Limiting equilibrium is said to occur when a body in contact with a certain surface is about to move
with application of a force. The frictional force F for a particular block and surface is not constant,
but increases as the applied force P increases until the force F reaches a maximum value F, . beyond
which it cannot increase. The block is then on the point of moving and is said to be in a state of

limiting equilibrinm.



Suppose F_,. = P,. If the applied force P is increased still further to a value P,, the frictional force
cannot increase as it has already reached its maximum value and the block will therefore move and
we say frictional force has been overcome.

Coefficient of friction

This is the ratio of the maximum frictional force to the normal reaction. The magnitude of the
maximum frictional force is a fraction of the normal reaction R. This fraction is called the coefficient
of friction u for the two surfaces in contact.

Frax = #R. For a perfectly smooth surface 4 = 0. The maximum frictional force only acts where

there is a state of limiting equilibrium or when motion is taking place.

In many machines, where metal parts move against each other, friction is a nuisance and every effort
is made to reduce it by lubrication. For example, the piston in a car cylinder is lubricated by the oil
pumped up from the sump. On the other hand, without friction we could not move or even write.
We rely on the friction between our shoes and the ground to push us forward. On smooth ice or a
polished floor we tend to slip as this frictional force is small.

Similarly the frictional force between the tyres of a car and the road is essential to motion. In solving
problems, first mark and find the normal reaction between the two surfaces. Then provided sliding
is taking place or about to take place, put F = 4R . Otherwise F< R

Friction on horizontal planes

The frictional force has a maximum value #R where R is the normal reaction between the surfaces
in contact and g is the coefficient of friction between the surfaces.

Thus F = 4R

Example 1

Calculate the maximum frictional force which can act when a block of mass 2kg rests on a
rough horizontal surface, the coefficient of friction between the surfaces being;

@ 0.7 (b 0.2

Solution

=2X9.8=19.6 N

2g N
(a) Maximum friction force k., = 4R

m

=0.7%x19.6=13.7N
(b) I:max = uR



=0.2x19.6
=3.92N
Example 2

A block of mass 5kg rests on a rough horizontal plane, the coefficient of friction between
the block and the plane being 0.6. Calculate the frictional force acting on the block if the
block is about to slide.

Solution
R F=uR
R =5X%9.8 = 49N
F=uR
# Frax = 0.6x49
- = 29.4N
5¢ N

This implies that if a horizontal force P is applied, the block will only move when P is
greater than the maximum frictional force of 29.4N.

R

If P< Fmax then there is n(% motion and the frictional force F=P.

If P> F_,, then the block will move and the maximum value of frictional force R will be

maintained.
Example 3

If a force of 10N is just sufficient to move a mass of 2kg resting on a rough horizontal table,
find the coefficient of friction.
Solution

Since the mass is at a point of limiting equilibrium,
R

o = 4R=10N
Fax = 4R R = 2x9.8 = 19.6N
}ON 10= ux19.6
10
2¢ N y:19620.51

When the applied force P on the block of mass M in inclined at an angle 6 above the horizontal, then
the component of the forces P are considered by resolving,.




In this case the normal reaction R is not equal to Mg as we must take into account the vertical
component of P.
Resolving horizontally: F =P cosé

Resolving vertically: R+ Psind = Mg
= R=Mg-Psing

Thus the component of P in a vertical direction decreases the magnitude of the normal reaction, and
the component of P in a horizontal direction tends to move the block.

Example 4

A block of mass 10kg rests on a horizontal floot, coefficient of friction 0.4. What force is
required just to make the block move when pulling at an angle of 60" to the horizontal?
Solution

Since the block is in H§ifthe equilibrium;

Resolving horizontally: P cos60’ = F = uR
= Px0.5=0.4R

Substituting (ii) in (1) gives
98 =1.25P +0.866P

98 =2.116P

- P=46.3N

For motion to take place the applied force must exceed 46.3 N.

Friction on inclined planes

When a body is on an inclined plane, then it is usually important to resolve the forces on it parallel to
and at right angles to the surface of the plane. In this case it is necessary to decide in which direction
the friction is going to act as illustrated by the next examples.

Suppose a body of mass M kg rests on a plane which is inclined at an angle 6 to the horizontal.




The vertical force Mg can be resolved into two components, parallel to and perpendicular to the

surface of the plane. The plane exerts a normal reaction R on the body.

Resolving perpendicular to the plane: R =Mgcosé
Resolving parallel to the plane: F =Mgsiné

The component Mgsin0 acting down the plane will cause motion unless the frictional force F acting

up the plane balances it.

The maximum frictional force k., = uR = uMgcosd

At the point of limiting equilibrium: #Mgcosé = Mgsiné
Example 5

A mass of 0kg rests in equilibrium on a rough plane inclined at 300 to the horizontal. Find
the coefficient of friction the mass and the plane.

Solution R Finax

The frictional force F acts upwards
since the mass is on the point of
moving down the plane.

Resolving perpendicular to the plane gives: R =060 C0S 30" =69 x g = 39\/5
Resolving parallel to the surface of the plane gives: F,, =060sin 30"
4R =6gsin 30"

yx3gx/5=6gx%

TS \/3
Example 6

A mass of 10kg is placed on a plane inclined at an angle of 30" to the horizontal. What force
parallel to the plane is required to hold the mass at rest?( 1 =0.4).

Solution

R P Frax = 4R

As the block is just being held at rest,
it is on the verge of slipping down.

\
30%,
4
10gcos30°

10gsin3 Hence F, = (#R) acts upwards.




Resolving perpendicular to the planes gives: R =10gc0s30" =109 x g
=R= Sg\ﬁ
Resolving parallel to the surface of the plane gives: P+ xR =10gsin 30"
P+0.4(59+/3) =10g(0.5)
=P=50- 2\/39
P=15N

Example 7

A mass of 0.5 kg rests on a rough plane. The coefficient of friction between the mass and

the plane is%, and the plane is inclined at an angle 0 to the horizontal such thatsin§ = %
2

Find the limiting frictional force if the mass is to move up the plane.

If a 6N force is applied up the plane along a line of greatest slope, will motion take place?

Solution

If the mass is to move up the plane,

then F., = (#R) acts downwards.

22

Sincesin @ = 1, then co0s@ = ——
3 3

4
O.SgcosG0

'

0.5¢ N
Resolving perpendicular to the plane: R =0.5gcosé

2\/§:M
3

R=0.50x——
g 3

The limiting friction force F,, = 4R
A2 1 A2
LA GRS FNE YN

—_— X ==
3 2 3 3
The 6N force is greater than the limiting frictional force acting down the plane. Thus friction
is overcome and motion takes place up the plane.



Exercise

1.

10.

A mass of 4 kg rests on a rough table (4 =0.4). Find the least force sufficient to make it

move.

A block of mass 10kg rests on a horizontal floot, coefficient of friction 0.4. What force is
required to make the block move when pulling horizontally?

When a horizontal force of 28N is applied to a body of mass 5 kg which is resting on a
rough horizontal plane, the body is found to be in limiting equilibrium. Find the coefficient
of friction between the body and the plane.

A 10kg trunk lies on a horizontal rough floor. The coefficient of friction between the trunk

NS

and the floor is X= . Calculate the magnitude of the force P which is necessary to move the
4

trunk horizontally if P is applied;
(a) Horizontally (b) at 30" above the horizontal
A body of mass 10kg is initially at rest on a rough horizontal plane. The coefficient of

friction between the body and the plane is L. Find the value of the maximum frictional
7
forces in each of these diagrams.
@ R 28N (b) R 14N (© R
F

10gN  56v2N
10g N 10g N

When a horizontal force of 0.245N is applied to a body of mass 250g which is resting on a
rough horizontal plane, the body is found to be in limiting equilibrium. Find the coefficient
of friction between the body and the plane.

A block of mass 10kg is placed on an inclined plane of angle 30° to the horizontal where

4 =0.5. Find the least force parallel to the plane required to keep the blocker rest.

A body of mass 500g is placed on a rough plane which is inclined at 40° to the horizontal. If
the coefficient of friction between the body and the plane is 0.6, find the frictional force
acting and state whether motion will occur.

A mass of 3kg rests on a rough plane inclined at 60" to the horizontal and the coefficient of

friction between the mass and the plane isﬁ. Find the force P, acting parallel to the plane,
5

which must be applied to the mass in order to just prevent motion down the plane.

A body of mass 5kg lies on a rough plane which is inclined at 35° to the horizontal. When a
force of 20N is applied to the body, parallel and up the plane, the body is found to be on the
point of moving down the plane. Find g ; the coefficient of friction between the body and

the plane.



11. A block of mass 1 kg is placed on an inclined plane of angle 60" and is just held there at rest
by a horizontal force P. If the coefficient of friction is 0.4, find P.

12. A horizontal force of 1N is just sufficient to prevent a brick of mass 600g sliding down a

rough plane which is inclined at sjn™ (ij to the horizontal. Find the coefficient of friction
13

between the brick and the plane.

NEWTON’S LAWS OF MOTION

Newton's laws of motion are three physical laws that form the basis for classical mechanics.
They describe the relationship between the forces acting on a body and its motion due to those
forces. They are used in the theory of motion of bodies and the common bodies include
vehicles, lifts, pulleys, connected bodies like trucks and trains etc.

Newton’s first law

It states that: A body will remain at rest or will continue to move with constant velocity, unless
external forces cause to change this state. This law therefore emphasizes that a change in the
state of motion of a body is caused by a force.

Thus there are two parts in the statement of this law— one that predicts the behavior of bodies at
rest and the other that predicts behavior of bodies in motion. The two parts are summarized in
the following diagram

Forces at Balance

Objects at rest  Objects in motion

(V=0ms") (V#0ms™)
laZOrns'1 a=0ms"

Stay at rest  Stay in motion
(Same speed and direction)


http://en.wikipedia.org/wiki/Physical_law
http://en.wikipedia.org/wiki/Classical_mechanics
http://en.wikipedia.org/wiki/Force
http://en.wikipedia.org/wiki/Motion_%28physics%29

A body at rest

If forces at on a body and it does not move, the forces must balance. Hence, if a body is not
moving, then the resultant force in any direction must be zero. Thus any forces acting on a body
at rest cancel out.

Example 1

A body is at rest when subjected to the forces shown in the diagrams. Find X and Y.
a. 50N b.

i
Vo

Y 10N

— 50N
—> 10N

Xe—

Solution

a. Since the body is at rest;
The horizontal forces must balance: X =50+10
X =60N

The vertical forces must balance: Y +10 =50
Y =40N
b. Horizontal forces must balance: X = 20N

Vertical forces must balance: Y = 98N

A body in motion

If a body is moving with constant velocity, there can be no resultant force acting on it. This is
because a body can only change its velocity if a resultant force acts upon it. So if a body is travelling

with constant speed then either no force whatever is acting on it or no resultant force acts on the
body.

It follows that if a body is not at rest or moving with uniform velocity, it has an acceleration
(retardation) and some force is acting on it. So acceleration is linked with any external force or
forces acting. Newton’s second law leads to the precise relation between force and acceleration.

Example 2



A body moves horizontally at a constant speed of 5ms-1 subject to the forces shown. Find
the values of P and S.

—— 5ms’

300N «—— L . p

Solution

There is no vertical motion: .. S +S = 2000
S =1000N

The horizontal velocity is constant: P = 300N

Newton’s Second law

If a force acts on a body and produces a certain acceleration, then the force is proportional to the
product of the mass of the body and the acceleration. Also the acceleration takes place in the
direction of the force. Thus Newton’s second law leads to the precise relation between force and
acceleration. It can be summarized by the equation F =ma, which is often referred to as the
equation of motion.

Example 3

A body of mass 10 kg is acted upon by a force of 5N. Find the acceleration.
Solution

Using F = ma
5=10a

—a=0.5ms™
Example 4

A body of mass 2kg rests on a smooth horizontal surface. Horizontal forces of 12N and 7N
start to act on the particle in opposite directions. Find the acceleration of the body.
Solution

7N < ‘ > 12N

The resultant force F = 12 — 7 =5N



From F =ma
5=2a

a=2.5ms™
Example 5
A bucket of water of mass 5kg is lowered vertically by a rope. Find the force in the rope

(Tension) when the bucket is lowered with an acceleration of 4ms™.
Solution

[

-2
4ms

5¢ N
The resultant vertical force on the bucket F = (5¢ — T) N acting downwards.
Using F =ma
50-T =5x4
T=59-20
T =(5%x9.7)-20=29N
The force (tension) in the rope is 29N
Example 6

A particle of mass 5kg slides down a smooth plane inclined at 30" to the horizontal. Find the

acceleration of the particle and the reaction between the particle and the plane.
Solution

Since the acceleration is down the plane, the
resultant force is also down the plane.
Resultant force down the plane F= 5gsin30"

Using F =ma
5gsin 30’ =5a
5%9.8x0.5=>5a
5¢ N a=4.9ms™

Resolving perpendicular to the plane: R = 5gcos300
R = 5%9.8X0.866 = 42.43N

Example 7

A parcel of mass 10kg rests on a lorry which is moving along a straight flat road. When the

lorry is accelerating at 1.5ms™ the parcel is just on the point of sliding backwards. What is the
coefficient of friction between the parcel and the lorry?



Solution

R 1.5ms” As the parcel is on the point of sliding
F - R backwards, the friction force acts forwards
Sl in the direction of the acceleration and is
Loty Surface 10g the only force acting on the parcel.
Using F =ma
F=10x1.5=15N
But F=uR

Since the parcel is vertically in equilibrium, R = 10g N
Therefore uR=15

ux10g =15
15
= =0.15
a 10x9.8

The coefficient of friction between the parcel and the lorry is 0.15

Example 8

A body of mass 0.25 kg rests on a rough plane, inclined at 30" to the horizontal. The coefficient
of friction between the body and the plane is 0.2. Find the acceleration of the body when a force
of 8N is applied up the plane.

Solution
R P=8N
As the body is being pulled upwards
. by a force P, then the friction force
30&\‘ Frax = (4R) acts downwards.
Finax = 44 0.25gc0830°
v
0.25¢ N

Resolving perpendicular to the plane: R =0.25¢ c0S 30" =2.12N
I:max =uR
= F =0.2x2.12=0.42N
Resolving parallel to the plane: The component of the weight acting down the plane
=0.25¢sin 30" =1.23N
Therefore the forces acting down the plane are 0.42N and 1.23N.

The resultant force I acting up the plane F = 8 — (0.42 + 1.23) = 6.35N
Using F=ma



6.35=0.25a
a=25.4ms™

Newton’s Third law

This law states that: Action and Reaction are equal and opposite. This means that if two bodies P and Q
are in contact and exert forces on each other, the forces are equal in magnitude and opposite in
direction.

p If body P exerts a force F in the direction shown, body Q exerts an
C C equal for force F but in the opposite direction as shown.
For example;

1. Suppose a suit case with a mass of 6kg rests on a horizontal table. The case exerts a force on the
table and the table ‘reacts’ by exerting an equal and opposite force on the suit case.

R
Since the suit case is a rest, the reaction force

R = 6g which is equal to the weight of the case.

Table surface 6g

2. Suppose a bucket of mass 5kg hangs on a vertical rope attached to a ceiling. The rope exerts an
equal and opposite force on the bucket.

FIFIIFFIIIIN
Y
AT Tension force = weight of the bucket
\si/
5¢ N

3. Suppose two masses are suspended by a string over a frictionless (smooth) pulley. The string
transmits a tension force T which pulls upwards when considering A but pulls B upwards when
considering B as shown below.

TA

Example 9



A car of mass 800kg is pulling a caravan of mass 500kg by means of a light inextensible string at
a steady speed. The resistance to motion of the car and the caravan is 5N per kg of mass for
each vehicle. What is the tractive force of the car? If the car and the caravan accelerate at 0.2ms’
* what is the new tractive force?

Solution
. _— rfﬂ\

—O— J J

—— —
Resistance = (5%500) N Resistance = (5%800 N)

By Newton’s third law if the pull of the car on the caravan is T, the pull of the caravan on the
car is also T (reversed in direction). The resistance to the motion of the caravan is (5X500) N
and that of the car (5x800) N

For the caravan, since the speed is steady: T = 5%500 = 2500N

For the car, similarly: F =T + (5%X800) = 6500N

The tractive force is thus 6500N

The weights and road reactions, being perpendicular to the line of acceleration do not enter into

the solution.

When the vehicles accelerate, we have for the caravan:
Using F = ma; T —(5%500) =500x0.2
T =100+ 2500 = 2600N

For the car: F —(T +5x800) =800x0.2
F = 2600+ 4000 +160 = 6760N

The new tractive force is 6760N. The 260N increase in the tractive force is the extra force
necessary to accelerate the vehicles.

Exercise

1. Find the magnitudes of the unknown forces X and Y if a body is at rest under the action of
certain forces.

X
() 1 ®) \f ZTON © 50N
10N+ 20N
I 30N 7 X X :: 40N
40N 5N 40N i

2. In each of the following situations a body is shown moving with constant velocity V under the
action of certain forces. Find the magnitudes of the unknown forces X and Y.



10.

11.

12.

13.

(a) )\(/I (b) Vl ?( © <
X ON
t 45N <— e f[ON $ 1
l ' —» 5N
¢ v Y] — 5N
30N Sl()N

If a force of 20N acts on a mass of 2kg what is the acceleration produced?
A mass of 1.5kg has an acceleration of 0.8ms . What force is acting on it?

A mass of 5kg is dragged across a rough surface (frictional force equal to 3N opposing the
motion) by a horizontal force of 20N. What is the acceleration produced?

A horizontal force of 0.6N acts on a body of mass 0.3kg. There is a resistance of 0.15N
opposing the first force. What acceleration will be produced? Ans(1.5ms™)

Two forces F, and F, act on a body of mass 2.5kg. F, has magnitude 5N and in the direction
N30"E and F, has magnitude 8N in direction E. Find the acceleration of the body. Ans(4.54ms™2)

A body of mass 500g experiences a resultant force of 3N. Find:
(a) the acceleration produced.
(b) the distance travelled by the body whilst increasing its speed from 1ms™ to 7ms™.

Two forces, 20 and 10N act on a body of mass 0.5kg at right angles to each other. What is the
acceleration of the mass in magnitude and direction?

A body of mass 10kg slides down a smooth slope whose inclination to the horizontal is 30"
What is its acceleration?

A pack of bricks of mass 100kg is lifted up the side of a house. Find the force in the lifting rope
when the bricks are lifted with an acceleration of 0.25ms”. Ans(1005N)

A particle of mass 10kg is pulled up a smooth slope inclined at 600 to the horizontal by a string
parallel to the slope. If the acceleration of the particle is 0.98ms?, find the tension in the string.

A boat of mass 200kg stands on a rough ramp inclined at 28° to the horizontal. A light
inextensible rope attached to the rope prevents it from sliding down the ramp as shown in the

figure below: 175N

2 g()

When the tension in the rope is 175N the boat is on the point of sliding down the ramp.
(i) Copy the diagram overleaf and include on it all the forces acting on the boat.
(i) Calculate the coefficient of friction between the boat and the ramp, giving your
answer correct to two decimal places.



14.

15.

16.

17.

18.

(iti) The rope is removed and the boat moves down the ramp from rest. The coefficient
of friction between the boat and the ramp remains the same. Calculate the
acceleration of the boat down the ramp.

A body of mass 20kg is initially at rest on a rough slope inclined at 20° to the horizontal. The
body is released from rest, and moves down the slope. After 10 seconds it is moving with a
velocity of 8ms™. Find:
(i) the acceleration of the body.
(i) the frictional force opposing the motion of the body, giving your answer correct to 2
decimal places,
(i) the coefficient of friction between the body and the rough surface, giving your answer
correct to 2 decimal places.
A particle of mass 8kg is pulled along a smooth horizontal surface by a string inclined at 30" to
the horizontal. If the tension in the string is 10N, find the acceleration of the particle.

A mass of 2kg is at rest on a rough horizontal table. A force of 20N is applied to the mass, the
force making an angle of 300 with the table. Frictional resistance is equal to 5N. What is the
acceleration of the mass?

A car of mass 1000kg pulls a trailer of mass 800kg by means of a light inextensible horizontal
tow-bar along a straight road with an acceleration of 1.5ms™ as shown in the figure below:

e

The car’s engine exerts a tractive force of 4000N and the resistance to motion of the car is
0.8N per kg. Find:

(i) the resistance to motion of the trailer; Ans.(500N)
(i) the tension in the tow-bar. ANS.(1700N)

At the instant when the speed of the car and the trailer is 10ms™ the tow-bar breaks. Find
(iii) the time taken by the trailer in coming to rest; Ans.(16S)

(iv) the distance it travels in this time. AnS.(80m)

A car of mass 1200kg is towing a trailer of mass 600kg by means of a light horizontal tow-bar.
The car and trailer are travelling along a straight horizontal road at a constant speed of 12ms”
" The resistance to the motion of the car is 1.2 N per kg of mass. The resistance to the motion of
the trailer is 0.8 N per kg of mass. Find:
(i) the tractive force of the cat’s engine, Ans.(1920N)
(ii) the tension in the tow-bar. Ans.(480N)

After travelling for a short time at 12 ms the car accelerates at 0.3 ms™. Find
(ili) the new tractive force of the engine, Ans.(2460N)
(iv) the speed of the car and trailer after accelerating for a period of 25 seconds.
Ans.(19.5ms™)

At the end of this period the tow-bar breaks. Find, giving your answer to the nearest metre,

(v) the additional distance travelled by the trailer before it comes to rest. Ans.(0.8m)



MOTION OF CONNECTED BODIES

If two or more bodies are in contact, actually touching or connected by a string, rope or tie rod,
they will have an effect on each other and are known as connected bodies. In these problems,
the strings connecting two bodies (particles) are considered to be light and inextensible: An
inextensible string is the one which is inelastic such that its length does not alter under tension.

Consider two bodies of unequal mass M, and M, connected by a light string passing over a fixed
pulley as shown in the diagram below;

Since the string is /ght, its weight can be ignored.

Also, since it is inextensible, when the system is released
both bodies have the same speed and acceleration
T T along the line of the string while the string is kept zauz.

By Newton’s Third Law, the tension in the string
acting on both bodies is equal in magnitude and
opposite in direction.

Mgg

Note also that a s#ooth surface offers no resistance to
M1g the motion of a body across it.

To analyse the motion of the system of connected particles, the forces acting on each body must

be considered separately and the equation F =ma applied to each particle in turn.
Example 1

Two particles, P and R are at rest on a smooth horizontal surface. P has mass 3kg and R has
mass 4kg. P is connected to R by a light inextensible string, which is taut. A force of 5N is
exerted on particle R in the direction PR.

Find the acceleration of the two particles and the tension in the string.

Solution

Let the acceleration of the two particles be a and the tension in the string be T

a
—_—
i Te P
P@® > +—@® —> 5N
4kg 4kg
Using F =ma:
For particle P: T =38 ..oovvvviiiiinnn, (M
For patticle R: 5T =4a ...cccovvenn (i)

Adding (1) and (ii) gives 5="7a

5 _
a==-ms>
7



Substituting the value of a in (i) gives T = = N

5 15
= The acceleration of the patticles is - ms™ and the tension in the stringis T =—N

This problem illustrates the important point that each mass must be considered separately with
all the forces acting on that mass taken into account.

Example 2

A light inelastic string is placed over a smooth pulley. To the ends of the string are attached
masses of 2kg (A) and 1kg (B) and both parts of the string are vertical. With what acceleration
does the system move? What is the reaction at the axle of the pulley?

Solution

The system is as shown aside. Let the acceleration of the
2kg mass to be a ms? downwards and hence the 1kg mass
will have the same acceleration upwards. Now consider
each mass and the pulley separately.

The string transmits a tension T and the reaction at the
axle of the pulley is R.

For the mass A, since the acceleration is downwards: 29 —T =28.....cccecverernnen. )]
For the pulley, since it has no acceleration vertically: R=2T......ccoovvcviiviiiiiinnne (i)
For the mass B, since the acceleration is upwards: T —0 =2...ccceviriiiiiiiniienennn (iii)

From (i) and (ii) by addition, ¢ =3a

a=3_ 28 _ 3.27ms >
3 3

From (i) T =a+g =3.27+9.8 =13.1N

Finally from (i) R =2x13.1=26.2N

= The system moves with acceleration of 3.27ms” and the reaction at the axle of the pulley is
26.2N



Example 3

Two packages A and B of masses 3kg and 2kg respectively are connected by a light inextensible
string which passes over a smooth pulley fixed at the edge of a smooth horizontal platform.
Package A is held on the platform 2.5m from the pulley. Package B hangs freely 1m above the

ground as shown in the figure below:

Jim

Package A is released from rest. Calculate:

(i) the acceleration of the packages;
(i) the tension in the string;
(i) the speed with which B hits the ground, giving your answer correct to 2 decimal places;

(iv) the time which elapses between B hitting the ground and A reaching the pulley, giving
your answer correct to 2 decimal places. (Throughout this question take g = 10ms~)
Solution

The forces acting on the system are as shown below;

a
T < 2.5m — >

Using F =ma;;
For the 2kg mass: 29 —T =28....c.cccvvrrrnnne ()]
For the 3kg mass: T =38......ccccevciriiiiiiniinnne (i)

(i) Adding equations (i) and (i) gives 2¢ =5a
= 20=5a

—=a=4ms



(i) From (i) T =3x4=12N

(i) Using V> =u” +2as
=Vv>=0+2(4)(1)
=v=2.83ms"

(iv) When B hits the ground, A is travelling at a steady speed of 2.83ms™" and still has a
distance of 1.5m to go before reaching the edge.

Distance 1.5
Speed  2.83

= Time that elapses = =0.53s

Example 4

A body P rests on a smooth horizontal table. Two bodies of mass 2kg and 10kg, hanging freely

are attached to P by strings which pass over smooth pulleys at the edges of the table. The two

strings are taut. When the system is released from rest, it accelerates at 2ms ™. Find the mass of P.
Solution

Let the mass of P be M kg. The tensions in the two strings will be different; let them be T and

T, R 2ms”
—>>
TAZ t T
< P >
o
2ms” T y T
T : Mg N 1 ist"z
2g N
Using F =ma gives: 10g N
For 2kg mass: T, =20 =2x2
T, =20 =4 0
ForP: T,=T,=2M..ccoiiiiiii, (i)
For 10kg mass: 10g —T, =10x2
109 =T, =20 (iii)
Adding equations (1), (i) and (iii) gives
89 =2M +24
(8x9.8)—24 =2M
54.4 =2M

= M =27.2kg



The mass of body P is 27.2kg.

Example 5

Three masses A, B, C are connected by light inextensible strings as shown in the figure below
where B is held on a rough horizontal plane (coefficient of friction 0.6). The pulleys are smooth.
When B is released, what will be the acceleration of the masses?

B

O kg [ O
ST T TS S ST TS TTSSSS

A 1kg|C
Solution

The diagram below shows the forces acting on each mass. Let the acceleration of the masses be
aand the tensions in the strings to be T, and T,

a
<«+— R

Using F =ma for the masses separately;

For the 4kg mass: 40 —T, =4a..ccccviiiinnnenn, 0]

For the 3kg mass: T, —(T, + F) =3a.....ccc.c..... (i)

F = 4R (As B moves and acts against the motion.) R=39 = F =0.6x39g

For the Tkg mass: T, =0 = @.eoviirciniiiiininn, (iii)

From (i) T, =49 —4a

From (iii) T, =g +a

Substituting in (i) gives 49 —4a—(g+a+0.6x3g) =3a
4g-4a—-g-a-1.89=3a
1.2g =8a
a=1.47ms™



The acceleration of the masses will be 1.47ms™>.
Example 6

Two bodies of masses 3kg and 1kg shown are connected by a light inextensible string which
passes over a smooth pulley. Calculate the tension T, the normal reaction R and the acceleration

a.
If the 1kg mass moves upwards, the
‘a// T 3kg mass must move down the
4 surface of the plane
1gN
v
Solution g N

Using F =ma in a vertical direction for the 1kg mass gives: T —0 = @vevvvrerveiveieneiennens 1)
For the 3kg mass down the plane: 3gSiN45" —T =38 ....cccccovrirernnne. (i)

From (i) T=g+a

NG

= 3¢ ><7—(g+a):3a

a=2.747ms™
Substitute in i) T =g +2.747
T =12.547N

Resolving perpendicular to the plane: R =3g cos45’
R=20.79N

The tension in the string is 12.5N, the normal reaction is 20.79N and the acceleration of the
particles is 2.747 ms”.

Example 7

A particle of mass 2kg rests on the surface of a rough plane which is inclined at 30" to the
horizontal. It is connected by a light inelastic string passing over a light smooth pulley at the top
of the plane, to a particle of mass 3kg which is hanging freely. If the coefficient of friction

1
between the 2kg mass and the plane is 5 find the acceleration of the system when it is released

from rest and find the tension in the string.



Solution

0 .-

2gsin45a

Ne

Resolving perpendicular to the plane gives: R =20 c0S 30" =29 x By = g»\/g
There is an acceleration up the plane. Using F =ma;
1 .
For the 2kg mass: T -3 R—2gsin30" =2a
T —l(g\/g)—ZQ ><l =2a
3 2
1 .
T—gg(\/g+3)_2a .......................... ()]
For the 3kg mass: 30 =T =3@...ccccceirvvriienienieiieieenene (i)
1
Adding equations (i) and (i) gives 30 3 g (\/g + 3) =5a

9g—g(ﬁ+3):15a

6g—+3g=15a
SRV

Substituting for a in (i) gives T =3¢ —3a
1
T =39—3><E(6—\/§)g
1
T 239—5(6—\/?_’)9

1
T = g (9 + \/5) g
. 1 o o
Therefore the acceleration of the system is E(6 - \/g ) g and the tension in the string is

T:%(9+\/§)g



Example 8

The figure below shows a wedge with a smooth surface and two masses connected by a light
string over a smooth pulley. The strings run parallel to the wedge surface. Find the acceleration
of either mass and the tension in the string.

Solution

Clearly the 3kg mass will slide downwards. Consider each mass separately, marking the forces
acting on it then we have:

Resolving in the direction of the acceleration of each mass and using, F = ma then;

For the 3kg mass: 3gSiN30" =T = 3@...cccovrmrrrrrrrrrnnens (i)
For the Tkg mass: T —gSiN30" = a..cccoevvrerrrrreerniniinens (i)
Adding equations (i) and (if) gives 2gsin30" =4a
2x%9.8x l =4a
2
9.8=4a
a=2.45ms™

From (i) T =a+ gsin 30"
T =245+4.9
T =7.35N

The acceleration of either mass is 2.45 ms™~ and the tension in the string is 7.35N



Exercise

1. Two packages, A and B, of masses 15kg and 9kg respectively are connected by a light
inextensible string passing over a smooth fixed pulley as shown in the figure below:

The packages are released from rest with the string taut. Find:

(i) the acceleration of the packages;
(i) the tension in the string;
(iii) the force exerted by the string by the pulley.

2. Two particles of mass 5kg and 3kg are connected by a light inelastic string passing over a
smooth fixed pulley. Find the acceleration of the particles and the tension in the string when the
system is moving freely.

3. A body of mass 3kg at rest on a smooth horizontal table is connected by a light string, which
passes over a smooth pulley at the edge of the table to another body of mass 2kg hanging freely.
Find the acceleration of the particles.

4. A mass of 3kg rests on a smooth horizontal table connected by a light string passing over a
smooth pulley at the edge of the table to another mass of 2kg hanging vertically. When the
system is released from rest, with what acceleration do the masses move and what is the tension
in the string.

5. The figure below shows three masses connected by two pieces of light inextensible strings as
shown. The horizontal surface is smooth and the pulleys are free from friction. Find the
acceleration with which the masses move and the tensions in the strings.

O 3kg O

kg
6. A body of mass 10kg lies on a smooth inclined plane. A light string attached to this body passes
over a smooth pulley at the top of the plane and supports a mass of 2kg hanging freely. If the

inclination of the plane is 0 to the horizontal wheresin @ = i Find the acceleration of the
14

masses.

7. A particle A of mass 10kg lies on a rough horizontal table. It is connected by a light inextensible
string which passes over a smooth pulley at the end of the table, to a particle B of mass 8kg,
which hangs freely above the ground. The system is released from rest with A at a distance of



4m from the edge of the table. The coefficient of friction between the particle and the table is
0.5.

(a) Find the acceleration of the particles.

(b) If B comes to rest on the ground after 1.5s, calculate
(i) The distance of A from the edge of the table.
(i) The subsequent deceleration of A.

8. A particle of mass 10kg lies on a rough horizontal table and is connected by a light inextensible
string passing over a fixed smooth light pulley at the edge of the table to a particle of mass 8kg

1
hanging freely. The coefficient of friction between the 10kg mass and the table is— . The system

is released from rest with the 1okg mass a distance of 1.5m from the edge of the table. Find:
(a) the acceleration of the system
(b) the resultant force on the edge of the table
(c) the speed of the 10kg mass as it reaches the pulley.

9. Two particles of masses 2kg and 6kg are attached one on each end of a long light inextensible
string which passes over a fixed smooth pulley. The system is released from rest and the heavier
particle hits the ground after 2 seconds. Find the height of this particle above the ground when it
was released, and the speed at which it hits the ground.

10.
Two particles A and B rest on the smooth inclined faces

() of a fixed wedge. The particles are connected by a light
inextensible string that passes over a fixed smooth
@ e pulley at the vertex of the wedge as shown in the
diagram. If A and B are each of mass 4kg, find the
30° 30° acceleration of the masses and the tension in the string.

Find also the force exerted by the string.

s A and B are two particles connected by a light string that

passes over a smooth pulley at the top of a wedge as
shown in the diagram. The mass of A is 1kg and that of
B is 2kg. Contact between each particle and the wedge is

rough with a coefficient of friction ofl. When the
3

system is allowed to move, find the acceleration and the

tension in the string.



Pulley systems

In problems concerned with connected bodies and pulley systems or bodies in contact where each
body is free to move, the acceleration of different parts of the system will not necessarily have the
same magnitude. However a relationship between the accelerations can be found by considering the
physical properties of the system. As before, Newton’s laws must be applied to each body of the
system.

As we will see in the following examples, there are two basic steps in solving these problems:
(i) Write down all the equations and

(i) Relate the acceleration of the various masses by noting that the length of the string(s) does
not change a fact that we call “conservation of string”.

Examples of pulley systems and related accelerations

L. n this pulley system shown, pulley P is fixed and pulley Q may be

I
raised by pulling down the end Y of the string. All the parts of the l
string not in contact with the pulleys are vertical. P

For Q to move upwards a distance Y, a length 2y of string must y y

pass over the pulley P.

The distance between the pulley P and the end Y of the string is
therefore increased by 2y. 4

Hence using the conservation of string principle, if Q has an
upward acceleration of a, then the end Y of the string will have a 2y
downward acceleration of 2a.

T T T T T T T T T T T T LT T T oT T T PR LT OO CT T T T oT T T CT et T T T o T

2. 1In this pulley system shown, P and Q are fixed R
pulleys and R is a moveable pulley. When the ends,
X and Y, of the string move down distances X and Y
respectively, the length of the string between P and
Q is shortened by (x+Y). Pulley R will therefore

move up a distancel(x+ y).
2

Using the principle of conservation of string, if the \
downward accelerations of X and Y are a; and a,, ay X

the upward acceleration of R will be %(a1 +a,)



3. 1In this pulley system, pulley P is fixed and Q is
moveable.

If A moves down with an acceleration @, , Q moves up P

with an accelerationa, . i
ay A

Suppose the accelerations of B and C relative to pulley a
1
Q, are @, downwards and @, upwards respectively. Since -\ T

Q has an acceleration @, upwards then B has an actual

acceleration (@, —a,) downwards and C has an actual

acceleration (a, +@,) upwards. iB

a—q +

B: There, &fferent strln s 1r1 olved i gl this % +a,
e |

ow ever 1 wetre statlo ou accelerate downwards and C wotll Gdve an
pu %3[ systgm % d théir tensions are ere ore not the
acceleration upwar

same unless stated other\xnse
Note: (In problems involving pulley systems, if we are wrong about the direction we have

chosen for the various accelerations, the answers we obtain will be negative).
Example 9

A system of frictionless pulleys carries two masses hung
by inextensible strings as shown below. Find the

tension in the strings and the acceleration of the masses
A and B.

150kg

Solution

Let @ be the upward acceleration of A, then the upward acceleration of B will be 2a
Using F =ma gives:

For A: 2T —150g =150xa

= 2T —15009 =1508......ceeeiirieeiieeenieee e @)

For B: 50g —T =50x2a



=500 =T =1008...cuerrereererrerrrreereererereeann, (ii)
Solving (i) and (if) gives: a=1.4ms™ and T =630N

The tension in the string is 630N , the acceleration of A is 1.4ms ?and the acceleration of B
is 2.8ms™>,

Example 10

The figure shows a pulley system in which both pulleys A
and B are weightless and smooth but A is fixed, where as
B is on one end of a light inextensible string passing over
A, on the other end of which is a weight of mass 2.1 kg.
Opver pulley B is another light inextensible string with

masses of 0.9kg and 0.5kg on the ends. If the system is
free to move, find the acceleration of B and the tensions
in the strings.

Solution

0.5 .
e ratlon a.

Let the 2.1 kg mass moves down with accelerationa, , pulley B moves up with
Suppose the accelerations of 0.9kg mass and 0.5kg mass relative to pulley B, are a,

downwards and @, upwards respectively. Then the 0.9kg mass has an actual acceleration

(a, —a,)downwards and 0.5kg mass has an actual acceleration (a, +a,) upwards.

Let the tensions in the strings be T, and T, as shown in the figure.

Applying F =ma to each part of the system, we have;
For 2.1 kg mass: 2.1 —T, =2.1a,

20.58 =T, = 2,18, cvvorrrrererrreenerrerenereonns (i)
For pulley B: T, = 2T, = Orvverorreron (i) (Bisweightless) | ©
For 0.9 kg mass: 0.99—T, =0.9(a, —4a,) ali
8.82—T,=0.9a, —0.98.....cocecvrurrrurnnne. (iii)
For 0.5 kg mass: T,—0.59 =0.5(a, +&,)
T, —4.9=0.58, +0.58,coorreererrreccccrroe (iii) i
From equation (i) Ty = 2Tyuveeeeeereereeeeseeesseessssseessessansnn vy 2

Substituting (iv) in (1) and solving the equations gives:
a, =2.357ms?, a,=3.473ms >, T, =7.815N and T,=15.63N

The acceleration of the pulley B is 2.357 ms™ and the tensions in the
strings are 7.815N and 15.63N.

Example 11



Masses of 4kg and 2kg are connected by a light inextensible string passing over two fixed
smooth pulleys and under a light smooth movable pulley B, which carries a mass of 3kg as
shown in the diagram below. Find the acceleration of the 4kg mass and the tension in the
string.

Solution
4. If the accelerations of the 4kg and the 3kg masses are a, and a, upwards respectively, then
the acceleration of the pulley B (3kg mass) will be 1(31 +a,)in the opposite direction. Let the
2

tension in the string be T.

Using F =ma to each part of the system we have
For the 4kg mass: T —409 =43,

=T —48, =392 i)

1
For the 3kg mass: 39 —2T = 3x5(a1 +a,)

4T — 38, — 3, =588 (i) alT

For the 2kg mass: T —20 =24, i
=T —28, =19.6errrrrrrrrereeen (ii) %(a1 +a,) 38

Solving equations (i), (ii) and (iii) simultaneously gives

T =18.816N, a, =5.096ms™ and a, = 0.392ms ™

The acceleration of the 4kg mass is 5.096 ms™ and the tension in the string is 18.816N

Exercise

1. Determine the tension in the strings and acceleration of block A if blocks A and B are
weighing 2kg and 5kg connected by a string and a frictionless and weightless pulley as shown
in the figure below.

acceleration of A=3.56ms™ upwards
Tension =13.36N




The figure shows a pulley system. A is a fixed smooth
pulley and pulley B, also smooth has a mass of 4kg. A
load of mass 5kg is attached to the free end of the rope.
Determine the acceleration of the load and the tension
in the rope when the load is released.

acceleration of T.oad =4.9 ms™
Tension in the string = 24.6N

3. The diagramdghows a fixed pulley carrying a string which has a
mass of 4 kg attached at one end and a light pulley A attached at
the other. Another string passes over pulley A and carries a
mass of 3kg at one end and a mass of 1kg at the other end.
Find:
(i) the acceleration of pulley A

(i) the acceleration of the 1kg, 3kg and 4kg masses
(iii) the tensions in the strings.

(i) 1.4 ms™
(i) 7ms,4.2ms%,1.4ms™>
(iii) 33.6N,16.8N

4. A fixed pulley carries a string which has a load of mass 7kg attached to one end and a light
pulley attached to the other end. This light pulley carries another string which has a load of
mass 4kg at one end, and another load of mass 2kg at the other end. Find the acceleration of
the 4kg mass and the tensions in the strings.

Acceleration of 4kg mass is 2.38 ms 2
Tensions in the strings (59.33N,29.66N)

5. In the pulley system shown in the diagram below, A is a movable pulley of mass 6kg. Find the
acceleration of the movable pulley and the tension in the string.

[l [l
ORO

2 kg 3 kg



Acceleration of movable pulley is 1.09 ms™
Tensions in the string (26.13N)

6. A string, with one end fixed, passes under a movable pulley of mass 8kg, and over a fixed
pulley; the string carries a Skg mass at its other end. Find the acceleration of the 5kg mass and
the tension in the string.

Acceleration of 5kg mass is 1.4 ms >
Tensions in the string (42N)

WORK, ENERGY AND POWER
Work

When a force acts on a body and causes it to move, we say the force does work on the body. The
measurement of this work will involve the distance through which the body is moved by the force
and the size of the force in the direction in which the body moves.

Work done by a constant force

When the force is constant, the work done is defined as the product of the force and the distance
moved in the direction of the force.

Consider the examples in the figures below:

1. If the force F moves the body through a distance d as shown above in the direction of the
force, the work done = F xd




2. In the figure above F acts at angle 0 to the direction in which the body moves. The
component of I along the line of motion is Fcosf. So the work done by the force F is
F cos@xd . If the body moves in the same direction as the force the angle 0 is 0 and so
work done = F xd

This result can be obtained by considering the distance moved in the direction of the force.
Consider the example in the figure below a force F acting an angle 6 moves a body from
point A to point B.

/ F

The distance moved in the direction of the force is given by d coséd
So the work done by the force is F xd c0S@ the same result as is before.

The other component of the force (Fsinf) does no work as its point of application does not
move in the direction of the force.

The unit of work is joule abbreviated J (with force, F, in newtons N and distance, d, in metres m)
Larger uints for work are;

Kilojoule k] (1kJ=1000=10’])

Megajoule MJ (1IMJ=1000000=10° )

Example 1

How much work is done when a force of 5000N moves its point of application 600mm in
the direction of the force?

Solution
Force, F=5000N and distance, d =600mm = 600X10°m
Work done =F xd
= (5000) x (600x10~)
=3000J
Example 2

A box is pulled horizontally through 4m by a force of 60N at an angle of 30" to the
horizontal. What is the work done?

Solution

60N




B

The component of the force in the direction of motion is: 60 COS 30" =60 % 7 = 30«/3 N

Hence Work done=F xd

=303 x4
—1204/3J

Work done against gravity

In order to raise a mass of m kg vertically at a constant speed, a force of T
mg N must be applied vertically to the mass. In raising the mass a d
distance d metres, the work done against gravity will be mgd joules. FT l

Example 3 mg N
I lift a mass of 4kg at a steady speed through a vertical distance of 1.5m. What is the work
done by me?
Solution
T The force I exert (IF N) will equal the weight of the mass (4g N)
and the distance lifted is 1.5m in the direction of the force.
1.5m
FT l Hence the Work done =F xd
SEEN =(4g)><(15):6><98
L I d =58.8J
4g N
Example 4

Find the work done in raising 100g of water through a vertical distance of 3m.
Solution

The force is the weight of the water, so F = 100g

Work done =F xd



= (100g) % (3) = (100x9.8) x 3
=2940]

Work done against friction

In order to move a body at constant speed against friction (resistance), a force equal in magnitude to
the force of friction (resistance forces) acting on the body has to be applied to the body.

Example 5

A brick is pulled a distance of 6m across a horizontal surface against a friction force of 10N.
If the brick moves at a steady speed, find the work done against friction.

Solution
Let the pulley force be F

on I —>r x> ¥

< 6m >

= F =10N
Work done against friction =F xd

= (10)x(6)
=60J

Example 6

A particle of mass 2kg is pulled by a horizontal force across a horizontal rough surface
coefficient of friction 0.5. If the body moves a distance of 10m with a constant velocity and
the only resistive force is due to friction, find the work done against friction.

Solution R

uR F -

The friction forzci is yRhence F = uR but R=2g N
F=0.5x2g=9.8N
Work done against friction =F xd
=(9.8)x(10)
=98J
When a body is pulled at a steady speed up the surface of a rough inclined plane, work is done both

against gravity and against the frictional force which is acting on the body due to the contact with
the rough surface of the plane.

Example 7



A particle of mass 4.5 kg is pulled up a rough plane inclined at an angle 6 to the horizontal
where sinf) = 0.2 and travels up a distance of 1.02m. If the coefficient of friction between
the body and the surface of the plane is 0.0, find:

(a) the work done against gravity

(b) the work done against friction

(c) the total work done

Solution
1.02s1n6
Vertical distance moved
4.5¢ N
(a) Work done against gravity = Force xvertical distance moved
=(4.59)x(1.02sin &)
=4.5x9.8x1.02x0.2 =8.9964J
(b) Resolving perpendicular to surface of the plane: R =4.5¢g cosé
Given sin6 = 0.2, cost = 0.98 since (COS@ =+/1-sin? 9)
= F=uR=0.6x4.59%x0.98
=25.9308N
Work done against friction = F xd
=(25.9308) x(1.02)
=26.45J (2d.p)
(c) Total work done = work done against gravity + work done against friction
= 8.9964 + 26.45 = 35.4464 |
Energy

A body which has the capacity to do work is said to possess energy. The unit of energy is the same
as that for work, joules J.

Kinetic energy (K.E)

Kinetic energy may be described as energy due to motion. The kinetic energy of a body may be also
defined as the amount of work it can do before being brought to rest. For example when a hammer



is used to knock in a nail, work is done on the nail by the hammer and hence the hammer must have

possessed energy.

A body of mass m kg travelling at v ms ' horizontally in a straight line has kinetic energy given by:

KE:lmW
2

Suppose a body of mass m kg is travelling at u ms™ horizontally in a straight line. A force F N now
acts on it in the direction of motion and then the force ceases to act when the velocity reached is v

1 1
ms". So the initial K.E of the body = E mu? and the final K.E energy = E mv>

Thus the work done by the force F = Final K.E — Initial K.E = Increase in K.E

The unit of K.E is therefore the same as the unit of work, J.

1
In using the formula K.E = > mv?*, standard units must be used — kg for mass, ms” for velocity.

The work done by the force in raising the velocity of the body from u to v is converted into the
increase in K.E of the body. Conversely, some or all of the K.E possessed by a body can be
converted into work. Hence loss of K.E = work done against a force.

If more than one force acts on a body then the total work done = gain in K.E of the body. The total
work done is the algebraic sum of all the separate amounts of work done by or against the separate
forces.

Thus work done by forces acting on a body = change of K.E in the body.
Example 8

Find the kinetic energy of a body of mass 0.2kg moving with a speed of 1052 ms™!.

Solution
KE=1m
2
- L(02)x (10\/5)2
2
=20J
Example 9

A car of mass 1000kg travelling at 30ms™ has its speed reduced to 10ms™ by a constant
breaking force over a distance of 75m. Find;

(a) the car’s initial kinetic energy
(b) the car’s final kinetic energy
(c) the breaking force.

Solution



1
(a) Initial KE = B mu®

1 2
:E(1ooo)x(3o)

=450000J
: 12
(b) Final KE = Emv

1 2
=E(1OOO)><(1O)

=50000J
(c) Work done = Change in K.E

Change in K.E = 450000 — 50000 = 40000]
= F xd =40000
F %75 = 40000

F =5333.33N
Example 10

A body of mass 2kg is brought from rest to a speed of 3ms ' over a distance of 1.2m. What
force was acting?

Solution

1
Initial K.E = B mu’*

1 2
= E(Z)X(O)
=0J

Since it is brought from rest u = Oms'

, L2
Final KB = —mv

1 2
=—(2)x(3
5(2)x0)
=9J
But work done by force = gain in K.E

Ganin KE=9-0=9]
= F xd =40000

Fx1.2=9
F :i:7.5N
1.2

Example 11

A particle of mass 9kg is projected up an incline of angle 6 where sin6 = 0.2 with speed 2ms’
'. How far will it travel up the incline;



(i) If the surface is smooth
(i) If the surface is rough and u =0.4?

Solution

Let the distance moved up the incline be d

dsin®

Vertical distance moved

(i) When the surface is smooth, work is done only against gravity.

Work done against gravity = Force x vertical distance moved
= (4.50) x(sin&d)
=4.5%x9.8x0.2d =17.64d J

But the work done against gravity = loss of K.E

.. 1
Initial K.E :Emu2

1 2
=—(9)x(2
2( )%(2)
=18J
Final KE =0

Loss of K.E = Initial K.E — Final K.E
=17.64xd =18

d=1.02m (2d.p)

(i) When the surface is rough, work is done against gravity and also against friction
Total work done = work done against gravity + work done against friction

Resolving perpendicular to the surface: R =99 cosé
Given sinf = 0.2, cost = 0.98 since (COSH =+/1-sin? 9)

and friction force F = 4R =0.4x4.59 x0.98
=0.4x9gx0.98N

Work done against friction = F xd



=(0.4%x9%9.8x0.98)xd
=34.5744d
Total work done = 17.64d + 34.5774d = (17.64 + 34.5744) d
But total work done = loss of K.E
= (17.64+34.5744)d =18

52.2144d =18
18
d= =0.345 (2d.
52.2144 (2d-p)

Potential Energy (P.E)

The potential energy of a body is that energy it possesses as a reson of its position. P.E is therefore
the ability to do work because of the position of the body, in the sense that if released, the body will

move to a lower position and its P.E will be converted into K.E.
Formula for Potential Energy

A body is at rest on the earth’s surface. It is then raised a vertical distance h above the surface. The

work required to do this is: the force required X the distance h
Since the force required is its weight, and weight, W = mg, the work required is mgh.

Potential energy is thus given by: P.E =mgh where h is the height above the earth’s surface.

The P.E of a body has no absolute value, but is relative to some point of reference (reference level),
say the surface of the earth or some other level above which the body is raised and to which it can
fall.

Suppose a body of mass m kg is raised through a height of h m t T
mg

from a floor. The work done against gravity = mgh and hence the
body now possesses P.E = mgh |

Thus change in P.E = work done against gravity | ’ .
L [
If the body now falls it will acquire a velocity v on reaching its original level, where v = 2gh. Its K.E

1 1
is nowE mv? = E mx2gh =mgh. Hence all the P.E has been converted into IKK.E.

Hence when a body falls through a height h the work done against gravity mgh is converted into
K.E. Similarly if a body of mass m kg is raised through a vertical height (h m) by whatever path
(provided smooth), the work done against gravity = mgh and is equal to the change in P.E of the
body and is equal to the gain in K.E.

Example 12

What is the potential energy of a 10kg mass if it is raised 100m above the surface of the
earth?
Solution



P.E =mgh
=10%9.8x100 =9800J

Example 13
Find the change in the potential energy of a body of mass 50kg when

(i) ascending a vertical distance of 5m.

(i) Descending a vertical distance of 5m.
Solution

(i) Change in P.E = work done against gravity
=mgh
=50x9.8x5=2450 J
(i) When descending, the body is losing P.E, i.e. losing its potential energy to do work

Loss in P.E = mgh
=50 % 9.8 Xx5=2450]

The change in P.E is 2450 |

The principle of conservation of Energy

It states that ‘the total mechanical energy of a system remains constant provided that it is not acted
on by any external force other than gravity’.

Suppose we have a situation involving a moving body in which there is no energy loss i.e. the body
is not affected by any external force say friction other than gravity, the total energy possessed by the
body will then be the total of its kinetic energy and its potential energy.

The principle of conservation of energy will then appear in the form: K.E+P.E = constant
The total energy (K.E + P.E) is called its mechanical energy.

Example 14

A body of mass 5kg is thrown so that it just clears the top of a wall 4m high when its speed
is 4ms”'. What is its total mechanical energy as it passes over the wall?

Solution
T ] T 4ms’ K.E of stone =%mv2 =%(5)(4)2 = 40J
4m P.E of stone =mgh = (5)(9.8)(4) =196J
Total mechanical energy = K.E+P.E=236J
Vol ol i A T A T
Example 15

A body of mass 8kg is released from rest at point A and falls freely under gravity up to a
point B which is 100m vertically below A. Find its speed at point B.

Solution



Let vms" be the speed of the body at point B
Let point B be the reference level from where the P.E is measured.

To find the speed of the body at B, we calculate the total mechanical energy at A and the
total mechanical energy at B and then use the principle of conservation of energy.

_____ 1o, 1 '
7y
l P.E =mgh = (8)(9.8)(100) = 7840 J
S N Total energy at A = 0 + 7840 = 7840 |
100 m

AtB: K.E :%mv2 :%(S)x(v)2 = 4v°

P.E =mgh =(8)(9.8)(0)=0J
Total energy at B = 4v* +0 = 4v*

<

=

@,
4_

la

|‘

By the principle of conservation of energy:
Total energy at A = Total energy at B

Example 16 7840 = 4v°

The point Q is vertically below P. A particle of mas¥/0.f k8GY projected from P vertically

upwards with speed 21 ms™' and passes through point Quwish shead 7 ms™. Find the distance
from P to Q. '

Solution

We shall choose to measure the P.E from the level P. Let the distance from P to Q be h m.

AtP: KE :%mvz :%(0.1)><(21)2 =22.05J

1
Tms't @ Q P.E = mgh = (0.1)(9.8)(0) =0 J
Total energy at P = 22.05 + 0 = 22.05 ]

1 1
hm AtQ: KEE :Emv2 25(0'1)X(7)2 =245

P.E =mgh =(0.1)(9.8)(h) =0.98h J
Total energy at Q = 2.45 + 0.98h
21 ms” T A B . . .
y the principle of conservation of energy:
P Total energy at P = Total energy at Q
22.05=2.45+0.98h

19.6=0.98h
h=20m

|‘

0.1g N

Power

Power is a measure of the rate at which work is done, or the rate at which energy is being
transferred.



_ work done

~ time taken

If 1 joule of work is done in 1 second, the rate of working is 1 watt (W). Thus the unit for power is
the watt W.

Larger units of power are the kilowatt kW (1kW=1000 =10’ W) and the megawatt MW (1MW =
1000000 = 10°W)

If work is being done by a machine or body moving at speed v against a constant force or resistance,

Power

F, then the power P is given by P = F xv
Example 17

A constant force of 2kN pulls a crate of soda along a level floor for a distance of 10m in
50s. What is the power used?

Solution
work done = force x distance
2000x10 = 20000 J

work done 20000
time taken 50

Power = = 400W

Example 18

A particle is acted upon by a constant force of 100N as shown in the diagram below. If the
particle moves from A to B in 5 seconds, find the work done by the force and the power

required.
100N

< 10 m >
Solution
The component of the force in the direction of motion = 100cos60” = 50N

-.work done = force x distance
=50x10=500J

_ work done 500

Power = — =
time taken 5

=100W

The force does 100 ] of work and its rate of working is 100 watts

Example 19

A man of mass 76kg runs up a flight of stairs to a vertical height of 10m in 4s. Find his rate
of working.

Solution

Work done against gravity = mgd
=76 % 9.8 X 10 =7448 ]



work done 7448

- =1862 W
time taken 4

Hence the power developed =

Example 20

Find the power generated by a car engine when the car travels at a constant speed of
72kmhr" on a horizontal ground against resistance forces of 2500N.

Solution
_ 72x1000 _
72kmhr = 222 ogms
3600
Power = F xv
= 2500x% 20 = 5000
= 50kW
Example 21

A car of mass 1000kg travels up a hill inclined at angle 0 to the horizontal, wheresin @ = 210 .

The non gravitational resistance to motion is 2000N and the power output from the engine
is 60kW. Find the acceleration of the car when it is travelling at 10 ms™. Take g = 10ms™.
Solution

Using Power = F xv

60000 = F x10
F =6000N
Let the acceleration of the car be a ms™
Using F =ma
6000 — 2000 —1000g sin @ =1000a
1
10000N 4000 — 10000 x E =1000a
3500 =1000a
_ -2
Exercise a=3.5ms

1. Find the work done when a force of 100N moves a body horizontally through a distance of
200cm.

2. A Dblock is pulled horizontally through 4m at a steady speed by a force of 20N, inclined at an
angle of 60" to the line of motion. Find the work done.

3. A mass of 20kg is pulled across a rough horizontal floor (coefficient of friction 0.4) through
2m at a steady speed by a horizontal force. Find the work done.

4. How much work is done when a force of 2kN moves its point of application 2.25m in the
direction of the force?



10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

The work done in raising 100 bricks each of mass 1kg from the ground to the first floor of a
building is 3000]. Find the height of the first floor from the ground.

Find the work done against gravity when an object of mass of 3.5 kg is raised through a
vertical distance of 10m.

A certain metal block is pulled a distance of 8m across a horizontal surface against
resistances totalling 15N. If the block moves at a steady velocity, find the work done against
the resistances.

A horizontal force pulls a body of 5kg a distance of 15m across a rough horizontal floor,
coefficient of friction 0.45. The body moves with constant velocity and the only resisting
force is that due to friction. Find the work done against friction.

A rough surface is inclined at to the horizontal. A body of mass 5000g lies on the surface
and is pulled at a uniform speed a distance of 0.75m up the surface by a force acting along a
line of greatest slope. The coefficient of friction between the body and the surface is 0.4.
Find;

(a) the work done against gravity

(b) the work done against friction

Find the kinetic energy of a body of mass 0.25 kg moving with a speed of 1143 ms™.

A bullet of mass 20g moving at 200 ms ™' has the same kinetic energy as a gun of mass 1kg.
Find the speed at which the gun is moving,

A body of mass 5kg, initially moving with speed 2 ms-1, increases its kinetic energy by 30 J.
Find the final speed of the body.

Find the potential energy gained by:
(a) a body of mass 5kg raised through a vertical distance of 10m.
(b) a man of mass 60kg ascending a vertical distance of 5m

Find the potential energy lost by:
(a) a body of mass 20kg falling through a vertical distance of 2m.
(b) a man of mass 90 kg descending a vertical distance of 5m.

A car of mass 1000kg increases its speed from 5 ms™ to 6ms™. Find its gain in kinetic
energy.

A truck of mass 500kg decreases its speed from 50 ms” to 10 ms™ in an attempt to negotiate
a corner. Find the loss in kinetic energy during this instance.

If a mass of 10kg at rest acquires a velocity of 2 ms™ after being pulled through 1.5m what
force is acting in the direction of motion?

The velocity of a body of mass 0.5 kg is reduced from 3 to 1.5 ms™ in a distance of 1.5m.
What force is acting on the body?

A ball of mass 250g is projected up a smooth incline of inclination sin™ (ij with a velocity
25

of 5 ms™. How far will it travel before coming to rest?



20.

21.

22.

23.

24,

25.

26.

27.
28.

29.

30.

31.

32.

A particle of mass 1.5kg is projected up a plane inclined at 30" to the horizontal with an
initial speed of 1 ms". How far will it travel up the incline if (i) the surface is smooth, (ii) the
coefficient of friction is 0.5.

A particle of mass 4kg is projected up a rough plane inclined at 45" to the horizontal with a
speed of 4 ms". The coefficient of friction is 0.4. How far will the particle have travelled
when its speed is halved?

A point A is 5m vertically above the point B. A body of mass 0.25 kg is projected from A
vertically downwards with speed 2 ms™'. Find the speed of the body when it reaches B.

A body of mass 20 kg is released from rest and falls freely under gravity. Find the distance it
has fallen when its speed is 21 ms.

A body of mass 3kg is projected vertically downwards from a point A with speed 4 ms™.
The body passes through a point B, 5m below A. Find the speed of the body at B.

A smooth slope is inclined at an-! (é] to the horizontal. A body of mass 4kg is released
4

from rest at the top of the slope and reaches the bottom with speed 7 ms™'. Find the length
of the slope.

A ball is kicked from ground level with speed 15ms™" and just clears a wall of height 2m. The
speed of the ball as it passes over the wall is v ms .

(a) Assume that the ball has mass m kg and use the conservation of mechanical energy
principal to write an equation.

(b) Solve the equation to find v
Find the power developed when a load of 50kg is lifted vertically through 10m in 5 seconds.

A boy of mass 44kg runs up a flight of stairs of vertical height 4m in 5s. What power is
sustaining?

If a car travels at a steady speed of 15ms™ against resistances of 200N what power is being
exerted by the engine?

A cyclist is travelling at a steady speed of 4ms™. The total mass of the cyclist and machine is
80kg. All resistances amount to 1.2N per kg of mass. At what rate is he working?

The power of the engine of a car is 7kW. What would be the maximum speed of the car on
the level against resistance of 250N?

A car of mass 800kg travels up a hill inclined at angle 6 to the horizontal, wheregjng = [ij
20

The non gravitational resistance to motion is 1600N and the power output from the engine
is 45kW. Find the acceleration of the car when it is travelling at 15ms™. (Take g =10 rns'z)
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TOPIC 4: PROBABILITY THEORY

Probability simply means chance or possibility.
Terms used:
Sample space(S):

[t is a set of all possible outcomes of an experiment. Each possible outcome is
called a sample point. For example if a die is tossed once, the sample space S=
S ={1,2,34,5,6}. This sample space has 6 sample points.

Event (E):

An event is a subset of a sample space. If E is the event of obtaining an odd
number then, E={1,35}

Probability of an event:

If a sample space, S, consists of a finite number of equally likely outcomes,
then the probability that an event E occurs is given by

Where n(E) = number of times an event occurs
n(S) = total sample points
Interaction of probability with set theory

Here we relate probability theory with set theory
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E

A B

A'N B

From the set above we can be able to deduce the following

P(A)=P(ANB)+P(ANB)
P(A") = P(A'NB')+ P(A'NB)
P(A)+ P(A)=1

P(B)=P(AnB)+P(A'~B)
P(B')=P(AnB!)+P(A~B!)
P(B)+P(B!)=1

P(AUB)=P(A)+P(B)-P(ANB)
PROBABILITY LAWS
a) For an event A in a sample space S, then
0<P(A)<1
Proof

n(s)
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0<N(A) SN(S) tererririrrrererrennns ()
Divide (i) by n(S), we get

0 < n(A) < n(S)
n(s) n(S) n(S)
=0<PA<L1

Show that P(A)+P(A)=1

p(a) = "A) p(ay= NA) _n(S)=n(A) _n(S) n(A) _; pa
n(s) n(S) n(S) n(s) n(S)
From P(A) =1-P(A).
P(A) + P(A) =1

b) The Demorgan’s law
P(A'UB')= P(A~ B) and P(A'~B')= P(AUB)
Types of events

a) Independent events: Two events A and B are said to be independent if
the occurrence of one does not affect the other. If two events A and B are

independent then P(AnB)=P(A)P(B). Also
P(A'nB)=P(A)P(B),P(A nB')=P(A)P(B')

b) Mutually exclusive events: Two events A and B are said to be mutually
exclusive if they cannot happen at the same time. Therefore A and B are

said to be mutually exclusive if P(AnB)=0

c) Exhaustive events: Two events A and B are said to be exhaustive if

P(AUB)=1
The contingency table
B B’
P(AnB) P(AnB’) P(A)

A’

P(A'nB) P(A'nB) P(A)
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Sum P(B) P(B) 1

We can use to deduce the identities above

Conditional probabilities

For two events A and B such that P(A) =0, P(B) # 0, then the conditional
probability of A given B denoted by P(A/B) is given by

P(AnB

)75

BAYE’S THEORY

This is an extension of conditional probability. Let A, A,.......... A, be a set of

mutually exclusive events that together for a sample space, S. let B be an event
within the same sample space such that P(B)>0 then

_ P(A N B)
P(A%)_ P(A NB)+P(A, AB)+ .o, +P(A NB)

the expression above is quite intimidating. However it is easy to use.

Example 1:

Two events A and B are such that P(A) = % P(AUB) = é ,and, P(ANB) = %

Find P(B).
Solution

P (AUB) =P (A) +P (B)-P (AnB)
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7
125

P(B )——

Example 2:

The probability that a student passes math is %and the probability that he

passes Physics is g. If the probability that he passes at least one of them is %.
Find the probability that he passes both papers.

Solution:

P (MUP)=P(M)+P(P)-P(MnP)

8.2 pp)
5 9 3

Example 3:
Events A and B are such that P(A) = =, P(B) = >and P(é/ ): L
2’ 8 B/ 12

Find i) P(AnB) ii) P(B/A")
Solution

i) P(ANB)

(/B) AmB
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7 _P(ANB) P(ANB) =2
12° 3
8
ii) P(B/A")
B m A' 3 21 5
(/A) PBOA) Byt P(AX ~B)=P(B)-P(ANB)=Z~ =7
And P(A)+ P(A’) —1,= P(A)= 1_% _ %

O] 35
2 16
PROBABILITY SITUATIONS
a) The ‘AND’ situation.

Here we are interested in joint occurrence of events and in probability

«

and’ means intersection

b) The ‘OR’ situation
Here we are interested in either one, two or more events occurring. In
probability theory ‘OR’ means union of events/ at least one.
Note: ‘Either A or B or both’ means union

c) The ‘one and only one’ situation
Here we are interested in only one event occurring, and other events do
not occur/fail.
Note: ‘Either A or B but not both’ means (AUB) — (AN B)

Example 4:

=8 p@)-=1 _1
Two events A and B are such that P(A)= 5’ P(B) = 3 P(%) c Calculate the
probabilities that

i) Both events occur

ii)  Atleast one of the events occur
iii)  Only one of the events occur
iv)  Neither event occurs.
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i)  P(both events occur)=P(ANB)= P(B).P(y ): 1.1
B35 15
s g8 1 1 4
P(atleast =P(AUB)=—+=-—=—
ii) (at least one)=P(AUB) 573 15 E
, , 4 1 11
iii)  P(only one)=P(A'nB)+P(AnB')=P(AUB)-P(ANB)= TR

iv)  P(neither)= P(AUB) =1-P(AUB)=1-

o
Ul

Example 5:

Abel, Bob and Charles applied for a job in a certain company. The
probability that Abel will take the job is %, the probability that Bob

will take the job is %and while the probability that Charles will not
take the job is %

What will be the probability that

i) None of them will take the job
ii)  Exactly two will take the job

Solution:
3 1 1 1 2 1
P(A)==,P(A’)=~,P(B)=—~,P(B')==,P(C)==,P(C')==
(=2 p(w)=1 P(B)=1 PB)= 1 PIC)=2 P(C)= 1
i) P(A'ﬂB'ﬂC')ZlXEXE:i
4 2 3 24

Assignment 4.1.4:

1. Events A and C are such that P(C)=0.39, P(CUD)=0.75and P(%)z %

Find the
i) P(D)
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i) PlcND!)

2. If events X and Y are independent events.
a) Show that the events X*and Y! are also independent
b) Find P(X NY'), given that P(X*)=0.75and P(Y)=0.4

3. Events A and B are independent such that P(A)= g and P(A'UB)=

Nl ow

Find the;
D PE) P(AUB)
4. Events A and B are such that P(A)=0.7, P(B)=0.7 and P(%)z 0.1, find the

probability that;
i) Both of the events will occur

ii)  Exactly one of the events occur

1

5. (a) A and B are events such that P(AUB)=">, P(ANB!)= Zand

Nlw

P(BN Al):%

i) Represent the information on the Venn diagram
ii)  Hence or otherwise find P(A)and P(B)

iii)  Obtain A7)

6. Xand Y are two independent events such that P(X)=0.8and P(Y)=0.5.
Obtain P(X UY) and P(x UY?)

7. In a class of science Students, if a student does not take chemistry the

probability that he takes Mathematics is% . The probability that a
student takes neither of these subjects is g Find the probability that a
student picked at random

i) Takes Chemistry

ii) Takes Chemistry or does not take mathematics

8. A student offers two subsidiaries ICT and GP. The probability that he
will fail both ICT and GP is 0.18. The probability that he will pass G.p is
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0.52 and the probability that he will pass ICT is 0.5. Find the probability
that he will pass either ICT or GP but not both.

PROBABILITY TREES

The easiest way of solving many probability problems is by use of probability
trees

Note:

The probabilities along the branch are independent

The sum of the probabilities at each junction of the branch is one

The probabilities after the first branch are conditional

Sampling can be done with or without replacement

Examplel:
The probability that James is late for work is 0.1 on a given day is 0.1.
What is the probability that on two consecutive morning, James is
late for work once
Solution: Let ] be the event that James is late for work;
P(])=0.1, P(J))=0.9

el S

0.9

S
P(JnJ)+P(J'nJ)=0.1x0.9+0.9x0.1=0.18
Example 2:

A box A contains 1 white ball and 1 blue ball. Box B contains only two white
balls and 2 blue balls. If a box is picked at random and a ball is picked at
random from it, find the probability that it is:
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White
From box A given that it is white
Solution:

i_ WV 1
i)P(W)=%x%+%x%:%
P(ANW) 2% 1
if). P(A( )- - -22.1
2
Assignment 4.2.5

1. Box A contains 4 red and 3 green sweets and box B contains 7 red
and 4 green sweets. A box is randomly selected and 2 sweets
randomly selected from it one at a time without replacement. If A is
twice as likely to be picked ass B, find the probability that both
sweets are;

i) Of different colors

ii)  From A given that they are of different colors

2. Don has a bag containing 15 balls. 10 balls are red and 5 are green.
Terry has a bag containing 7 red and (x-3) green balls. A ball is
randomly picked from Don’s bag and put in Terry’s bag. A ball is then
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randomly picked from terry’s bag. If the probability of the ball being

green is %, find the value of x.

3. Abox A contains 4 white and 2 red balls. Another box B contains 3
white and 3 red balls. A box is selected at random and two balls are
picked one after the other without replacement
a) Find the probability that the two balls picked are red.

b) Given that two white balls are picked, what is the probability that
they are from box B

4. A certain flight is planned to take less than five hours depending on
weather conditions. The probabilities of wind W, rainy R and Dry
weather D are estimated to be 0.3, 0.5 and 0.2 respectively. The
probabilities of the flight being on schedule under these conditions
are 0.25, 0.4 and 0.9 respectively.

a) Determine the probability that the flight delayed
b) If the flight is not on schedule, find the probability of dry weather

5. In certain inter- University tournament; 35% watched football but
not cricket, 10% watched cricket but not football and 40% did not
watch either game. Find the probability that they watched foot ball,
given that they did not watch cricket
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1a)

b)

ii)

6a)

STATISTICS AND PROBABILITY:

The probability that Amos goes to school on cloudy day is % and %on a clear day. If

the probability of a cloudy day is g , find the probability that the day was cloudy

given that he did not go to school.
If P and Q are independent event;

Show that P' and Q are also independent.
Find P(Q) given that P(P)=0.25 and P(P UQ)=0.75.

During the national teachers’ conference, 40% of the delegates supported the idea of
the 10% salary increase for the financial year 2019. Given that journalists randomly

interviewed 450 delegates, find the probability that;

a) Less than 150 delegates supported the salary increase,

b)  Between 160 and 170 delegates inclusive supported the salary increase.

The table below shows the heights measured in cm for a group of senior six students;
Height 177-186 | 187-191 | 192-196 | 197-201 | 202-206 | 207-216
Frequency 12 8 8 9 7 6

a)  Draw a histogram. Hence state the modal class.

b) Calculate the (i) mean (ii) standard deviation. (ii) Mode

Events A, b and C are such that P(A)=x, P(B)=y and P(C)=x+y. If
P(AUN)=0.6 and P(/)=0.2,

1) Show that 4x + 5y =3.

(ii))  Given that B and C are mutually exclusive and that P(B U C) =0.9, determine

another equationin x and vy.
(iii) Hence find the values of x and .

Of the 30 drivers interviewed, 9 have been involved in a car accident at some time. Of
those who have been involved in the accident, 5 wear glasses. The probability of

. . . . 1.
wearing glasses, given that the driver has not had a car accident is 3 Find the

probability that a;
(a) Person chosen at random wears glasses.
(b)  Glasses wearer has been an accident victim.

Given that A and B are two events such that P(A')=0.3, P(B)=0.1and
P(AL)=0.2. Find () PAYB) Gy  p(AL))

1
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b)

a)i)
ii)

b)

A box A contains 1 red, 3 green and 1 blue ball. Box B contains 2 red, 1 green and 2
blue balls. A balanced die is thrown and if the throw is a six, box A is chosen,
otherwise box B is chosen. A ball is drawn at random from the chosen box. Given that
a green ball is drawn, what is the probability that it came from box A?

The cumulative distribution function of a discrete random variable x is as shown in
the table below.

X 1 2 3 4
F(x) 0.14 0. 47 0.79 1. 00
Find the (i) P(2 < x <4) (ii) median of x (iii) P(X <% <y 4) (iv) mean of x.
The probability density function of a continuous random variable x is given by;
2
= (x+1),
13 0<x<a
f(x)= %(5 —-x), a<x<b findthevaluesof a and b.Hence, sketch f(x).
0 elsewhere

6)) Calculate the mean and standard deviation of x.
(iii) Find P(x<2.5).

The Maths and Physics examination marks of a certain school are given in the
following table.

Maths (x) 28 34 36 42 52 54 60

Physics(y) 54 62 68 70 76 68 74

Plot the marks on the scatter diagram and comment on the relationship between the
two subjects.

Draw a line of best fit and use it to predict the Physics mark of a student whose Maths

mark is 50.

Calculate the rank correlation coefficient between the marks. Comment on the
significance of Maths on Physics performance based on 5% level of significance

10a) A random sample of ten packets is taken. These have masses (Measured in kg) of x;

b)

, X2, voveney X10 Such that; 312, xi = 2.57 and ¥}%, x%i = 0.6610. Calculate a 95%
confidence limits for the mean.

The weights of ball bearings are normally disturbed with mean 25gram and standard
demotion 4 grams. If a random sample of 16 ball bearings is taken, find the

probability that the mean of the sample his between 24.12 grams and 26.73 grams.

2
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11. The table below the number of reported accidents to workers in a certain factory over
the past 12 years.

a) Find the Age of Worker 15- 20- 25- 30- 35- | 40-< 45
mei‘f‘ andf Number of 42 52 28 20 18 16
median o employees

the workers oY

b) Plot a cumulative frequency curve and use it to estimate the;

(i) Proportion of employees who are not more than 27 years old.
(ii) 80% central limits of the age of employees.

12. A survey of the mass (kg) of girls in the certain school in the final year was taken and
the results are shown below;

Mass (kg) <45 | <50 | <60 | <75 | <80 | <85 | <90 | <100 | <105 | <110
Cumulative | o 9 25 | 46 63 77 82 89 93 94

frequency
(a)  Display the information on a histogram and hence find the modal mass

(b)  Calculate the standard deviation of the mass.

13.  Arandom variable X has the probability density function

1

_— a<x<b
f(x)=1b—
0 elsewhere
2
a)  Show that the variance of x is (b Iza) .

b)  If the expected value and variance of the distribution is 1 and % respectively,
) P(x<0)

(i) Value of a such that P(X >a+c)=> Where o is the standard

Nl

deviation of X.
14. A pharmacist had the following records of unit price and quantities of drugs sold for
the years 2010 and 2011.

Drug Unit price per carton Quantities per carton
2010 2011 2010 2011
Aspirin 8o 125 40 45
Panadol 100 90 70 90
Quinine 55 75 8 10
Coartem 90 100 10 10

Taking 2010 as the base year,

) Calculate the price relatives for each drug in 2011.
(i)  Obtain the simple aggregate price index number for 2011.

3
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15.

16.

17.

18.

19a)

b)

(iii) Calculate the weighted price index and comment on it.
(iv)  Calculate the weighted aggregate price index and comment on it.

MECHANICS:

A body of mass 0.2kg is acted upon by a force F =8t i — 4t°j + 2(3 —t? ) k N . Initially,
the body is at rest at a point with position vector —10i+12j—4k Find the

6)) velocity after time t seconds,
(ii) Distance covered by the body in 2seconds.

t
An object of mass 4kg moves under the action of three forces F, = {E B 1JN ,
t

-3 ) .
F, = % N and Fs = (3t i ZJN at time t seconds. Find the

2
) Work done by the resultant force when the object is displaced from point
A(4, 5)toapoint B (7, —9) within a time of 1s.
(i) Size of the acceleration of the object after a time of 2 s.

(iii) Power developed when the object moves with velocity of 3i —6jm s™ after a
time of 2s.

Two smooth inclined planes meet at right angles, the inclination of one to the

horizontal being 30° and the other being 60°. Bodies of masses 2kg and 4kg lie on

the respective planes, and the two masses are joined by a light inextensible string

passing over a smooth fixed pulley at the intersection of the planes.

(1) If the masses are released from rest, find the acceleration of the masses and
tension of the string.

(i)  If the surface with 4kg mass experiences a frictional force of 0.25N, find the
new acceleration of the masses when the system is set from rest.

Four forces represented by i — 4/, 3i + 6j,—9i + j and 5i — 3j, at a points with
position vectors 3i — j, 2i + 2j, —i — j and — 3i + 4j respectively.

(a) Show that the forces reduce to a couple and find its moment
(b) If the fourth force is removed, find the magnitude and direction of the
resultant forces.

If the horizontal range of a particle projected with a velocity v is a, show that the
greatest height x, attained is given by the equation 16gx*-8v*x+ g a’=0, where g is
acceleration due to gravity.

A small ball is projected from a point A on a level ground and passes at a height of
2metres over a point on the ground at a distance of 12m from A. The ball is caught at
a height of 1metre by a girl who is 24metres from A. Find the angle of projection of

the ball as it leaves point A.(g=10m/s?)

4
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20a) A particle of mass 2kg is pushed up a rough inclined plane whose slope is 3 in 5 by a
horizontal force of 46.25N. The particle starts from rest at P and is moved up a line
of greatest slope of the plane to the point Q, where PQ=15m. The coefficient of
friction between the plane and the particle is 0.25. Find the speed acquired by the
particle at Q (Take g=10ms-2)

b) A pump draws water from a tank and delivers to a height of 10m at the end of a

horse. The cross-sectional area of the horse is 10cm2 and the water leaves the end

of the horse with a speed of 7.5 m s™. Find the rate at which the pump is working.

21a) A particle is projected at an angle of 30° with a speed of 21 m s™. If the point of

projection is 5m above the horizontal grounds, find the horizontal distance that the
particle travels before striking the ground.

b) A boy throws a ball at an initial speed of 40 ms at an angle of elevation a. Show that
the times of flight corresponding to the horizontal range of 8 m are positive roots of
the equation T* — 64T? + 256 = 0. (Take g=10 ms-2).

22.  Alight inextensible string has one end attached to a ceiling. The string passes under
a smooth moveable pulley of mass 2 kg and then over a smooth fixed pulley. Particle
of mass 5 kg is attached at the free end of the string. The sections of the string not in
contact with the pulleys are vertical. If the system is released from rest and moves in
a vertical plane, find the:

i) Acceleration of the system.
ii) Tension in the string.
(iii) Distance moved by the moveable pulley in 1.5 s.

23a) A body of mass 5 kg slides a distance of 8 m down a rough plane inclined at an angle
of sin™? G)to the horizontal. If the coefficient of friction is 0.4, find the velocity
attained by the body.

b) A particle of mass 50 kg is suspended by two light inelastic strings of lengths 9 m and
12m attached to two points distant 15 m apart. Calculate the tensions in the strings.

24. Arod AB 1m long has a weight of 20N acting at a point 60cm from A. It rests
horizontally with A hinged on a vertical wall. A string BC is fastened to the wall at C,
75cm vertically about A find the;

(i) Tension in the string
(ii)) Reaction from at point A.

25a) A particle travelling in a straight line with the constant acceleration covers distances
x and y in the 31 and 4th seconds of its motion respectively. Show that its initial

speed is given by U = %(7x — 5y).

5
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b) Two stations A and B are a distance of 6xmapart along a straight path. A train starts
from rest at A and accelerates uniformly until it attains a speed of Vims covering a
distance of x m. The train then maintains this speed until it has travelled a further 3x
m . It then retards uniformly to rest at B. show that if T is the time taken for a train to

travel from Ato Bthen T = (97x) S

26. Forces of magnitudes 6N, 6N, 4N, 10N and 8N act along AB, BC, CD, DB and
AD respectively, in the directions indicated by the order of the letters of a rectangle
ABCD of dimensions 4m by 3m. Find the;

(i) Magnitude of their resultant
(ii) Equation of the line of action of their resultant force
(iii) Distance from B where it cuts AB.

27a) A,B,C and D are the points (0,0),(10,0),(7,4) and (3,4) respectively. If AB, BC, CD
and DA are made of a thin wire of uniform mass. Find the coordinates of the centre
of gravity.

b)i) Ifinstead ABCD is a uniform lamina, find its centre of gravity G
ii) If the lamina hung from B, find the angle AB makes with the vertical

28.  An object of mass 5kg is initially at rest at a point whose position vector is -2i +j. If it
is acted upon by a force, F = 2i +3j -4k, find

a) The acceleration
b) The velocity after 3s

c) Its distance from the origin after 3s.

29a) A caris being driven at 20 m s on a bearing of 040°. the wind is blowing from 330°

with a speed of 10 m s™. Find the velocity of the wind as experienced by the driver of
the car.

b) At 8a.mtwo boats A and B are 5.2km apart with A due west of B, and B travelling in a
direction N20°w at a steady speed of 13kmh-1. If A travels due north at 12kmh-,
determine;

(1) The path of B relative to A
(ii)) The distance between A and B at 8:30am.

30. A particle of mass M kg is attached to a string of natural length L. and modulus of
elasticity 4Mg. The other end is attached to a fixed point O. If the particle is released
from rest at O.

) Find the greatest distance below O reached by the particle and its acceleration
at this point.

(i)  Show that the speed of the particle is 1.5V gL when the acceleration is
instantaneously zero.

6
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NUMERICAL METHODS:
31a)The table below shows x and f(x);
X 50.24 48.11 46.93 44.06
f(x) 4.116 7.621 9.043 11.163

Use linear interpolation or extrapolation to estimate;
(i) x when f(x)=8.614
(ii) £ (5 1.07)

XZ

2
b) Use trapezium rule with six ordinates to find the value of '[ . dx, correct to three

x> +1
decimal places.

X2
x> +1
improve on the degree of accuracy?

2
c) Find the exact value of L dx, correct to three decimal places. How can you

32a) Use the trapezium rule with 6 strips to evaluate Ij(x —1)In x dx correct to 4 decimal

places.

b) Find the exact value of Jf(x ~1)In xdx Hence find the maximum possible error in

your calculations in (a) above.

33. Ifthe numbers x and y are approximations with errors Ax and Ay respectively. Show
that the maximum absolute error in the approximations of x*y is given by

|2xyAx| + [x?Ay| Hence find the limits within which the true value of x*y lies given
that x = 2.8 +£ 0.016 and y = 1.44 + 0.008

34a) Show that the equation 3x? — x — 5 = 0 has a real root between x= -1.4 and x= -1.2.

b) Use linear interpolation to estimate the initial root

c) Using the root in (b), use Newton — Raphson Method to find the root, correct to two
decimal places.

35a) The dimensions of a rectangle are 8cm and 4.26.
(i) State the maximum possible error in each dimension.
(i) Find the range within which the area of the rectangle lies. (correct to 2 decimal
places)
b) The radius r and height h of a cylinder are measured with corresponding errors Ar
and Ah respectively. Show that the maximum possible error in the volume is

Ah Ar
22l
h r

36a) Derive the simplest formula based on Newton Raphson’s method to show that for

_ l{e”' (3x, 1)+ 3}

3 ef::’xr

the equation 3x =1n3 it satisfies Xr

7
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b) Draw a flow chart that;

i) reads the initial approximation x,,
ii) Accepts estimations to 4 significant figures
ili)  Prints the root to 4sf .

iv)  Perform a dry-run for your flow chart for x, = % .

37a) Show that the iterative formula based on Newton Raphson’s Method for
approximating the root of the equation 2In x = x — 1 is given by;

2lnx,—-1

xn+1=xn( )n=o,1,2 .....

Xp—2
(b) Draw a flow chart that,
) Reads the initial approximation x, of the root.

(ii) Computes and prints the root correct to two decimal places, using the
formula in (a) above.

END

8
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TOPIC 5: RANDOM VARIABLES

Random variable is a real valued function representing an outcome of an
experiment. Itis denoted by upper case letter e.g” X” and the values of the

“w_n

outcomes it takes denoted by lower case letter “x”.

Example:
Experiment Random Variable (X)
1. Tossing a coin 3 times X - obtaining a head
x=0123
2. Having a family of 3 children X - obtaining a boy
x=012,3
5.1 Discrete Random Variable.

[t represents an outcome of an experiment that takes on countable
values (whole numbers).

E.g. From the experiment of tossing a die,

x=12,34,5,6. If the probability of P(X = x;) = P,, then

> P.=1.From the above experiment

P(X=D)=P(X=2)=oiirrrrrrrrnrn. =P(X =6)=

26 O
6 6 6

=1

Discrete Probability Distributions

If each value which a random variable takes is associated with its
corresponding probability then it is called a probability distribution. It
can be expressed in terms of a table, a formula/function or a graph. If X
is a discrete random variable then the probability mass function(p.m.f)
OR the probability distribution function(p.d.f) is given by

P; =123, .cccc.u
0: otherwise

P(X =x)= {
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WhereP(X = x) >0, for all values of xand ' P, =1
1. x=12,34,5,6
When a die is tossed once the p.m.fis givenby P(X =x,)=<6"" ~"~""""
0;elsewhere
Example 1:
X1234
A discrete random Variable X has a p.m.f given by P(X =x)=4¢™" "
0;otherwise
Find i) value of C
ii) P2<X <4)
iii) P(X < 4)
soln
i) Recall Y P(X =x)=1
111111
—+—+—+—+—+—-=1
c ccccc
c=10
X, o
P =y =g X=1234
0; otherwise
OR
X 1 2 3 4
POC=2) | 1 2 3 @
10 10 10 10
. 2 3 4 9
P2<X<4)=Px=2)+P(x=3)+P(x=4)=—+—+—=—
ii) ( )=P(x=2)+P(x=3)+P(x=4) 107107 10" 10

1 2,3 _3
111 P(X<4)=P(X <3)=P(x=D)+P(x=2)+P(x=3)=—+ —+—=—
) (X <4)=P(X <3 =P(x=D+Px=2)+P(x=3) = o+ - +-=¢
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Finding the parameters
a) Mean or expectation

The mean of X denoted by E(X) or xis defined as E(X) = Zau XP(X =X)

Properties of the mean

i) E(b) =b, where b is a constant
ii) E(aX) =aE(X)
iii) E(axtb)=aE(X)*b

b) Variance: The Variance of X denoted by Var(X)=E(X?)-[E(X)]}, Where
E(X?) =) X*P(X=Xx)
Properties of variance
i) Var(b) =0
ii)  Vvar(aX)=avar(X)
iii)  Var(ax+b)=a?var(X)

c) The standard deviation: The standard deviation of X is the positive
square root of variance.

d) Mode: This is the value of the random variable with the highest
probability.
e) Cumulative distribution function(c.d.f):
If X is a random variable with P(X =x;), for X = x, then the cumulative

distribution function F(X) is given by F(X)=P(X <x)

f) Median: If M is the median of a discrete random Variable, then M must
simultaneously satisfy the following conditions;

. 1
i) P(X sm)zE

ii) P(X >m) z%



5 brac COVID-19 RECOVERY AND RESILIENCE PROGRAMME .

mastercard
foundation

g) Quartiles: Are values that divide the given data of the distribution into 4
equal parts.
The lower quartile, q,, satisfies the following conditions
v P(X <q,)>0.25
v P(X>q,)>0.75

The upper quartile, g,,satisfies the following conditions

v’ P(X<q)>0.75

v P(X>q,)>0.25
Example 2: A random Variable X has a p.d.f given by

X x=1234

P(X =x)=110
0; otherwise

Determine the cumulative distribution function.

Soln:
X 1 2 3 4
P(X=x) | 1 2 3 4
10 10 10 10

1
FO=P(X <=7,
F@=P(X<2)=>

10

H@=HX§$=%

F(4)=P(X <4)=1

The c.d.fis

X 1 2 3 4
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F(X) |1 1 1 1

10 10 10 10

Example 3:

The probability distribution of a discrete random Variable X is given by

X 1 2 3 4 5
P(X=x) | 0.1 0.2 0.3 0.2 0.2
Find the:
i) E(X)
ii)  Mode

iii) Median
iv)  Sketch the p.m.f

v) Var(X)
vi) P((ls X < 2%( 21)
Soln
x | P(X=x) | xP(X =x) X?P(X =x) P(X <x) P(X >X)
11]0.1 0.1 0.1 0.1 1
2 10.2 0.4 0.8 0.3 0.9
3103 0.9 2.7 0.6 0.7
4 10.2 0.8 3.2 0.8 0.4
510.2 1 5 1 0.2
D XP(X =x)=32 | D x’P(X =x)=11.8
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i) E(X)=) xP(X =x)=3.2
ii) Mode =3
iii) Median. Since
P(X<3)=06>05
P(X 23)=0.7>05

Median is 3

iv)

P(X=x)

03 _|

0.2 ]

0.1 |

1 2 3 4 5 X
v)  Var(X)=E(X*)-[E(X)f
=11.8-3.2° =156

: P<X <4NX >1)
Vi P2§XS4 =
) ( A>1) P(X >1)

_P(2<X<4)_  02+03+0.2

.
P(X>1)  02+03+02+02 9

ASSIGNMENT 5.1.6
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1. Box A contains 4 red sweets and 3 green sweets. Box B contains 5 red
sweets and 6 green sweets. Box A is twice as likely to be picked as box B.
If a box is chosen at random and two sweets removed from it, without
replacement

a) Find the probability that the two sweets removed are of the same color

b) (i) Construct a probability distribution table for the number of red
sweets removed
(ii) Find the mean number of red sweets removed

2. Adiscrete random variable has the following probability distribution.

X 1 2 3 4

P(X=x) 0.2 0.1 0.4 0.3

Find the mean and Variance of X, hence determine the mean and
variance for the distribution Y=3X-2
3. A discrete random variable has the following probability distribution
X 1 2 3 4

P(X=x) 0.2 a 0.4 b

Given that the mean of X is 2.8, find the;
i) Values ofaand b
ii)  Probability distribution of Y where Y=X(X-1)
iii) Mean and standard deviation of Y
4. The distribution function of a discrete r.v.X is given by

P(X =x)= 2P* ;x=123......
o otherwise

Find:
i) The value of P
i) PX<% )
5. The cumulative distribution function of a discrete r.v.X is as follows
X 1 2 3 4
F(X) 0.14 0.47 0.79 1

a) Sketch F(X)



n brac COVID-19 RECOVERY AND RESILIENCE PROGRAMME .

mastercard
foundation

b) Find:

i) P(l< X <3)

ii)  The mean, median and mode of X
iii) Var(3X)

A binomial distribution is one derived from a binomial experiment. A
binomial experiment is one with the following conditions:

1. It has a finite number of trials. (n trials carried out)
2. The trials are independent
3. The outcome of each trial is either a success or a failure (p or q). The
probability of a successful outcome is the same for each trial
Note: (i) P(success) =1-P(failure)
p=1-q
p+q=1

(ii) The discrete random variable is the number of successful
outcomes in n trials. If the above conditions are satisfied then X is
said to follow a binomial distribution. This is written as

X ~ Bin(n, p),orX ~ B(n, p). The probability distribution function of a
binomial distribution with x successes in n trials is given by

P(X =X) = C,P*q"*;x=0123......n
O;elsewhere
Example 1:
A balanced coin is tossed 15 times. Find the probability that

i) Exactly eight heads will appear uppermost
ii)  Between 6 and 10 heads will appear
Soln

n=15, p:%,qzl—%:

N |-

Let x=event that a head appears when a coin is tossed
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P(X :x):{

"C,P*q";x=0123......... n
0;elsewhere

a2 oo

P6< X <10)=P(X=7)+P(X =8)+P(X =9)

P(X =7)= (ﬂ G)g(gj —0.1964

P(X =8) =0.1964

P(X =9)= @5] Gj@ja —0.1527

P(6< X <9)=0.1964+0.1964 +0.1527 = 0.5455

Example 2: Given that X ~ B(n,0.3). Find the least possible value of n such that

P(X 21)=0.8

Solution

P(X >1)=1-P(X <1)=0.8
=1-P(X =0)

— P(X =0)=02
P(X =0) = @(0.3)0(0.7)n ~0.2

0.7"=0.2

log(0.7)" =l0g(0.2)
nlog(0.7)=1log(0.2)
n=4512338~5

NOTE: In order to obtain binomial probabilities from tables. We do have two
common types of binomial tables

i) One gives binomial probabilities given by B(x,n, p) or P(X = x) known

as individual probabilities
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ii)

The other table gives the sum of probabilities P(X > x,) = ib(x, n, p)

i=0

known as cumulative probabilities

MEAN AND VARIANCE OF A BINOMIAL DISTRIBUTION
If X ~B(n, p), then E(X) = =npand Variance Var(X) =oc =npq

Mode of a binomial distribution
Mode is a value of x with the highest probability. Mode is so close
and sometimes equal to the mean=np.
In order to determine the mode;
v Determine the mean first
v’ Determine the probability for the immediate less value of the
mean and the probability for the immediate greater than value
of the mean. E.g if the mean is 3.5, the immediate less is 3 and
the immediate greater than value is 4
v The one with the highest probability is the mean

These take on probabilities in intervals. It has a continuous domain.
For any continuous random variable with a probability density
function f(x), the following prevails

i) f(x)>0

ii) Tf (x)dx =1
iii)  Pasx<b)=P@a<x<b)=[ f(x)dx

Example 1:

The p.d.f of a continuous random variable f(x)is given by

kx: 0<x<6
f(x)=
0; elsewhere
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Find the: i) value of k

(ii) P(0<x<3)

Solution
6
i) jkxdx:l
0
2 6
2 0
2
km_ozl
2
18k =1
Ko L
18
3 273 2
ii) jidx: X8 g2t
018 36O 36 36 4

Example 2:
The p.d.f of a continuous random variable X is given by

kx? :0<x<1
f(x)= <k 1<x<2
0 :otherwise

Determine
i) Value of k
ii) P(O <X< EJ
2

iii) P(x<15)
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1 3

E < X< E

V) P 3
x>
4

Solution

i) Tf (x)dx =1

j.kxzdx+j.kdx =1
0 1

k{x—;}l +k[x[f =1

0

kE—O}Lk[Z—l]:l

iii)  P(x<15)
1 1.5
zgszdx+§jdx
4 0 4 1

3 3 5
=h-0]+25-1]=2
30} 251

iv) P(§ <X< gj
4 2
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1 15
:ijzdx+§jxdx
45 44
4
3t 3
:§ X +§[XE-5:1 1_(§j +§[1.5_1]:§
4 3 |5 4 4 4 4 256
4
1 15
1 3 1 3 3) 3 [xedx+ [dx
= = S<X< x>~
v) P 2<X<2 = pl2 2 4 :40.J;5 4'!‘ _ 229
x> Y 3ft.,, 3% 256
4 (x>— —Ix dx+—jdx
4 40.75 41
Note: Since

Tf (x)dx =1, then this indicates that the area bounded by any

probability density function and the x-axis is 1

Example 3:
Given the p.d.f below:
f(x)
2k _|
kK _|
0 |

a) Determine the constant k
b) Express the p.d.f algebraically
Soln
a) Since the area under the graph is 1 then
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1 1
5 Dk+2k)+2 (D(2k) =1

k=2
5
b) For 0<x<1,consider two points (0,k) and (1,2k)
Gradient, m= 2k-k =k = 2
1-0 5
y=mx+c, take a point on the graph (0,k)
g:E(O)jtc:>c_g
5 5 5
2.2
5 5
2
=—x+—
f(x) c
For 1<x<2,take two points (1,2k)and (2,0)
_2k=0_
1-2

3

Consider the point (2,0)
y=mx-+c

0:2(_—4j+c:c:§
5 5}

4 8
f(X)=—=x+=
(x)=—g X+

f(X)= < —x+—- ;1<x<£2

relsewhere

Example 4:
The p.d.f of a continuous random variable X is given by
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k(l—xz) ;Osxg1

f(x)= <k ;%<x<1

:elsewhere

0

i) Determine the constant k

Fex<3)
—<X<—
i) p/\? 4

X>—
5

iii)  Sketch f(x)
Soln

k

O v |

(1—x2)jx+k.1[dx=l
1

1

3
x—X—T +k[x]; =1
L 3 0 2

=~

. 0.75
P(1<11<3ﬂx>3j P[3<x<3) ﬁjdx
4 4 5)__\5 4) _ 23 56 =2 i) Not
3 - 3 _240.75 24 1 _8 111 ote.
P[x > 5) P[X > 5) >3 O.de + 23O.J;de When
sketching
f(x), the axes should be labeled and all the parts of the graph
labeled

Sketch: for the interval0< x < %
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f(0) = ﬁ(1— 0)= ﬁ. The point now becomes 0,ﬁ
23 23 23
f(0.5) = 24 -1 18 The point now becomes (O,ﬁ)
23 4) 23 23
At turning points

F1(x)=0, F1(x)= 2% 0 x=0

f1(x)= _2—? <0,a point of maxima

The function f (x) = z—:, is a straight horizontal line

f(x) e 2)
£7) 24

07 23 _c4
24 / ) 23

23

18
23

The expectation (mean) of a Continuous Random Variable

The expectation E(X) of a continuous Random Variable, X, is given by
E(X)= jxf (x)dx.

If Y =ax+b, then E(Y)=aE(X)+b
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Mode: If M is the mode of a continuous random Variable X then
f’(M)=0,and f*(M)<0 g4 5 single function/curve.

OR The mode is the highest/peak value of F(x)

Example 5:

If X is a continuous Random Variable given by

£ kx(6 X):0<x<2
:otherwise

Determine the:

i) constantk
ii) Mode

Soln

i) Eex x?)dx =1
for-3] -
[12 e

28
. 18x 6x
11) f(X):2—8—2—8
18 6x

" 28 28
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-6
f(x)=—<0
(X)=—5 <
s.mode=3
Median: If M is the median of a continuous Random Variable X then;
M +00 1
PIX<M)=| f(X)dx= | f(X)dx==
( )_jm(x)x J(x)x ;

Note: The mean and median can be got from the sketch. If the sketch
has a line of symmetry then, the line of symmetry goes through the
mean/ median.

:
The kth percentile,T, is given by, P(X <T)= J' f (x)dx = %

Variance:
I[f X is a continuous Random Variable then;
Var(x)= 0* = E(x )~ [E(X )}
Example 6:

Given that X is a continuous Random Variable such that

cx? 0<x<2
F(x) = X < <_
0 :otherwise

Determine:

i)  The constant k
ii) Median
Solution
. 3
i) =3

ii) §'|.x2dx=1
81 2
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3[ x| 1

8{ 3 l 2

m*=4

m=3%/4 =1.5874
Example 7:

The random Variable X has a p.d.f given by

CX D<x<1
f(X)=9c(2-x)1<x<2
0 elsewhere

Determine the:

i) Mode
ii) Median
Solution

1 2
i) jcxdx+ cJ' (2-x)dx =1
0 1

c=1
f(0)=0
f=1
f(2)=0
mode =1 Since it gives maximum value of f(x)
ii)  Median: Since the p.d.f has two functions / intervals it is
required to check where the median falls

1 2!
P(O<x<1)=fxdx={x—} _L
0 21, 2

This shows that the median lies in the first interval since
P(0<x<1)>0.5

m 27 M
dex:{x_} =1
) 2], 2

m=1
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The cumulative distribution function (c.d.f), F(X)

The cumulative distribution function is a function such that
X

F(X)=P(X <x)= [ f(tht
Note:
i). Using F(X) to get f(x) then, f(x)= %(F(X))

ii). P(a<x<b)=F(a)-F(b)

iii). F(X)=P(X <x)and P(X >x)=1-P(X <x)

iv). We can sketch F(X) but with arrows at the ends

v). Median, F(M)=0.5.

vi). It can be used for percentiles, quartiles and deciles. i.e For the
lower quartile, g,, F(q,) = P(X <q,)=0.25.

For the upper quartile, q,, F(q,)=P(X <q,)=0.75

Example 8: A continuous random variable X has a p.d.f given by;

20 1
(x) = kx <X <.
0 ;otherwise

Find the:
i) Constantk
ii) u,the expectation
iii) o7, the variance
iv) o, the standard deviation
V) PQX -yl < a)
vi) The c.d.f, F(X)
Solution
i) k=1
) i L x*T 3 3
i)  u=E(X)= fo (x)dx =3£x3dx :3{7} = Z(1—0): "

0

iii) Vvar(x)=o? = E(X 2)—[E(X )

E(Xz)szzf(x)jx
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V) Hint: Use PQX —,u|<a): Pco<X-u<o)=Plu-o<X <u+o)

vi)  Recall that F(X) :Tf(t)dt

For, x<0
f(t)=0

F(X)= iOdtzo

For, 0<x<1
f (t) =3t°

F(X)= F(0)+j.3t2dt

3 X
:O+{3L} =x°
3 0

Forx>1, f(t)=0

F(X):F(1)+I0dt

F(X)=1
0 :x<o0
F(X)=¢x*:0<x<1
1 :x>0

Example 9: The p.d.f of a continuous random Variable X is given by;
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X 0<x<2
3

2
£(x) = TX+2;2§x§3

rotherwise

Determine F(X)

Solution
F(X)= If(t)dt
Forx<0, f(t)=0

F(X)= Iom:o

For 0<x<2,f(t)=

W~

1X
F(X):F(0)+§!tdt

For2£x§3,f(t):_T2t+2

F(X)= F(2)+i(%+2jdt=2—;+{_?t2+2t}

2
2
L e S —(_—4+4j
6 3 3

2
:ﬂ_x_+2)(+%_4

6 6
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2

=-2+ +2X

Forx>3, f(t)=0
F(X)=F(3)+[odt=1
3

i x<0
0
X2
2 0<x<2
Fo) = 1 °

X2
—2—?+2x 2<Xx<3

1
X>3

Example 10: The c.d.f of a continuous Random Variable X is given by

1 1<x<2

4
|<(6X—X2 —5) 2<x<3

0
X2
4

F(X)= %x

-

Find the:

i) Value of k

ii)  Thep.df, f(x)

iii) Mean

iv)  Variance

V) P(0.5<x<21)
Solution
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i) F(3)=k(18-9.5)=4k
4k =1=k = 1
4
=0.735

ii) PO05<x<21)=F(2.1)-F(0.5)==(6(2.1)-(2.1)2-5)- ;

iii) From f(x):%[F(x)]

for 0<x<1
d [ x2

f =— — | =
() dx_4}

For 1<x<?2

df1._ 1
f(X)=—|=x—=
) dx| 2 4

For 2<x<3

f(x) :%B(ﬁx—x2 —S)J:%(B—x)

F)=

X
2

E

O NP NIF N X

rotherwise

5.4 Uniform distribution

This is a continuous random variable whose density function is given by
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1
b—a;a<x<b
f(x)=
0 :elsewhere
Where, a<b
Sketch
fix)
A
1
1 flx)=
b'_a ----- T b - g |
I |
| I
[ |
I [
I |
. b| > X

Because of its shape this function is known as a rectangular
distribution

Finding probability
P(X, <X <X,)= ff(x)dx OR

fix)
A

| F) = 5

b-afp=="=-== v

P(X, < X < X,)=Area of the shaded part= lea(Xz -X,)
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Assignment 5.2.7
1. A continuous random variable X is given by

1
b—a.;a<x<b
f(x)=

0 relsewhere

a) Show that:

i)  Mean/expectation, E(X) :bLZa

2
ii)  Variance, Var(X)=(b12a)

b) If the expected value and variance of the distribution is 1 and 3

respectively, find the ;
i) P(X <0)

ii) the value of a such that P(X >a+o)where o is the standard
deviation of X

2. A continuous random variable X has the probability functions given by;

kx 0<x<10
f(xX)= <k(20-x);10<x<20
0 :elsewhere

Where k is a constant.

a) Sketch f(x) and find the value of k.
b) Calculate P(O <X <% < 12)

c) Determine the 80t percentile
d) the expressions for P(X <x) and sketch it

3. Arandom variable is uniformly distributed over the interval[2,5]. Find the

p.d.f of the distribution and P(X = 3-3X < 4.5)
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4. A continuous random Variable X has a p.d.f given by
k(3-x) 1<x<2

F(x) = k 2<x<3
k(x—2);3<x<4;
0 ;otherwise
a) Sketch f(x), and hence deduce the mean and median of X
b) Find:
(i) Value ofk (ii) P(x-3<0.5)

c) Determine F(X), and sketch it

5. A continuous random variable X has a p.d.f given by

2 :
£ (x+1 0<x<a
13(x+)

f(x)= ;a<x<b
2 (5-%)
13 )
0 otherwise
Find the:

a) Valuesofaandb
b) Mean and Variance
c) Cumulative distribution function F(X) and sketch it.

6. A random variable Y has a distribution function given by

f)= g ;otherwise

If the mean of Y is 3, find;
(@) Thevaluesofnandk
(b) The variance of Y

©  plr=2_4)

7. Box A contains 7 yellow and 3 green oranges. Box B contains 4 yellow and
5 green oranges. An orange is randomly selected from A, and placed in B,

and then two oranges are randomly selected from B without replacement
and putin box A.
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a) Calculate the probability that the oranges transferred from A to B
and back to A are of the same colour.

b) Draw the probability distribution table for the number of green
oranges in box A after replacement

c) Find the mean and Standard deviation of the number of oranges in
box A after the experiment.

8. A discrete random variable X has the following probability distribution.
X 1 2 3 4
P(X=x) 0.1875 0.5000 |0.2500 |0.0625
Calculate: (a) P(x<3/x>2) (b) the median of x
c) Determine the cumulative probability function.

9. The probability that Moses wins the game is%. If he plays 6 games,

calculate the;
i) Expected number of games won
ii)  The modal number of games won
iii)  Probability of winning at least two games.

10. In a potato garden, the average number of rotten
potatoes was 48 with a standard deviation of 4 potatoes. Find the;
11.
In a certain clan the probability of having a boy is 0.6. If there are 5
children in the family, determine the;
i) Expected number of girls
ii)  Probability that there are at most 3 boys

10.A batch of 10 nails is drawn from a machine output which 40% defective.
Find the probability that the batch contains

i) No defective nails
ii)  More than 5 defective nails

11. Given that X ~ B(n,0.2). Find the least value of n for which P(X >1)>0.87
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12. A random variable X~B(10,P) has variance of 1.875. Given that P< % :
Find the;

i) Value of P

ii) The mean of the distribution

iii) The probability that X is less than 2



CONTINUOUS PROBABILITY DISTRIBUTION
This is a distribution which takes on any value within a given interval.
Summary:
A probability density function (p-d-f) is a function that defines the probability
of an event to occur.
A continuous p-d-f f(x) defined over the interval a <X <bis such that:

(a) The total area under f(x) = sum of all probabilities = 1.

b
= j f(x) dx = 1.
a
X2
(b) P(X, <X<X,) = j f(x) dx.
Xl

NOTE:

(i) The values of P(X; <X <X,), P(X; <X <X,), P(X; <X<X,) and
P(X; <X <X,) are the same.
(i) The values P(X =X;)=P(X=X,)=0since X deals with a range of

values
b
(c) Expectation, E(X) = j xf(x) dx .
d



(d) Variance, Var(X) = E(X?) — E2(X).

b
where E(X2) = j x?f(x)dx, E2(X) = [E(X)].
a

(e) Standard deviation ¢ = +/variance

(f) For a continuous r-v X and constants a and b,

(i) E(a) =a Var(a) =0
(i) E(@aX) = aE(X) Var(ax) =a?Var(X)
(i) E@X + b) =aE(X) + b | var(@ax + b) =a?var(x)

m
(g) Median is the value m which satisfies the relation f f(x) dx = 0-5.
d
I.e The median encloses an area of 0-5 below it.
9,
(h) Lower quartile is the value 0}, which satisfies the relation J. f(x) dx =0-25.
a
I-e The lower quartile encloses an area of 0-25 below it.
93
() Upper quartile is the value ¢ which satisfies the relation J- f(x) dx=0-75.
a

I.e The upper quartile encloses an area of 0-75 below it.

() Interquartile range = Q, - Q;



P

(k) The 3t percentile is the value p that satisfies the relation I f(x) dx = ﬁ
a

NOTE: The median, quartiles and percentiles of a p-d-f defined over different

intervals are obtained by first investigating the interval in which they are located.

(L) The graph of the p-d-f f(x) can either be linear or a curve.
(m) Mode is value of x at which the p-d-f f(x) attains its maximum value.

The graph of f(x) gives the location of the mode. If the p-d-f f(x) is non linear,

the value x at which f(x) has a maximum value occurs when f1(x)=0

provided f11(x)<0.

EXAMPLES:

1. The p-d-f of a continuous r-v X is given by:

Bx , 0<x<1
ﬂm:.?m—m,1<x<3
0 , otherwise
Find:
(i) the value of B
(i) P(X = 2)
(i) P(X < 2)

(iv) P(X > 1-4)



(v) P(0-8 <X <2)

(vi) P( X~ 1<0-6)

(vii) P(| X~ 1/>0-6)

(viii) P(0-2 <X <2-5/X >0-7)

(ix) the mode, mean and standard deviation of X.
(x) E(3X +5)

(xi) Var(3X + 5)

(xii) the median and semi-interquartile range of X.
(xiii) the value of b such that P(X < b) =0-6.
(xiv) the 30" to 80" percentile range of X.

2. The p-d-f f(x) of a r-v X takes on the form shown in the sketch below:

f(x) 1

B_-

>

Find the:
(i) value of B
(ii) equations of the p-d-f
(iii) P(0-5<X<?2)
(iv) mean of X.

(v) median of X,



3. The p-d-f of a continuous r-v X is such that:

f(X) _ BX(6—X)2 , O0<x <6
0 , otherwise
Find the:
(i) value of B
(i) mode of X

(iii) mean of X

4. The outputs of 9 machines in a factory are independent random variables

each with probability density function given by

fX , 0<x<10
f(x) =+ p(20—-x) , 10<x <20
0 , otherwise
Find the:
(i) value of B.

(i) expected value and variance of the output of each machine.
Hence or otherwise find the expected value and variance of

the total output from all machines.



5. The mass X kg of maize flour produced per hour is modeled by a continuous

r-v whose p-d-f is given by:

px%  0<x<2
fx) =4 p6-X), 2<x<6
0 . otherwise

(a) Sketch the p-d-f of X. Hence state the mode of X
(b) Find the:
(i) value of B
(i) P( X- 3< 2)
(iii) mean mass produced per hour
(c) Given that maize flour is sold at sh 2400 per kg and the cost of running
the production is sh 200 per hour, taking shs Y as the profit made
per hour.
(i) Express Y in terms of X.

(i1) Find the expected value of Y.

6. A r-v X has the following p-d-f

PX , 1 <x <3
f(x) =4 44-x) , 3<x <4
0 . otherwise

(a) Show that 4= 3.

(b) Find :



(i) the values of pandA

(i) the mean and variance of X
(iii) the median of X
(iv) PB<X £ 4/X >2)

7. A r-v X has the following p-d-f.

2 <X <
13(x+1) , 0 <x<a

f(x) = %(5—x) , a<x <b

0 . otherwise

Find the:
(i) values of a and b.
(if) median of X.

(iii) P(X >0-5/0-25 <X <1)



CUMULATIVE DISTRIBUTION FUNCTION F(x)

This function gives the accumulated probability up to x. It is obtained by
X

integrating the p-d-f as follows: F(x) = P(X<X) = J. f(t) dt.
— Qo0

The cumulative distribution function is sometimes known as a distribution function

PROPERTIES OF F(x)
(i) F(x) must be defined over the interval —oo <X < o0,

(i) 0 < F(x) < 1, for all values of x.
(iii) P(X; <X <X,)=P(X<X,)-P(X<X;)= F(X,)—F(X;)

(iv) The median, m, lower quatrtile, ;. and upper quartileq3 are the values for

which F(m) = %, F(q1)=%and F(q2)=%respectively.

(V) PX<X)+ P(X>X)=1
.. The complementary cumulative distribution function
PX>X)=1- P(X<X) = 1- F(x)
(vi) The p-d-f f(x) can be obtained by differentiating the cumulative distribution

Flx)= p-dff(x)



EXAMPLES:
1. The p-d-f of a continuous r-v X is given by:
px-1) , 1<x<3
f(x) = %B(7—x) 3<x <7
0 , otherwise
Find:
(i) the value of B, hence f(x)
(i) the cumulative distribution function F(x) and sketch it.
(iii) P(2-8 <X <5-2)
(iv) P(X > 4)
(v) the median of X.
(vi) the interquartile range of X
(vii) the 20t percentile of X.
Solution:
(i1) Note: F(x) is concave up parabola over the interval 1 <X < 3and concave

down parabola over the interval 3 <x <7.



2. A continuous r-v X has the following p-d-f.

K(3—X) , 1<x<2

B Kk , 2<XZ<3
=V kx-2) | 3<x=<4
0 , otherwise

(a) Sketch f(x), hence deduce the mean and median of X.
(b) Find:
(i) the value of k.
(i1) the cumulative distribution function F(x) and sketch it.
(iif) P(X >3-5/ 3< X<4)
3. The distribution function of a continuous r-v X is as follows:

0 . x <1

1—12(x—1)2 , 1<x<3
PX< X) =
=) LB+ 2 - %), 3<x<T

1 o X>7

Find:
(i) the values of fand 4
(i) P(X < 4)
(iii) the median of X
(iii) the pd f of X
(iv) the mean, W of the distribution

(v) P(| X — u| > 0-8)

10



4. The cumulative distribution of a continuous r-v X is such that:

0 , X <0
2X — 2x2 . 0<x<0-25
F(X) =1 B+ X , 0-25<x <05
o+ 2x2—x , 0-5 <x <0-75
1 , x> 0-75

Find:
(i) the values of Band a, hence sketch F(x).
(i) P(\ X— O-375\<O-25)

(iii) the p-d-f of X and sketch it, hence deduce the mean and median of X.

5. A continuous r-v X is distributed as follows:
P(X>x) =a+bx® , 0<x <4
(i) By first finding the cumulative distribution of X or otherwise, find
the values of a and b.

(i1) Show that E(X) = 3, and find the standard deviation ¢ of X.

UNIFORM DISTRIBUTION
This distribution is sometimes called a rectangular distribution.
Summary:

If a r-v X is uniformly distributed over the interval [a, b], then:

11



1 <X <
(i) the p-d-fof X isgivenby: f(X) = b-a asx<b
0 , otherwise
(i) the mean of X is anrb.
_ a2
(iii) the variance of X is (b—a).
12
(iv) the median of X is %.
(v) the graph of f(x) is as follows:
f(X)A
y= L _
1 | ' b-a
b-a
o
b

EXAMPLES:

1. A r-v X is uniformly distributed over the interval [a, b].

(a) State the p-d-f of X and sketch it.
(b) Show that:

a+b
5

(i) the mean of X is

(ii) the variance of X is

(iii) the median of X is 5

(b -a)“
12

a+b

(c) Find the cumulative distribution function of X and sketch it.

12



2. (a) A r-v X is uniformly distributed over the interval [2, 5]. Find
P(X >2-3/X <£4.5)
(b) The number of vehicles crossing a roundabout take on a r-v X with

uniformly distribution over the interval [ Xy 'Xz]' If the expected number of

vehicles crossing the roundabout is 15 with variance 3, calculate the:
(i) values of xland Xy
(i) probability that at least 14 vehicles cross the roundabout.

(iii) probability that the number of vehicles crossing the roundabout lies

within one standard deviation of the mean.

EER:

1. The p-d-f of a continuous r-v X is given by

f(x) = {ﬂ(l—xz) , 0<x<1

0 , otherwise
Find:
(i) the value of B.
(i1) the mean, pu and standard deviation, o of X.
(iii) E(8X + 3) and Var(8X + 3)

(iv) P(X- p| < o)

[Ans: (i) 15 (i) 0-375, 0-2437 (iii)6, 3-8 (iii) 0-6145]

13



2. The p-d-f of a continuous r-v X is given by

2 <x <

3x ., 0<x<1
f(x) = %(3—x) , 1<x <3

0 . otherwise

(a) Show that f(x) represents a probability density function.
(b) Find the:

(i) median of X

(i) 80" percentile of X.

(iii) value of b such that P(X<b) = 0-6.

(iv) expressions for P(X < X)and sketch it.

[Ans: b(i) 1-2679 (i) 1-9046 (jii) 1-4508]

3. The p-d-f of a continuous r-v X is given by

f(X)= ﬂX—aXZ , 0<x<2
0 . otherwise

Given that the mean of X is 1, find the:
(i) values of fand .

(ii) variance of X

(iii) mode of X

[Ans: (i) 1.5,0-75 (i) 0-2 (iii) 1]

14



4. The p-d-f f(x) of a r-v X takes on the form shown in the sketch below:
f(X)n
B-

N L —

Find:
(i) the value of B
(ii) the equations of the p-d-f
(iii) the mean of X.
(iv) P( X~ 1-25/<0-75)

(v) P(0-2 <X <1-5/X >0-6)
[Ans: (i) % (iii) 1-0833 (iv) 0-625 (v) 0-5982 ]

5. Ar-v Xis uniformly distributed with mean 7-5 and variance 0-75 over the
interval [a, b]. Find:
(i) the values of a and b.
(ii) the p-d-f of the distribution.
(iif) P(7-2<X<8-4)
(iv) 80" percentile of X.
(v) probability that X lies within one standard deviation of the mean.
(vi) cumulative distribution function of X.
[Ans: ()6, 9  (iii) 0-4 (iv) 84 (v)0-5774 ]

15



6. The time taken to perform a particular task t hours is given by the p-d-f:

10pt2 , 0<t<0-6
ft) =:9p1-t) , 0-6<t<1
0 , otherwise
(a) Find the:
(i) value of B

(i1) most likely time.
(iii) expected time.
(b) Determine the probability that the time will be:
(i) more than 48 minutes.

(i) between 24and 48 minutes.

[Ans: (a) (i)% (i) 0-6 (iii) 0-591 (b) (i) 0-125 (ii) 0-727]

7. A continuous r-v X has the following p-d-f
,B(x— lj 0<x<3
f(x) = k) '
0 : otherwise
Given that P(X > 1) = 0.8, find the:
(i) values of K and .
(ii) probability that X lies between 0-5 and 2-5
(iif) mean of X

[Ans: (i) -1, 24 (i) 0-6667 (iii) 1-8]

16



8. A continuous r-v X has the following p-d-f :

px° ., 0<x<2
fx) =1 p6-X), 2<x<6
0 , otherwise
(a) Sketch f(x)
(b) Find:
(i) the value of S.

(i) the median of X.

(iii) P( X - 2-75| < 1.25)
[Ans: b(i)% (i) 2.734 (iii) 0-7070 ]

9. A continuous r-v X has the following p-d-f

k , 0<x<?2
f(x) =1 k(2x - 3) 2<x<4
0 : otherwise
(a) Sketch f(x)
(b) Find:

(i) the value of k.

(i1) the mean and variance of X.
(i) P(X>2-5)

(iv) P(1<X<2.5)

(v) P(0O <X <2/X >1)

[Ans: (i)% (ii)g—z, 0-8316 (jii) 0-3125 (iv) 0-4375 (v) %]

17



10. The cumulative distribution of a continuous r-v X is such that:

0 , x <1
2
F(x) = P(x-1) , 1<x<3
a(ldx— x2 - 25) |, 3 <x <7
1 . O X> 7

Find:
(i) the values of gand a.
(i) P(2-8< X <5-2)
(iii) the median of X
(iv) the p-d-f of X and sketch it.
(v) the mean, p of X.
(vi) P( X~ p| > 0-8)

[Ans: (i)1—12, 2_14 (i) 0-595  (iii) 3-45 (v)%l (vi) 0-5578]

11. The number of boats X crossing a river is uniformly distributed between 150
and 210.
(a) State the p-d-f of the distribution.
(b) Find the:
(i) probability that between 170 and 194 boats cross the river.
(i) expected number of boats to cross the river.
(iii) standard deviation for the distribution.

[Ans: b(i) 0-4 (i) 180 (iii) 7-7460]

18



12. The cumulative distribution of a continuous r-v X is such that:

0 , X <1
0-5(x2—2x+1) , 1 <X <2

Bx +2x°-3-5 , 2 <x <3
1 , X> 3

F(x) =

Find:
(i) the values of B and A. Hence sketch F(x)
(i) P(1-5 <X <2-5/X >2)
(iii) the p-d-f of X and sketch it. Hence deduce the mean, mode and median

[Ans: ()3, =05 (i) 0-75 (iii) 2,2, 2]

13. A continuous r-v X has the following p-d-f.

K(3—X) , 1<x<2

B Kk , 2<xX<3
=V kx-2) | 3<x=<4
0 , otherwise

(a) Sketch f(x), hence deduce the mean and median of X.
(b) Find:

(i) the value of K.

(ii) P(X 23-5/3< X<4)

(iii) the 80" percentile of X.

[Ans: (a) 25,25 b(i) 0-25 (ii) 0-583 (iii) 3-5492 ]
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14. The time, T, taken to complete a certain task can be modeled as in the diagram
below, where t is the time in minutes.

f(t) 4

B+

~+V

10
Determine the:

(i) value of B

(i1) equations of the p-d-f

(iii) E(T)

(iv) probability that the task will be completed between 4 and 7 minutes.
(v) probability that the task will be completed in less than 2 minutes

[Ans: (i) 0-2 (iii)5 (iv) 05 (v)0-08]

15. A r-v X is uniformly distributed with variance 6-75 over the interval
3 < x < b.Find:
(i) the value of b.
(ii) the p-d-f of the distribution.
(iii) P(5 <X <9/X >7)

[Ans: (i) 12 (i) 0-4 ]
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16. A r-v X is uniformly distributed over the interval [a, b].
(a) State the p-d-f of X and sketch it.
(b) Show that:

(i) the mean of X is %b

(b — a)?

(ii) the variance of X is 1

(iii) the median of X is %

(c) Find the cumulative distribution function of X and sketch it.

17. A r-v X has the following cumulative distribution function

0 . X< a
F(X):éig , a<x<bh
1 X >Db

(a) Sketch F(x)

_ a2
(b) Find the p-d-f of X. Hence show that the variance of X is (bTa)

18. A r-v X is uniformly distributed with lower quartile 5 and upper quartile
9 in the interval [a, b]. Find the:
(i) values of a and b.
(i) P(6X<LT)
(iii) probability that X lies within one standard deviation of the mean.
(iv) cumulative distribution function of X.

[Ans: (i) 3, 11 (ii) 0-125 (jii) 0-5774 ]
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19. The p-d-f of ar-v X is given by:

1
fx) = | 5 , 0 <x <h
0 . otherwise

(i) Identify the distribution
(i) Find P(| X - p/< o) where p and o is the mean and standard deviation
of X respectively.
[Ans: (ii) 0-5774 ]

20. The life time in years of a battery is known to be uniformly distributed with
mean 4 and variance% , Issued with a three years guarantee. If two such
batteries are picked at random, find the probability that both will be replaced
under the guarantee.

[Ans: (i) 0-0625 ]

21. A r-v X has the following p-d-f.

a
f(x) = 3xT , 0<x<1
0 , otherwise

Find the:

(i) value of a.
(if) median of X.

[Ans: (i) 2 (ii) 0-7937 ]
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22. A r-v X has the following cumulative distribution function

F(X) =

Find:
(i) the value of .

(i) P(X < 2)

(iii) the p-d-f of X

0 . X< 0

i(x4— 8x° + |3x2), 0<x<4
32
1 ., X >4

(iv) the mode of the distribution

[Ans: (i) 18 (ii) 0-75 (iv) 1]

23. The cumulative distribution of a continuous r-v X is such that:

F(X)

Find:

0 , X <0
0-25x? . 0<x<1
pX+a , l<x<2
0-256-x)(x-1), 2 <x <3

1 , X>3

(i) the values of gand a.

(i) P(3<2X<b)

(iii) the p-d-f of X and sketch it.

(iv) the mean, p of X.

[Ans: (i) 0-5, =0 -25 (ii) 0-4375 (iv) 1.5]
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24. A continuous r-v X is distributed as follows:
PX>x)=a +83 , 0<x<3
(i) Find the values of gand .

(i1) Show that E(X) = 2-25, and find the standard deviation o of X.

[Ans: (i) 1, =1 (i) 0-581]

27
25. The p-d-f of r-v X is given by
f(X) _ ,BX(].G—XZ) , 0<x<4
0 , otherwise
Find the:
(i) value of B
(it) mode of X

(iii) mean of X

[Ans: (i) 6_14 (ii) 2-3094 (iii) %]

26. A r-v X is uniformly distributed over the interval [2, 6]. Find
(HP(X >2-9/X £3.5)

(i) the variance of X

[Ans: (i) 0-4 (ii)% ]
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27. A continuous r-v X has the following p-d-f.

2—4x , 0<x<0-25
1 0-25 <x <0.5
f(x) = ’
M) =1 4x_1 | 0.5<x<0.75
0 . otherwise

(a) Sketch f(x), hence deduce the mean, p and median of X.
(b) Find:
(1) the cumulative distribution function of X.

(ii) P(X - p| < 0-2)

[Ans: (a) 0-375, 0-375  Db(ii) 0-4225 ]

28. The cumulative distribution of a continuous r-v X is such that:
0 , X <1
1_12(x ~1)? . 1<x<3
L(lax—x*-25) , 3<x<7
1 OX> 7

Find:
(i) P2-:8 <X <5-2)
(i) the median of X
(iii) the p-d-f of X and sketch it.
(iv) the standard deviation of X.

[Ans: (i) 0-595 (i) 3-45 (iv) 1-2472 ]
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29. The number of boats X crossing a river is uniformly distributed between 30
and 110 boats. Find the:
(i) probability that at least 90 boats cross the river.
(i) expected number of boats to cross the river.
(iii) standard deviation for the number of boats to cross the river.
(iv) probability that X lies within one standard deviation of the mean.
(V) upper quartile for the number of boats to cross the river.
(vi) 25" percentile for the number of boats to cross the river.
(vii) cumulative distribution function of X and sketch it.

[Ans: (i) 0-25 (ii) 70 (iii) 23-094 (iv) 0-5774 (V)90 (vi)50 ]

30. The p-d-f of r-v X is given by

f(x) = {ﬂx(3x—x2) , 0<x<3
0 ,  otherwise
Find the:
(i) value of B
(i1) mode of X

(iii) mean of X

[Ans: (i) 45~ (ii) 2 (iii) 18]
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31. The p-d-f f(x) of a r-v X takes on the form shown in the sketch below:

f(x)u

28T
I
I
I
I

0 2 4 7 X
Find the:
(i) value of g

(i) equations of the p-d-f
(ii1) median of X.
[Ans: (i) 0-2 (iii) 4-2614 ]
32. The weekly demand for petrol X in thousands of units at the petrol station

Is given by the p-d-f
£(x) = {ﬂx(,lo—x) , 0<x<1

. otherwise

(i) Given that the mean weekly demand is 625 units, find the values of

Band A. Hence obtain the mode of X.

(i) If every week the petrol station stocks 750 units of petrol, find the
probability that in a given week the petrol station will be unable to
meet the demand for petrol.

(iii) Find the amount of petrol that should be stocked in order to be 85-05%

certain that the demand for petrol in that week will be met.

[Ans: (i) 1.5, 2 (ii) 0-3672 (iii) 900units ]
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33. Ar-v X has the following p-d-f.

f(x) =

Find:

(i) the value of a.

L — < <
3 (x+a) , —a<x<0
1 _

33 (2a-x) , O<x < 2a

0 . otherwise

(ii) the expressions for P(X < X)and sketch it

(iii) the median of X.

(iv) P(X <1-5/X>0)

[Ans: (i) 1 (iii) 0-2679 (iv) 0-9375 ]

34. A r-v X has the following p-d-f.

f(x) =

Find:
(i) the value of a.

(i) P(X < 0)

1 _g <x <

3a(x+2) , —a <x <1

%(Z—X) , 1l<x<a
0 , otherwise

(iii) the lower quartile of X.

[Ans: (i) 2 (iii) 14 (iii) -0-2679]
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35. A continuous r-v X has the following p-d-f

f(x) = ASINX | 0 <x s T
0 , otherwise

Find:
(i) the value of 4.
(ii) P(x > %)
(iii) the median of X.

[Ans: () 05 (i) 0-75  (iii) Z- ]

36. A continuous r-v X has the following p-d-f

A(1—cosx) , 0<x <7,
f(x) = Asinx T, <X<®m
0 : otherwise

(a) Find:

(i) the value of 4.

(i) P(B <X < 4 j
(b) Show that the mean, 1 of the distribution is 1 + %

[Ans: (i) % (i) 0-6982 ]
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37. A r-v X has the following p-d-f.

Acosx , 0<x< 4
— i T < <T
f(x) isinx 1= <x< 5
0 . otherwise

Find:

(i) the value of 4, hence sketch f(x).

(i) P(X > /O <X < 3)

(iii) the mean of X.
[Ans: (i) @ (i) 0-2265 (iii) % ]

38. The cumulative distribution of a continuous r-v X is such that:

0 , Xx<0
sin“'x , 0<x<1
F(x) = A
Jtan™x |, 1<x <3
1 . x> 43
(a) Find:
(i) the values of A and B.

(i) P(0-5 <X <1:5)
(iii) the p-d-f of X.

(b) Show that the mean, | of the distribution is 2_?1,':[1 + In2]

[Ans: (i) % % (ii) 0-6885]
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39. A r-v X has the following cumulative distribution function.

0 , X <1
2 _
F(x) = Pxc—=x) , 1 <x <2
Z(x2+x) , 2 <X <3
1 ., X> 3
Find:
(i) the values of A and p.

(ii) the p-d-f of X
(iiii) the mean, [ of X.
(iv) P(X - p| < 0-5)
[Ans: () 31,, 1 (ii) 20556 (iii)0-5412]

40. The p-d-f of a r-v X is given by:

A
—_— . 0<x<1
f¥) =1 x24 1
0 , otherwise
Show that the:
. 4
(i) value of A =
.. 1 1
n P X>=|==.
CL TS IRt
_2In2
(iii) E(X) = Sl
n

(iv) median of the distribution is tan 3
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41. The cumulative distribution of a continuous r-v X is given by:

0 , X<0
F(x) = { ftan™x , 0 <x < /3
1 , X >+/3
(a) Find:
(i) the value of .
(i) P(X>1)
(b) Show that the:

(i) median of X is tan%.

(i) 75" percentile of X is tan%.

(c) By stating the p-d-f of X, show that E(X) = w.
T

42. The times of arrival of a bus at its stage are uniformly distributed between the
interval 9:00am to 2:00pm. Find the:
(i) mean and variance of the bus’s time of arrival

(i) probability that the time of arrival does not exceed 1:00pm.
[Ans: (i) 11:5h, 23/, (iii) 0-8]
43. A r-v X is uniformly distributed over the interval [a, b].
(a) State the p-d-f of X and sketch it.

(b) Show that the lower quartile of X is w and the upper is a+T3b.
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44, A r-v X has the following p-d-f

PX , 1 <x <3
f(x) =2 A4—x) , 3 <x <4
0 , otherwise
(a) Sketch f(x)
(b) Find:

(i) the values of BandA

(i) the mean of X
(iii) P(B<X £ 4/X >2)

[Ans: b(i) 271, &/, (ii) 24848 (iii) 0-375]

45. A continuous r-v X has the following p-d-f.

%—% , 2<x<3

f(x) = A , 3<x<5
2+ px , S5 <x <6
0 ,  otherwise

(a) Find the values of 2and f8
(b) Sketch f(x), hence deduce the mean, p of X.
(c) Find the:
(i) variance of X.
(i1) E(3X) and Var(3X)
[Ans: () 14, —14 (0)4 c(i) 10% (i) 12, 151.5]
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46. The mass X kg of maize flour produced per hour is modeled by a continuous

r-v whose p-d-f is given by:

.I:(X) _ 1(4—X2) , 0<X 32
0 . otherwise

(a) Find the:
(i) value of 4

(i) mean mass produced per hour
(b) Given that maize flour is sold at £ 8 per kg and the cost of running the
production is £ 1 per hour, find the:
(1) expected profit per hour.

(ii) probability that in an hour the profit will exceed £ 11.

[Ans: a(i) 316 (ii)% b(i) £5 (ii) 0-0859 ]

47. A r-v X is uniformly distributed over the interval a< X <b. Given
that X is distributed with mean 9 and variance 12, find:
(i) the values of a and b.

(ii) P(X<10)
[Ans: (i) 3, 15 (i) 7{, ]

48. A r-v X is uniformly distributed over the interval [a, b].

(a) State the p-d-f of X and sketch it.

Xo= X

(b) Show that P(x, <X <X,) = oa
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49. A continuous r-v X has the following p-d-f

X(3— X) , 0<x<2
f(x) =7 A4-x) 2<x<4
0 , otherwise

Find:
(i) the value of 4.
(i) the mean of X.
(iii) the cumulative distribution function of X.

(iv) P(1< X < 3)
[Ans: (i) 1_?% (i) 1.75  (iv) 0-6875 ]

50. The lifetime X in years of an electric bulb is a r-v X with the following p-d-f

f(x) = { AX(5- %) , 0<x<5
0 : otherwise
(a) Find the:
(i) value of 4.
(if) mean of X.

(b) If two such new bulbs are sold, find the probability that:
(i) both bulbs fail to work within one year.

(i) only one bulb works for more than three years.

[Ans: (a) (i)l_g5 (i) 25 (b) (i) 0-0108 (ii) 0-4562 ]
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51. A uniformly distributed r-v X has the following p-d-f f (x):

A

y
y= f(x)
11
4
1 g
Find the:
(i) value of k

(i1) equations of the p-d-f of X
(iii) variance of X
[Ans: ()5 (i) % 1
52. The cumulative distribution function of a continuous r-+v X is illustrated as

follows:

»

F(X).
1__

2 6 x—axfs
Find:

(i) the p-d-f of X and sketch it.
(ii) the mean and variance of X.

(iii) P(X=3 /X< 5)

[Ans: (ii) 4, % (iii) %]
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TOPIC 6: NORMAL DISTRIBUTION

A normal distribution is one of the most important distributions in statistics.
Many measured quantities in natural Sciences follow a normal distribution. It
is a special kind of continuous random variable with a pdf givenas f(x) =

~(x-4) ;=00 < X < +00

20?2

1
oN2r

0 :elsewhere

If X is normally distributed then we write X~N (u, %) where u =

mean and o is the standard deviation. The distribution above gives the
variance o2 rather than the standard deviationo. The general curve of the
normal distribution

— 00 H + 0
The normal curve has the following features.

e Itis bell shaped
e [tis symmetric about the mean, y
e [textends from —oo to +o0

. 1 1
¢ The maximum value of f(x) is =

e The total area under the curve is 1
e The x-axis is an asymptotic to the curve

Finding probabilities

In order to determine probability P(x, < X <x,), It would be required to

compute the integral, _f f (x)dx. But because of the difficulty experienced in

X
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evaluating this we can reduce this amount of work by using a standard normal
variable Z where Zzg. This curve will still follow the same shape but now
symmetric about the y-axis so that its mean is 0 and the standard deviation is
1

Therefore if X~N(u, 02) then Z~N (0, 1%). For us to determine, P(x, < X <X, ),

we shall have to standardize x, and x,. Here we have

z, :%and z, = Xz;’u such that P(x, < X <x,)=P(z,<2<12,)

Such that P(x, <x<x,)=P(z,<z2<2,)

Reading the normal distribution tables (How to determine probability)

The value of the normal distribution is first standardized using z = X=u

o

From the curve above the area under the curve is 1
A+A =1 OR A=A=05

Note: The area on the left of the line of symmetry is 0.5 and that on the right is
also 0.5. We have to use strictly UNEB tables
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Note:

i)  Theshaded area shows P=P(0<z<z,)
ii) Q=P(z>z,)=05-P0<z<z,)

Example 1:
Given that the standard normal variable z, find:

i)  P(z<1.09)

ii) P(z<-0.22)

iii)  P(z>-1.54)

iv) P(-234<z<234)

Soln:
i) Since the variable is already standardized, no need to standardize
again.

0 109

P(z <1.09)=0.5+P(0< z <1.09)= 0.5+ 0.3621 = 0.8621

ii) P(z<-0.22)
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iii)

N\

-0.22

By symmetry P(z <-0.22)=P(z > 0.22)

Y

P(z >0.22) =0.5— P(0 < z <0.22) = 0.5—0.0871 = 0.4129

P(z>-154)

-1.54 0 g

P(z >-1.54)=05+P(-1.54 <z <0)=0.5+P(0 < z <1.54), by symmetry

=0.5+0.4382 = 0.9382
P(-2.34<2<2.34)

-2.34 0 234

P(-234<2<234)=P(-234<2<0)+P(0<z<2.34)
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= P(0 < z<2.34)+ P(0 < z < 2.34) By symmetry
=2P(0 < z < 2.34) = 2(0.4904) = 0.9808

Example 2:
A random variable X is normally distributed with mean 3 and variance 9.
Determine:

i) P(x>0)
ii) P(<x<5)

Soln:
i) X~N(,u,0'2):>x~N(3,9),,u:3,and,0:\/§

P(x>0)= P(z > %) =P(Z >-1)=0.5+0.3413=0.8413

2—3<Z<5—3j
V9 V9

=0.1304+0.2477 =0.3781

ii) P(2<X<5)= P( =P(-0.333<Z < 0.667)

Example 3:

The life time of batteries produced by a certain Company is approximately
normally distributed with mean time of 160 hours and Variance of 900 hours®.

a) Calculate the:

i) Probability that the battery chosen will run for not less than 135
hours.

ii)  Percentage of batteries with in a life time between 150 and 180
hours.

b) If a radio takes three of these batteries and requires all of them to be
working , what is the probability that the radio will run for at least 135
hours.

Soln:
a) u=160, o* =900Let X ~ N(160,900)
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i) P(X >135)= P(Z > 13\5/%6()} = P(Z > -0.833)
0830 /
—0.5+0.2975=0.7975
i)  P50< X <180)= P(150—160 <7< 1809;)160j

P(~0.333<Z <0.667)=0.1304 +0.2477 = 0.3781

The percentage required=0.3781x100 = 37.81%
b) It gives a binomial distribution
n=3, p=P(X >135)=0.7975,q = 0.2025,x = 3

Then P(X =3)= @(0.7975)3 (0.2025) = 0.50737

Use of tables to find Z value when given probability
We may be interested to find the Z-value when given probability. It is
required to note that the Z-value may be positive or negative.

The value Z can be read off from the normal in two ways.

a) Using critical points from the normal distribution
Given the distribution below

0 Z,

Below is an extract from the table for critical points of the normal
distribution;
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P Q y/
0.00 0.50 0.000
0.05 0.45 0.126
0.10 0.40 0.252

For P(0<Z<Z0)=0.05, here P=0.05 and Q=0.45 and therefore the Z-
value is 0.126

For P(Z<Z0)=0.05, here from the tables, P=0.05 and Q=0.45 by
symmetry. But since 0.05<0.5, the Z-value is negative

by symmetry
0.05 0.05

0

The Z-value, Zo=-0126. But since 0.05<0.5, therefore the value is
negative
b) Using cumulative normal distribution, P(Z). Here we find the anti-Z of
probability

Example:

Suppose P(0<Z<Z0)=0.05. From the tables, 0.05 we look for exactly this
value but if it does not exist we the immediate less. From the tables 0.05
lies between 0.0478 and 0.0517, the immediate less is 0.0478 and it
corresponds to 0.120. So when we consider the row for ADD, the exact
value we could add to 0.0478 to get 0.05 is 22, but it is not there so we
can roughly consider adding 24 which corresponds to 6

Hence the Z-value corresponding to 0.05 is 0.0502

Worked examples:

Example 4:

A random Variable X is normally distributed where P(X>9)=0.9192 and
P(X<11) =0.7580. Find the;

i) The values of the mean and standard deviation

ii) P(X>10)
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Solution:
i) P(X>9)=0.9192

P(Z > 9"‘} 09192 Let 7, = 2=#
(o2 (o2

P(Z >Z,)=0.9192

0.9192

0.0808

2z

N

4

Z;

0.5+P(Z,<Z <0)=0.9192
P(Z,<Z <0)=0.4192

Z, =-1.400
9-H_ 44
o
O9=—140+ tieciiriiiiiicii (1)

P(X <11) =0.7580
Pz <11H) _p(z <2,)=0.7580
(o2

0.5+P(0<Z<Z,)=0.7580
P(0<Z <Z,)=0.2580

0.7580

From (ii)-(i) we get o =0.9524
From equation (i) x=9+1.40 =10.3334
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10-10.3334
0.9524
=0.5-P(0<Z <0.350) =0.3632

P(X >10)= P(Z > ): P(z > 0.350)

ii)

Example 5:

The speeds of cars passing a certain point on a motor way can be taken to be
normally distributed. Observations show that of cars passing the point 95%
are travelling at less than 85km/hr and 10% are travelling at at less than
55km/hr. Find the mean and standard deviation of the speeds of the cars.

Solution:
Let X be the speeds of cars

P(X <85)=0.95, P(z < 85_‘”) - P(z <2,)=0.95
O
05+P(0<Z<Z)=095
P(0<Z<Z,)=045

Z,=1.645

85— u
o
85— 1 =1.6450......cccccoiiriiiiiin )

=1.645

P(X <55)= P(Z <= |=

05-P(Z,<Z<0)=0.1
P(z,<Z<0)=04

Z,=-1.282
-4 _ 4 ,g)

O
55 = —1.2820 + Levvvverroerreeesesseesseesesseeseeees (ii)

Equation (i) - (ii) gives;
o0 =10.249

From equation 1
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41 =85-1.6450 =68.140

Normal approximation to binomial distribution

The normal approximation is used to approximate a binomial distribution
when;

i) The number of trials of a binomial experiment is large i.e n>20
ii)  The probability of a success is constant and close to 0.5

If x is a random variable following a binomial distribution, then E(X)=np
and Var(X) =npq

The Z- value corresponding to such a value of X is

+0.5)- o : : :
7= wwhere 0.5 is a continuity correction value. i.e It is a value
npq

that transforms a distinct variable into a continuous variable.
Example:
Between two values inclusive= P(X, < X < X,)= P(X, -05< X < X, +0.5)
More than = P(X > X,)= P(X > X, +0.5)
At most = P(X < X,)= P(X < X, +0.5)
Atleast= P(X > X,)= P(X —0.5)
Between= P(X, < X < X,)=P(X, +0.5< X < X, —0.5)
Example 6:
A fair coin is tossed 100 times. Determine the probability of obtaining

i) At most 53 heads

ii)  Atleast 45 heads

iii) Between 46 and 54 heads
Solution
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Let X be the variable for obtaining a head

1 1 1 1 1
=—and g== u=np=100x==50,0% =100x = x = =25
p=Zandq=x=np p ~ 09 2% 2

53.5-50

i) P(X <53)= P(X <53.5)=P(Z < )=P(Z <0.7)=0.5+0.2580 = 0.7580

=P(z>-11)

P(X >45)= P(X >445)= P(Z > Mj

i)
= 0.5+0.3643 = 0.8643

46.5-50
—<

z

P(46 < X <54)= P(46.5< X <53.5)= P( < 53-5—50)

iii) 5

P(-0.7<Z <0.7)=2x0.258 = 0.516

SAMPLING AND ESTIMATION

In statistical inquiry, we often need information about a particular group. This
group is known as target population. It could be small large or even infinite.
Population does not necessarily mean people, but can mean cans of soft
drinks, pages in book, etc

Sample statistics:

When you are trying to find out information about a population, it seems
sensible to take random samples and then consider values obtained from
them to carry out some analysis.

Distribution of sample mean of a normal distribution:

Suppose X, X,,........ , X, of a sample size, n, is taken from a large population

whose mean is x and variance ¢?, then the distribution of the sample mean X

2
is said to be normally distributed with mean , and variance UT' hence the

sample standard deviation is

s
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X-u

2

If X~ N(,u,az), then X ~ N(y,%}, the Z-value, Z=

o

Example 7:

The drying time of newly manufactured pain is normally distributed with
mean 110.5 minutes and standard deviation of 12 minutes.

a) Find the probability that the paint dries between 104 and 109 minutes
b) If a random sample of 20 tins of paint was taken, find the probability
that the mean drying time of the sample is between 108 and 112

minutes
Solution:
a) P(104< X <109)= P(% <Z< WJ

=P(-0.542 < Z <-0.125)= P(0 < Z < 0.542)— P(0 < Z < 0.125)
=0.2061-0.0498=0.1563

2
b) X - N[110.5, 3]
20

108-110.5 112-1105

P(L00< X <112)=P| =50 < Z < =255 | = P(-0.982.< Z < 0.559)
J20 J20

=0.3243+0.2119=0.5362
UNBIASED ESTIMATES OF POPULATION PARAMETERS

Suppose we don’t know the value of a particular parameter of the distribution
e.g mean, variance. It seems sensible that you will take a random sample from
the distribution and use it to estimate the value of the unknown parameter of
the population. This estimate is unbiased if the average of a large number of
values taken is the same way the true value.

Ways of estimating unbiased estimates
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a) Point estimate of the population parameter.

. . . A X
The best unbiased estimate of the population meanis y =X = ZT

A2
The best unbiased estimate of the population variance is & where
2

h n
o)

n-1

R, o

b) Interval estimates
Another way of using a sample value to give a good idea of an unknown
population parameter is to construct an interval known as the
confidence interval. A confidence interval is an interval that has a
specified probability of including the unknown parameter.
Note: The wider the confidence interval the more we are confident that
the given interval contains the unknown parameter.
Recall that for a random sample of size, n, such that X ~ N(,u, 02),

S? where S?is the sample variance.

2
X ~ N(y,% J For 95% confidence interval, you need to find the values

of Z between which the 95% distribution lies where Z= X4

o

Where «, is the degree of confidence interval.

The (1- )% confidence interval for mean is given by,
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Confidence interval = {)T ~z, 2

- o
— , X+Z,—|,
2‘/H 2‘/3}

Where X -7 -2 =lower limit

Jn

N R

X +7, -2 =upper limit
5N
2

Note:

e The width of the confidence interval is given by 2/ z_ -2 | and [ij is
5 n Jn

the standard error of the mean.

e If the variance of the population is not given, but we have that of the
A2
sample we can use the unbiased estimate of the population variance, o .

Assignment 5.1.8:

1. The marks scored in an examination were found to be normally
distributed with mean of 53.9 and standard deviation of 16.2. 20% of
the candidates who sat the examinations failed. Find the pass mark for
the examination.

2. Given that X~N (y,0?) such that P(X >200)=0.01and P(L65< X < 200)=0.76
. Determine the values of zando.

3. A biased die with faces labeled 1,2,2,3,5 and 6 is tossed 45 times.
Calculate the probability that 2 will appear:
i) More than 18 times
ii)  Exactly 11 times

4. On average 15% of all boiled eggs sold in a restaurant have cracks. Find
the probability that a sample of 300 boiled eggs will have more than 50
cracked eggs.
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CUMULATIVE NORMAL DISTRIBUTION Pf7) ADD
K 0 1 2 3 4 5 6 7 B 9 |1 2 3[4 5 6|7 8 8
0.0 | 00000 0040 0OBO 0120 | 0160 0199 0233 | 0279 0319 0350 |4 8 12 | 16 20 24 | 28 32 36
0.1 00398 (0438 0478 0517 | 0557 0506 0536 | 0675 0714 O753 |4 8 12 |16 20 24 |28 32 36
0.2 | 0.0793 0832 0871 0910 | 0948 0987 1026 | 1064 1103 1141 |4 8 12 |15 19 22 |27 31 35
03| 01179 1217 1255 1293 | 1331 1368 1406 | 1443 1480 1517 |4 8§ 11 |15 19 22 |26 30 34
04| 0.1554° 1591 1628 1664 | 1700 1736 1772 | 1808 1844 1879 |4 7 11 |14 18 22 |25 29 32
0.5 | 0.1915 1550 1985 2019 | 2054 2088 2123 | 2157 2190 2224 |3 7 10 |14 17 21|24 27 31
0.6 | 0.2257 2291 2324 2357 | 2389 2422 2454 | 2486 2517 2549 |3 6 10 |13 16 19|23 26 29
0.7 | 0.2580 2611 2642 2673 3 6 9|12 15 19|22 25 28
E 2704 2734 2764 | 2794 2823 2852 |3 6 9 |12 15 18|21 24 27
0.8 | 02881 2910 2939 2967 | 2995 3023 3 06 8 |11 14 17|20 22 25
3051 | 3048 3106 3133 (3 5 & |11 13 16|19 22 24
0.9 | 03159 3186 3212 3238 | 3264 3280 3 5 8|10 13 16|18 21 23
3315|3340 3365 3389 |2 5 7 |10 12 15|17 0 22
1.0 | 03413 3438 3461 3485 | 3508 2 5 7|10 12 14|17 19 2
3531 3554 | 3577 3599 3621 |2 4 7 [ 9 11 13|15 18 20
11| 03643 3665 3686 3708 2 4 6|8 1 1315 17 19
3729 3749 3770 | 3750 3B10 3830 |2 4 6 | 8 10 12 |14 16 18
1.2 | 03849 3863 3888 3907 | 3925 2 4 6|8 10 11|13 15 17
3949 3962 | 3980 3997 4015 |2 4 S5 |7 9 11|13 14 16
13| 04032 4049 4066 4082 | 4089 4115 4131 | 4147 462 4177 |2 3 S |6 B 10|11 13 14
1.4 | 04192 4207 4222 4236 | 4251 . 4265 4279 | 4292 4306 4319 |1 3 4 | & 7 8 |10 11 13
15| 04332 4345 4357 4370 | 4382 4394 4406 | 4418 4420 44491 |1 2 4 |5 6 7 |8 10 11
1.6 | 04452 4463 4474 4484 | 4485 4505 4515 | 4525 4535 4545 |1 2 3 |4 5 6|7 8§ 9
1.7 | 04554 4564 4573 4582 | 4561 4599 4608 | 4616 4625 4633 |1 2 3 |3 4 5|6 7 8
1.8 | 04641 4649 4656 4664 | 4671 4678 4585 | 4693 4699 4706 |1 1 2 |3 4 4|5 6 6
19 | 04713 4719 4726 4732 | 4738 4744 4750 | 475 4761 4767 |1 1 2|2 3 4|4 5 8
2.0 | 04772 4778 4783 4788 | 4793 4798 4803 | 4808 4812 4817 |0 1 1|2 2 3 (3 4 4
21 | 04821 4826 4830 4834 | 4838 4842 4846 | 4850 4854 4957 [0 1 L | 2 2 21013 3 4
2.2 | 04861 4B64 4868 4871 | 4BF5 4878 4881 | 4884 4687 4890 |0 1 1 |1 2 2|2 3 3
2.3 | 04893 4806 4808 4001 | 4004 4006 4909 | 4911 4913 4916 |0 0 1 |1 1 2|2 32 32
24 | 04918 4920 4922 4025 | 4927 49290 4931 | 4932 493¢ 4936 |0 © 1 |1 1 1|1 z 2
2.5 | 04938 4940 4941 4943 | 4945 4946 4948 | 4949 4951 4952
2.6 | 04953 48955 4956 4957 | 4850 4060 4961 | 4962 4963 4964
2.7 | 04965 4966 4967 4968 | 4960 497C 4971 | 4972 4973 4974
2.8 | 04974 4975 4976 4977 | 4977 4978 4979 | 4979 4980 4981
29 | 04981 4982 4982 4983 | 4984 4984 4085 | 4985 4986 4986
3.0 | 04987 4990 4993 4995 | 4997 4998 4998 | 4999 4999 5000

The table gives P(z)= [ " {2)dz

If the random variable ¥ is distributed as the standard normal distribution N(0,1) then:
1. Plo<Z<z,)=P(Shaded Area) &(z)
2. PZ=Z)=0Q=%-P

3. &> |Z)|)=1-2P=20Q
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NORMAL DISTRIBUTION N(0,1) & (Z) SUBTRACT
z [ 1 2 3 a s 6 7 8 9 |1 2 3]a 5 67 8 o
0.0 | 03989 3989 3989 3988 | 3986
39084 3982 | 3980 3977 3973 |o 1 1|1 1 2|2 2 3
0.1 0.3970 3965 3961 3956 3951 0 1 1 2 2 3 3 4 4
3945 3939|3932 3925 3918 |1 1 2|3 3 a|s 6 6
0.2 | 03910 3902 3894 3885 | 3876 1 2 3|4 a4 s|le 7 s
3867 3857 | 3847 3836 3825 |1 2 3|4 5 7|8 9 10
0.3 0.3814 3802 3790 3778 3765 1 2 4 5 6 7 8 10 11
3752 3739 3725 3712 3697 1 3 4 6 7 8 10 11 13
0.4 | 03683 3668 3653 3637 | 3621 3605 3589 | 3572 3555 3538 [2 3 S5 | 6 8 10|11 13 14
0.5 | 03521 3503 3485 3467 | 3448 3429 3410 | 3391 3372 3352 [2 4 6 | 8 10 11 |13 15 17
0.6 0.3332 3312 3292 3271 3251 3230 3209 3187 3166 3144 2 4 6 8 10 13 15 17 19
0.7 | 03123 3101 3079 3056 | 3034 3011 2989 | 2966 2543 2920 |2 5 7 | 9 11 14|16 18 21
0.8 0.2897 2874 2850 2827 2803 2780 2756 2732 2709 2685 2 s 7 10 12 14 12 19 22
0.9 0.2661 2637 2613 2589 2565 25491 2516 2492 2468 2444 2 s 7 10 12 14 |17 19 22
1.0| 02420 2396 2371 2347 | 2323 2299 2275 | 2251 2227 2203 |2 S5 7 |10 12 14|17 19 22
11| 02179 2155 2131 2107 | 2083 2059 2036 | 2012 1989 1965 |2 5 7 |10 12 14|17 19 22
1.2 | 01942 1919 1895 1872 | 1849 1826 1804 | 1781 1758 1736 |2 5 7 | 9 12 14|16 18 21
1.3 0.1714 1691 1669 1647 1626 1604 1582 1561 1539 1518 2 4 7 9 11 13 1S 18 20
1.4 0.1497 1476 1456 1435 1415 1354 1374 1354 1334 1315 2 4 6 8 10 12|14 16 18
1.5 0.1295 1276 1257 1238 1219 1200 1182 1163 1145 1127 2 4 6 8 9 11 13 15 17
1.6 0.1109 1092 1074 1057 1040 1023 1006 0989 0973 0957 2 i S 74 8 10 12 14 15
1.7 0.0940 0925 0909 0893 0878 0863 0848 0833 0818 0804 2 3 5 6 8 9 1'11 12 14
1.8 0.0790 0775 0761 0748 0734 1 3 4 6 7 8 10 11 13
0721 0707 0694 0681 0669 1 3 < 5 7 8 9 10 12
1.9 | 0.0656 0644 0632 0620 | 0608 0596 0584 | 0573 0562 0551 |1 2 4 | s 6 7 |8 10 ‘11
2.0 | 0.0540 0529 0519 0508 | 0498 0488 0478 | 0468 0459 0449 |1 2 3 |4 5 6|7 8 9
2.1 | 00440 0431 0422 0413 | 0404 0396 0387 | 0379 0371 0363 |1 2 3 |4 4 s |6 7 8
2.2 0.0355 0347 0339 0332 0325 0317 0310 0303 0297 0290 1 1 2 3 4 < S 6 6
23 0.0283 0277 0270 0264 0258 0252 0246 0241 0235 0229 1 1 2 2 3 4 4 5 S
2.4 0.0224 0219 0231 0208 0203 0198 0194 0189 0184 0180 o 1 1 2 2 3 ) 4 4
2.5 0.0175 0171 0167 0163 0158 0154 0151 0147 0143 0139 0 1 1 2 2 2 3 3 49
2.6 0.0136 0132 0129 0126 0122 0119 0116 0113 0110 0107 0 1 3 1 2 2 2 2 3
2.7 0.0104 0101 0099 0096 0093 0091 0088 0086 0084 0081 0 1 A, 1 1 2 2 2 3
2.8 | 0.0079 0077 0075 0073 | 0071 0069 0067 | 0065 0063 0061
2.9 | 0.0060 0058 0056 0055 | 0053 0051 0050 | 0048 0047 0046
3. 0.0044 0033 1 2 3 4 s 6 7 8 9
0024 0017 1 1 2 2 3 4 4 S 5
0012 0009 0006 0004 0003 0002

The functions tabled are:
b (D= J(-zln—)cxp (M 22), where ¢ (2) is the probability density of the standardized normal distribution N(0,1)

CRITICAL POINTS OF THE NORMAL DISTRIBUTION “Z,

s [] H L (] z r [4] 3
.00 .50 0.000 .460 .040 1.751 490 .010 2.326
.05 .45 0.126 .462 .038 1.774 491 .009 2.366
.10 .40 0.253 464 .036 1.799 492 .008 2.409
.15 .35 0.385 466 .034 1.825 493 .007 2.457
.20 .30 0.524 .468 .032 1.852 494 .006 2.512
.25 .25 0.674 .470 .030 1.881 495 .005 2.576
.30 .20 0.842 472 .028 1.911 496 .004 2.652
.35 - .15 1.036 474 .026 1.943 497 .003 2.748
.40 .10 1.282 476 .024 1.977 498 .002 2.878
.45 .05 1.645 .478 .022 2.014 499 7 .001 3.090
.450 .050 1.645 480 .020 2.054 4995 .0005 3.261
452 .048 1.665 482 .018 2.097 4999 .0001 3.719
454 .046 1.685 484 .016 2.144 .49995 .00005 3.851
456 .044 1.706 486 .014 2.197 49999 .00001 4.265
458 042 1.728 ~ 488 .012 2.257 499995 .000005 4.417
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TOPIC 2: Correlation and scatter graphs

Correlation is the relationship between two variables. The measure of the
degree of the relationship between two variables the is correlation coefficient

Scatter graphs:

[s a graphical representation of two variables for a given set of data.

Types of correlation

a) Positive/direct correlation (A): If one variable, x, increases as the other,

y, increases, or, as x decreases, y also decreases then the relationship
between the two variables is said to positive.

b) Negative / inverse correlation(B): If one variable, x, increases as y

reduces, or, x reduces as y increases then the relationship between two
variables is said to be negative

Zero/no correlation (C ): If an increase or decrease in one variable does
not affect the other, then the variables are said to have a zero
correlation.

. y y
Y TA X B % .
x B X x
X . X X X x g B s
x x «
x x x
x
" x x x x %
X X X
Line of best fit

This refers to a line through a scatter plot of data points that best
expresses the relationship between these points. To draw this line the
following steps are followed:

i) ZY

Find the mean point M(X,Y), where X = and Y =

2%

Where n is the number of pairs of Xand Y
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ii)

Draw the line through the mean point ensuring that there are
equal points left on either side of the line
Rank correlation coefficient:
[t is the measure of the degree of the relationship between two
variables. It is determined on the basis of ranks. There many
correlation coefficients. Spearman’s correlation coefficient is
more preferred.
Itis given by
1 6> d?

P e )
Where n=number of pairs of the variables
d= difference between the ranks
Interpretation of magnitude of correlation coefficient:
a) Using magnitude and direction

Correlation coefficient comment
0-0.19 Very low
0.2-0.39 Low
0.40 - 0.59 Moderate
0.60-0.79 high
0.80-1.0 Very high

When giving a comment it should have magnitude and direction.
For example if p=+0.7, the comment should be high (magnitude),

positive (direction) correlation.

b) Using level of significance:
After calculating the correlation coefficient, o. , the comment is

made basing on the standard value of significance levels for
correlation coefficient:( use uneb tables)
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Determine the corresponding standard value of
Spearman’s correlation coefficient at either 5% or 1%

level of significance from the tables
Compare the two values. If the magnitude of the

calculated value, |p.|, exceeds the standard value then

correlation is significant otherwise not.

Example 1:
The height (cm) and ages (years) of a random sample of ten farmers are given
in the table below.
Heights, | 156 | 151 | 152 |[160 |146 |157 |149 |142 |158 | 140
x(cm)
Ages,y | 47 38 44 55 46 49 45 30 45 30
years

a) (i) Calculate the rank correlation coefficient
(ii) Comment on your result at 5% level of significance
b) Plot a scatter diagram for the data and comment on the relationship of

the data. Draw a line of best fit
c) Use your graph to find Y when X = 147

Solution:

a)
R, R, d d?
4 3 1 1
6 8 -2 4
5 7 -2 4
1 1 0 0
8 4 4 16
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3 2 1 1
7 5.5 1.5 2.25
9 9.5 -0.5 0.25
2 5.5 -3.5 12.25
10 9.5 0.5 0.25
Ydi=41
i) p=1- nﬁ(nzzli) =1- 10(61;24:) =0.7515

ii)  Since |p.|=0.7515 > |p;| = 0.65, correlation is significant at 5%

Or There is a high positive Correlation between heights and ages.

429

b) X ==/ ==15L1Y =~"==429. Mean point(X,Y )= (151.1,42.9)
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Comment: There is a positive linear correlation between X and Y
c) Y=37,X=147
Assignment 2.1.2
1. The table below shows scores by candidates in ICT and Mathematics.
ICT Fy Pg Ce C, D, Cs Cy Cy

Maths | F E 0] D A E B C
a.) Calculate the rank correlation for the data.
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b.) Test whether the correlation is significant at 5% level of significance.

2. Three examiners X, Y, and Z each marked the scripts of ten candidates who

sat Mathematics examination. The table below shows the examiner’s

ranking of the candidates.

CANDIDATE
EXAMINER A C| D E F | G| H J
X 8 9 2 110 | 1| 7 6 4
Y 6 1 4 7 | 2 |10 9
Z 6 7 | 2 5 4 |1 |10 8

Calculate the coefficient of rank correlation of the rankings between

()XandY
(i) YandZ.
iii)

State with reason whether there is significant difference between
rankings of the three examiners.

3. The course work grades ranging from A to G and examinations marks of 8

candidates are given below.

Course | A B C D E F G H
work

grade

Exam |92 75 63 54 48 45 34 18
mark

(a) Calculate the spearman’s rank correlation coefficient for the two sets of

data

(b) Test whether it is significant at 5% level.
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TOPIC 3: Index numbers

An index number is a statistical measure that shows a change in a variable or
group of variables with respect to time. The period can be in days, week,
months, years. Variables include prices in commodities, wages, salaries, e.t.c

Terms used:

Base year (b): This is a year against which all other years are compared when
getting index numbers.

Current year(c): This is the year for which the index number is being
calculated

Price relative/ relative index numbers:
If P.denotes price of the commodity in the current year and P,, denotes price

of the commodity in the base year, then

Simple relative index/price relative, P, = % x100
b

Example 1: An article was at a cost of 500/=in 1970 and 800/= in 1990.
Using 1970 as the base year, find the price relative in 1990.

Solution
P = %100 =220 100 =160
P, 500

Note: The value is written without a percentage sign because it just a number.
Interpretation: The price of a this article increased by 60%
Example 2:

In 1970, the price relative of the commodity using 1986 as the base year was
112, that of the same commodity in 1996 using 1990 as the base year was 85.
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What would have been the index/ price relative, in1996using 1986 as the
base year.

Let P, —1986, P, —>1990, P, —>1996

P, P

X

_8 12 100-952

Required is 5x1oo = L
P, 100 100

2
P P
A group of commodities

1. Simple price index/Simple average price relative: A single price index
number for a group of commodities can be calculated using the average
of price relatives. i.e
Simple average of price relatives= %
Where Z P. =summation of price relatives, n=number of commodities.

It does not take into account the relative importance of the commodities
2. Simple aggregate price index

P
Simple aggregate price index = z € %100

2R

Where ) P. =summation of prices of commodities in the current year

> P, =summation of the prices of the commodities in the base year

[t does not take into account the relative importance of commodities.
It ignores units of commodities.

Example 3: Given the information below

Commodity | Price inthe | Priceinthe
year 2000 year 2003
A 600 800
B 500 600
c 700 1000
D 1200 1600
E 1000 1500
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Calculate the simple aggregate price index for 2003 taking 2000 as the
base year.

Solution
| . SR
Simple aggregate price index= Z > x100
b
_ 800+ 600 +1000+1600+1500 1375

600 + 500+ 700 +1200+1000

Note: simple average and simple aggregate price index ignore the relative
importance of commodities. Weighing is used to reflect the importance of
each item hence we can use weighted index numbers.

WEIGHTED INDEX NUMBERS
a) The weighted average of price relative= ZZ(:WVI\?)
P.= price relative for each item
W= weight
o]
b) The weighted aggregate price index = 2P x100
> WP,

Example 3:

The table below shows expenditure in a certain home

commodity Cost in shs

Fish(1kg) 1200 1600 4
Beans(1 cup) 800 1200 3
Rice (1kg) 400 500 2
Salt (1kg) 600 300 1
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Calculate:
i) Price relatives for each item for 1998 using 1997 as the base year
ii)  Weighted average of price relatives. Comment on your result
iii) The weighted aggregate of price index
iv)  Ifthe cost of these items in a certain home in 1997 was 1200/= find
the cost in 1998 using the index in iii) above
Solution:
Item Base Curren , _F ,,, Weight wP WP, WP,
price tprice = P (W)
Pb PC
Fish 120 1600 133.33 4 533.32 4800 6400
0
Beans 800 1200 150 3 450 2400 3600
Rice 400 500 125 2 250 800 1000
Salt 600 300 50 1 50 600 300
> w dwp,  D.wk, WR
=10 =1283.32 =8600 =11300
i) Price relatives for Fish=133.33, for beans=150, for rice=125, for
salt=50
. . . . 1283.32
ii)  Weighted average of price relatives= =128.32. The cost of
these items increased by 28.32%between 1997 and 1998
iii) Weighted aggregate price index= 18163(;)(;) x100 =131.395
iv)  Let C be the cost of these items in 1998

C

12000
C =15767.74%

x100=131.395
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Sometimes we are given weights of different periods; the base period
and the current period. In such a case, the methods that can be used
include:

— ZWC Pe

2 WePR,

_TWp,
ZWb R

Paasche aggregate price index x100, where W, is the price in

the current year

Laspeyre aggregate price index , where W, is the price in the

base year.
Note:
¢ In cases where quantities are used instead of weights the
formulas are the same but for weight ‘W’ we use quantity ‘Q’

e Quantity index,Q, = %gc x100
b

e Simple average quantity index= %

»]
e Value index= 2.PQ x100
2. RQ,
Assignment 3.1.3
1. The table below shows the prices of items(in ug shs) durind
2010 and 2011
ITEM PRICE PER kg WEIGHT
IN 2010 IN 2011

A 2400 3600 5
B 1500 1800 2
C 1,200 1500 4

Taking prices in 2010 as the base year calculate the:

i) Price relative for each of the item in 2011, hence obtain
the simple price relative for items in 2011

ii)  Simple aggregate price index for items in 2011
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iii) Weighted average price index for items in 2011
iv)  Weighted aggregate price index for items in 2011

2. The price relatives of items for the tear 2011, 2012 and 2013
based on 2010 are 120, 95 and 110 respectively. Compute the
new price relatives for2010, 2011 and 2013 taking 2012 as
the base year

3. The price relatives for 5 items with their respective weights
are as follows.

Given that the weighted average price index for the items is 127.
Find the:

i) Value of y

ii)  Simple price index for the items

4. The prices of three items and quantities sold for two periods
are as follows:

ITEMS 2012 2013
PRICE QUANTITY PRICE QUANTITY
A 2500 5 3000 3
B 3000 2 3500 4
C 4000 3 5000 3

Using 2012 as the base year, calculate the value index of the
items sold in 2013



Topic 6: LINEAR INTERPOLATION AND
EXTRAPOLATION

This is used to estimate values of a function by use of gradient method. If we
are to locate a value which is not tabulated but lies within or outside two
successive values x1 and Xz, we can use gradient approach to determine the
unknown. Consider a function y = f (x) with three close points; A(x,, y,), B(X,, Y,)

and C(x,,Y,). Ifline AC is approximated to be a straight line then from the

graph below the method of gradient can be used.

y

Y£f(X)

Ys Lo _____

Yo 4

Vi |-

X-—-———— - —_ —_—— — =

By equating correct gradients we get Ya= ¥ _ Yo~ Wi
X; =X, Xy, =X

If the unknown point is B then, the method is referred to as linear interpolation
and if the unknown point is A or C then we can use the same equation but the
method now becomes linear extrapolation.

Example: The table below shows the delivery charges by a bus company as
shown below

Mass(g) 200 400 600

Charges(shs) 700 1,200 3,000




Using linear interpolation or extrapolation, find the:

a) Delivery charges of a parcel weighing 352g
b) Mass of a parcel whose delivery charge is shs 3,300

Soln:
a) Since the unknown point lies between two points the method is

linear interpolation. It is always advisable to start with the unknown
since it becomes easy to simplify.

200 352 400

700 X 1200

x—700 1200-700
352-200  400— 200
x = shs1080. The delivery charge is shs1080
b) Here we shall use linear extrapolation. It is always advisable to start

with the unknown since it becomes easy to simplify.

400 600 y
1,200 3,000 3,300
y—-400 600400
3,300-1200 3,000-1,200
1
y=63329
Example: The table below shows values of a function f(x) as a set of
points.
X 1.8 2.0 2.2 2.4
f(x) 0.532 0.484 0.436 0.384
Use linear interpolation to estimate the value of:
a) f(2.08)
b) x corresponding to f(x)=0.5
soln
a)

2.0 2.08 2.2




0.484 y 0.436

y—0.484 0.436-0.484

- y = 0.4648
208-20  22-20
b)
1.8 X 2.0
0.532 0.5 0.484
X—18 20-18

x=1.933

05-0532 0.484—0.532

ASSIGNMENT 6.1.9

Linear interpolation and Extrapolation

1. Given the table below:

X 0 10 20 30

y 6.6 2.9 -0.1 -2.9

Use linear interpolation to find:
a) ywhen xis16

b) xwhen yis-1

2. The bus stages along Jinja-Kampala are 10km apart. An express bus travelling
between two towns only stops at these stages, except in case of an emergency when
it is permitted to stop at a point between two stages. The fares up to the first,
second, third and fourth stage from Jinja are 1,100/=, 1,500/=, 1,850/= and
2,000/= respectively. On a certain day, a passenger paid to travel from Jinja to the
fourth stage, but fell sick and had to be left at a health centre, 33km from Jinja.

a) Given that he was refunded money for the part of the journey he had not
travelled, find the approximate amount of money he received?

b) Another person who had only 1,650/= was allowed to board, but would be left
at a point worth his money, how far from Jinja was he left?

3. The table below is an extract from the table of Cosx

800 00 10’ 20° 30° 40’ 50’




Using linear interpolation or extrapolation, find

a) +/0.135

b) The value of X corresponding to Jx =0.403

Cosx 0.1736 0.1708 0.1679 0.1650 0.1622 0.1593
Determine;
i) Cosx80°36
i) Cos™0.1685
. The table below shows values of v/x forgiven values of X.
X 0.12 0.13 0.14 0.15
Jx 0.3464 0.3606 0.3742 0.3873




TOPIC 8: ERROR ANALYSIS

An error is an inaccuracy which cannot be avoided in a measurement or a
calculation. In math an error is not a mistake because a mistake can be
avoided if one is careful. Errors are made during measurement of rainfall,
atmospheric pressure, weights, and calculations using estimated values.

TYPES OF ERRORS

1. Random errors.
These occur due to human failure or due to machine failure. They
cannot be treated numerically. Example; a student being given 54%
instead of 34%

2. Rounding errors.
Some numbers are normally corrected to a given number of decimal
places or significant figures.

Example: Round off:

a) 3.896234 to 4 decimal places
= 3.8962

b) 12.4872 to 2 decimal places
=12.49

c) 0.00652673 to 3 significant figures
= 0.00653

d) 543216 to 3 significant figures
=543216

e) 546321 to 2 significant figures
= 550000

NOTE: Rounding off should be done once, i.e. it should be done in a single step

3. Truncation errors.
Occurs when an infinite process or value is terminated at some point.

Example: Truncate:



1.

2.

0.66666667 to 4 significant figures
= 0.6666

6.00513 to 2 decimal places

= 6.00

Note: Truncations can also be used to write an expansion e.g The
expansion of (1+x)" to a given number of terms.

Common terms used in errors

1.

Approximations:

An approximation is a value which is close to an exact value. E.g if the
exact value is 4.321, then rounding off the value is an approximation.
Error:

An error is the difference between the exact value and the approximate
value. It can be positive or negative.

Suppose X represents the exact value and x the corresponding
approximate value then the error in x denoted by Ax =X — x. ie Error =
exact — estimate

. Absolute error: If Ax is the error in the estimate x, then the absolute

error in xis |Ax/|, disregarding the sign. |Ax|=|X — x|

Relative error:

If Ax is the error in x then the relative error in x is
absolute error

Relative error = -
exact or approximate value

Ax

X

Ax .
or |7| since X = x

. Percentage error/ percentage relative error:

error
Percentage error =

, X 100%
estimate

The percentage sign (%) can be neglected.

The triangular inequality: It is useful in deducing maximum errors. It is
given by
Ix +yl < x| + [yl



Note:
1. The maximum error made in rounding off a number is given by

Error=§ X 107", where n is the number of decimal places to which the

number is rounded off. This also gives the error when the number is
rounded off to a given number of significant figures.

Example: Write down the maximum possible error in the following
numbers correct to a given number of decimal places.

a) 2.31

Error = 0.005
b) 23.1

Error = 0.05
c) 0.0420

Error = 0.00005

. Limits of accuracy:
These are maximum (upper) and minimum (lower) bounds of given
figures.
Example: if x =5.53and the number is rounded off. Find the maximum
and minimum values of x and state the interval in which the exact value
of xlies.
Soln
Maximum possible errorin x, Ax = 0.5 x 1072 = 0.005
Minimum value = x — Ax
=5.53 - 0.005

=5.525
Maximum value =x + Ax

=5.53+0.005

=5.535
Interval /range=[5.525, 5.535] or 5.525 < x < 5.535
NOTE:
1. Always use closed brackets. Do not use open brackets
2. If the maximum and minimum values are known then we can also say

that



maximum value—minimum value
2

Maximum absolute error, e =

This implies that Error bound = +e

Maximum and minimum values of expressions

If x and y are approximate values with errors Ax and Ay respectively
then we can find the maximum and minimum values of

a) (x+y)

(X+Y) = X ™ Vi
(X+ y)min - Xmin + ymin

b) (x-y)
(X_ y)max = Xinax ~ ymin
(X_y)min = Xmin ~ ymax

X
c) —
y

O

max

(f) __Xmin
Y/ min Ymax
Note: Special cases for quotients
i) ( X ) _ (Wha ( X j _ Whn when x> y (both
X—y max (X - y)min X—y min (X - y)max
numerator and denominator are positive)
ii) A (<= ¥ s Al (= Y when y > x (the
XY e (K Yo Xy ) (X4 V)
numerator is negative)
iii) { y ) _ W [ y J _ Whe yhenys x (the
X—y max (X - y)min X—y min (X - y)max
denominator is negative




O (xy)
(XY ) = X Vo

(Xy)min = Xnin ymin
Example 1:
If X=5.53 and y = 6.81 and both numbers are rounded off.
a) State the maximum possible errors in x and y.
b) Find the:
[.  Maximum value of (x + y)

[I. Interval within which the exact value of g lies.

Soln

a) Ax = 0.005 Ay = 0.005
b) I) (X+ y)max = Xmax + ymax

i)

= (5.53+0.005) + (6.81+0.005)

=12.35
iy | X | =Xex=5535 g3
y . ymin 6.805

X .
2| = Kain = 5525 pance the interval /range=[0.8110.813]

Example 2:
15.36x27.1-1.672
2.36x1.043

i) The error in the calculation
ii)  The value of the expression with error bounds
iii) The range within which the exact value lies

Given that p = the numbers are rounded off. Find:

Soln

Errorin 15.36=0.005
Errorin 27.1=0.05
Errorin 1.672=0.0005
Errorin 2.36=0.005



Errorin 1.043=0.0005
~15.365x27.15-1.6715

P 2.355x1.0425
=169.2356179
_ 15.355x 27.05-1.6725
P 2.365x1.0435
=167.6259255
Errorin P =@
_ 169.2356179-167.6259255
2
=(0.8048462
ii)  Working value = 15.36x27.1-1.673
2.36x1.043
=168.42875

Value with error bounds =168.42875+ 0.804846

iii) Range=[167.6259255169.2356179]

Example 3:
The sides of a rectangle are measured as 5.24cm and 6.38cm. Calculate the;

i) Least value of the perimeter

i) Limits within which the exact value of the area lies, hence determine
the absolute error.
Soln

5.24cm

6.38cm

i) Perimeter = 2(1+w)



Least value=2(6.375+5.235) =23.22cm

ii)  Upper limit of area =5.245x6.385
=33.489325cm?

Lower limit of area =5.235x6.375 =33.373125cm?

max—min _ 33.489325;33.373125 =0.0581

Absolute error =

Example 4:

The numbers x =27.23,y =12.18 and z=5.12 are calculated with percentage

errors of 4, 3 and 2 respectively. Find the minimum value of xy— Y, correct to

two decimal places.

Soln

Percentage errorin x = AX 100
X

AX

4=
27.23

x100

Ax =1.0892

3x12.18
100
Ay =0.3654

Ay

_ 2x5.12
100

Az =0.1024

Then

-7 bl

Zmin



) (1218+0.3654)

= (27.23-1.0892)(12.18 - 0.3654
(5.12 - 0.1024)

=306.34

Deriving formula for error propagation

Suppose xand yare approximations of X andY respectively. Let Axand Ay be
the corresponding errors in xand y respectively, then;

a) Errorin (x+vy)

Exact value = X+Y
=(X+AX) + (y + Ay)
Approximate value =x+y
Errorin x+vy =(X+AX)+(y+Ay)—(X+Y)
= AX+ Ay

Absolute error =|Ax+ Ay|

Since|Ax + Ay| < |Ax|+|Ay

, Therefore the maximum absolute error in (x+y)

is [Ax|+|ay|
b) Errorin x-y

Exact value = X-Y
= (x+2x)~(y +4y)

Estimate value =x-y

Errorin x—vy = (X+AX)—(y + Ay) — (x—y)
= AX— Ay

Absolute error =|Ax - Ay|

Since|Ax — Ay| <|AX| +|Ay

, then the maximum absolute error in x-yis
x|+ |Ay]

|AX| + Ay
Activity: Show that the maximum absolute error in **Yis X+ Y]

c) Errorin xy
Exact value = XY
= (x+AX)(y + Ay)
Estimate value =Xy



Error in xy = (X+AX)(y + Ay) — xy
= XAy + yAX+ AxAy. For small Ax, Ay, AxAy ~0

(assumption)
Errorin xy = XAY + YAX
Absolute errorin xy ~ =|xAy + yAx|. Since |xAy + yAx| < |xAy| +|yAX

Hence the maximum absolute error in xyis|xAy|+|yAX

Note: From error in xy= xAy + yAx

Absolute errorin xy  =[xAy + yAX|
Relative error — XAy + yAx . Since XAy + yAX < ﬂ Ay , the
Xy Xy X y
Ax| , |Ay
maximum absolute relative error in xyis|— i

Example 5: If xand y are approximations to X and Y with errors of Ax
and Ay respectively, Show that;

. . . L AX|+ XA
i) The maximum absolute error in * is given by w
g y
ii)  The maximum possible relative error in — Xis given by ‘ X |&Y
y y
Soln
X
Exact value =7
X+ AX
y+Ay
Estimate value =2
y
. X _ X+ AX X
Errorin = -=
y y +Ay Y




-1

But from 1+Ay = —ﬂ+A—¥+ .............

y Yoy

Assumption: For small Ay, Ay2 ~ 0and neglecting higher powers since they are

very small too.

A A
1_|_7y — _ay
y y
Error in = =LX+AXJL _ﬂJ_ﬁ
y y y y
=— x?y $ X AxAzy For small Ax, Ay, AxAy =0
y Yy
Error in X_ Ax_ XAEI
y |y y
- - AX] + XA
Absolute errorin X = yAx—2><Ay since‘yAX ZxAy‘ < [yAX +2|X Y . Therefore the
vy Yy
A A
maximum absolute error in = is M
y y
Relative error _|yAx oy x ‘M‘ _|ax _ﬂ‘
y y Xy X y
Since AX_ Ay < ax + ﬂ‘ Hence the maximum relative error in X is ax ﬂ‘
Xy X y y X y

Note: Never use. As Ax — 0, Ay — 0, AxAy — 0. When dealing with errors we are
dealing with numbers. Instead we use AxAy ~ 0



Errors in functions f(x)

These include y =cosx, y =sin x, y = 2*and other trigonometric and exponential

functions. Use of calculus can be used.

Consider % ~ %for small changes and since errors are small changes then
x  dx

% ~ f '(x) Ay ~ Ax f(x) but Ay represents the error in f(x)
X

Example:

Errorin x"
Let f()=x"= f (0=nyx""

Errorin f(x) = naxy™

Alternatively: Suppose x is an approximate value of X and Axis the error in x

Exact value = f(X)
= f(X+ AX)
Estimate = f(x)
Errorin f(x) = f(x+Ax)— f(x)

Using Taylor’s expansion

o nf® |
fa+h)=f@+hf @)+ 5 S Where h is very small compared to a
F(x+M) = ) +Mx F (x)+ AX 2'f (X)+ ........

For forsmallAx, Ax” ~ 0
f (X + AX) = f(X) + Axf(X)

Errorin f(x)=f(x)+Ax f (x)= f(x)



=ax f'(%)
The absolute error in f(x) = ‘Ax fl(x)‘

Example 6:
Find the errors in the following functions.
i) sin x ii) cosx. Given that x =30°and is rounded off.
Soln

i) Let f(x)=sinx,x=30°,Ax=0.5" = % inradians

Errorin f(x)=Axf'(x)

=| Axcosx |

E cos 30‘

- ‘180
— 0.0075575

ii) Let f(x)=cosx
Error=| Axf'(x) |
=|- Axsin x|

- Esin 30
180

= 0.0043633

Note: For angles in degrees the error must be changed to radians.

Example 2:

Ify =sin g, find the interval within which y lies given thatg =60°.
Soln

Ay =[A0.y*(0)



AO =05° =05 radians
180

Ay = ‘Oﬁcoseo‘=o.oo4363
180

Yoex = Y + Ay =sin 60+ 0.004363 = 0.87039
Yoin = Y — Ay =sin 60 —-0.004363=0.8617

Interval|[0.8617,0.87039]

WORKED EXAMPLE:

Derive an expression for the maximum absolute relative error in x’y with an
estimate of xand y hence find the maximum percentage error in x*y if
x =3.14,y = 2.888and are rounded off.

Soln
Errorin x?y =(x+Ax)(y+Ay)-x'y
= (X* + 2XAX + AX?)(y + Ay) — Xy
For small Ax,Ax* =0
Errorin x*y = (X* + 2xAX)(y + Ay) — X°y
= X°Ay + 2XyAX + AxAy but AxAy ~0
=X’Ay + 2XyAX

2
Absolute relative error in x*y :%X Ay;ixyAx% IZAX Ay




Since &+ﬂ <X +‘ﬂ
X y X y
. . . o . AAX]|AY
The maximum absolute relative error in x*yis 2—|+|—
X y
The percentage error in x’y = pi +‘ﬂ x100%
X y

5 0.005 N 0.0005 <100
3.14 2.888

=0.34%

ASSIGNMENT 8.1.11

1. Avalue of P=673.16 was obtained in a certain experiment. Given that
the relative error in the measurement of this value is 0.01%, find the
limits within which the value of P is expected lie.

2. The relative error obtained in determining the value of T=873.16 is
0.02%, find
(i) The error in the measurement of this value
(ii) The value within which T lies

3. A student measured the length and the breadth of a rectangular sheet of
iron as 3.6m and 2.3m respectively.

(i) Write down the maximum possible error in each measurement

(ii) Find the limits within which the area of the sheet lies.

4. Given that Z = |x||y|sinB

(a) Derive an expression for the maximum possible relative error in Z is
given that Ax, Ay and A6 are small numbers compared to x, y and 6
respectively



(b) Find the maximum percentage relative error in Z, given that x = 5.5cm,
y=16.8cm and 6 = 45° and are rounded off.

5. Find the range of values within which the exact value of

2. 6954(4 6006—1(?%J lies if the numbers are rounded off to the given

number of decimal places.

6. a) Given that x = 4.00 and y = 2.0, find the maximum error in ﬁ
correct to 4 decimal places.

b) Given that y=5"and xis measured with a value of 2.45, determine the
absolute error in y hence Or otherwise determine the interval within which
y lies. (Hint: Use error in a function)

7. (a)Round off to three significant figures;
(i) 6.9449 (ii) 10.459 (iii) 12436 (v) 0.01004
b) ) Numbers X and Y were estimated with maximum possible errors
of AX and AY respectively. Show that the maximum possible relative

c) Given that A=7.4, B=80.03 and C=14.801 are rounded off with

corresponding percentage errors of 0.5, 0.5 and 0.005. Calculate the

relative error in; i) ?

error in the estimation of XY is glven

ii) A-C

8. (a) Given that a and b are estimated with corresponding errors of Aa

Aa Ab

and Ab. Show that the relative error in the product ab is|—
a

(b) The values p=4.7, g=80.00and r =15.900 are rounded off with
corresponding percentage errors of 0.5, 0.05 and 0.05. Find the relative

error in [ﬂ— pJ.
r

9. a) Two sides of a triangle PQR are pand qgsuch that ~PRQ=a.



i) Find the maximum possible error in the area of this triangle

ii) hence find the percentage error made in the area if p =4.5cm,

q=8.4cmand o = 30°
(b) Find the range within which i;g —%lies.

10. If y=5%,find the absolute error in y when x=0.21. (Hint: Use error in
a function/calculus)

11. An error of 2.5% is made in measuring the area of a circle.
Determine the corresponding percentage error in its radius.

12. Evaluate with error bounds sin30°. (Hint: Use error in a
function/calculus can be used)
13.If x=4.95and y =2.013are each rounded off to a given number of

decimal places, calculate the maximum and minimum values of

2
i) y—X ii) y (hint: special case for quotients)
X+y y—X



Topic 7: Numerical integration

The trapezium rule: It is a numerical method used to estimate the area under
a curve or to estimate the value of an integral where Calculus can’t be
applicable.

Note: Accurate area under the curve or a value of an integral is obtained by
calculus, i.e integration.

Therefore the error in the value obtained by trapezium rule = value obtained
by calculus -value by trapezium rule. Consider a function y= f(x), if the area

under the curve is divided into equal trapezoids each of width, h

Ay
Y1 Y2




Total area =f(ff(x)dx=A1+ A+ At A

A =0y, + 1)

A =50y +12)

A =Zh(ys +.)

1
A4 = Eh(ﬂ + ys)

Then the total area = % h(y, +2(Y, + Vs + Vi) + Vs )

1
=§h{y1 +¥s +2(Y, + Yo + V)

Hence the general trapezium rule formula can be written as

b
1
[ F0Qdx =2y, + ¥, +200, + Yo+ Yt ot Vo))

a

Note:

1. Theareas A, A, A,,andA, are called strips or sub-intervals

N

The x-values, x,, x,,x;,x,and x;are called ordinates.
X =a,X =a+hXx;=X,+h

Number of subintervals =number of ordinates -1
h= b—_a’ where n=number of subintervals or strips.

n
h must remain as a fraction if it does not give an exact decimal
When dealing with trigonometric functions, leave the calculator in
radians

o s W

Example 1:



1
a) Use trapezium rule with 5 subintervals to estimate I 52de, and give your
0

answer correct to 3 decimal places.
1

b) i) Find the exact value of the j 5™ dx correct to 3 decimal places
0

ii) Calculate the percentage error in your estimation in a) above
iii) Suggest how the percentage error may be reduced
soln
Note: y values must be atleast 4 decimal places since the final answer is
required to 3 decimal places

a) h=2=0=02
5

X y

0 1

0.2 1.9036
0.4 3.6239
0.6 6.8986
0.8 13.1327
1 25

Sub-totals 26 51.1176

1
Then [5"dx= % (0.2){26 + 2(51.1176)}
0

=7.71176

~7.712



1
2

52x ~ 5 L
21n5 " 2In5 2In5

0

b) i) [57dx= = 7.456
0

Error =|7.456 — 7.712| = 0.256

0256 100=3.4%
56

ii) Percentage error=

iii) Percentage error can be reduced by increasing the number of
subintervals

Example:

Use trapezium rule with 6 ordinates to estimate .|'05 tan xdx correct to 3

decimal places

soln
Z_0
h=3__ =7
6-1 15
X y
0 0
x 0.2126
15
2 0.4452
15
3 0.7263
15
ar 1.1106
15
i3 1.7321
3
Sub-totals 1.7321 2.4947




jo 3 tan xdx = %L%J{l.nz +2(2.4947)} = 0.703873~ 0.704

ASSIGNMENT 7.1.10

1. (a) Use trapezium rule with six strips to estimate j xsin xdx correct to 2dp.
0

(b) Determine the percentage relative error in your estimation.

1
1+ x?

1
2. Use trapezium rule to estimate the approximate value of I dx using 6
0

ordinates correct to 3 decimal places.

1
3. () Use the trapezium rule with six ordinates to evaluate, I@sin 4o correct
0

to three decimal places.

(b) Find the actual value of, correct to three decimal places.

(c) Calculate the relative error made in (a) above and state how you would
reduce such an error.

4. Use trapezium rule with 6- ordinates to estimate the value of | (t+sint)t

Ot~ |y

corret to three decimal places.



TOPIC 9: ESTIMATION OF ROOTS OF
EQUATIONS

Some equations of the form f(x) =0 have no exact method of being solved.
Various methods have been designed to find approximate solutions to the
equations.

a) Graphical method:
In graphical method of locating roots of the equation f(x) =0, we first
write it in the form h(x) =g(x). The graphs of y=g(x) and y=h(x) are
plotted or sketched on the same axes. The values of x where the graphs
meet will be the point where the root lies and it’s the approximate root
of the equation. Alternatively: The graph of y=f(x) is plotted or
sketched. The point where the root cuts the x-axis will be the
approximate root of the equation.

Example 1:
Show graphically the root of the equation x* +5x* —3x—-4=0

,aroot
between x=0 and x=-1.
Soln:
Method 1
Let f(x)=x>+5x*-3x—4
X -1 -0.8 -0.6 -0.4 -0.2 0
y 3 1.1 -0.6 -2.1 -3.2 -4

From the graph figure, below x, =-0.68

Method 2

The equation above can be separated into y, =x*+5x* and,y, =3x+4
The two graphs are plotted the two points where the graphs meet will
be the approximate root of the equation, x*+5x* -3x—4=0

Note: When plotting a curve a minimum of four points is required.









Example 2:
Using a suitable graph locate roots of the equation x*+x-4=0

Soln:

Method I

Let y=x*+x-4

X -3 -2 -1 0 1 2 3
y -34 -14 -6 -4 -2 6 26

b) The sign change method

The sign change method of locating the root of the equation f(x) =0
between a and b. There exists a root between a and b if and only if f(a)
and f(b) have opposite signs ie the function changes through a and b
Example:

Show that the equation x*® +2x—4 =0has a root between x=1and x=2
f(x)=x>+2x—-4

f)=2+20)-4=-1

f(2)=2°+2(2)-4=8

Since f(1).f(2) «0then there exists a root between x=1and x=2

OR Since f(1) and f(2) have different signs then there exists a root
between x=1and x=2

Example:

Show that x® —4x* + 4 =0has one negative root and two positive roots.
Soln:

Since the interval is not given we can use a table



Let f(x)=x®—4x*+4

X -1 0 1 2 3 4

f(x) 1. |4 1 -4 -5 4

Sign changes

Since f(-1).f(0)< 0,f(1).f(2) < 0 and f(3). f(4) < 0. This implies that the
roots of the equation above lie between -1 and 0; 1 and 2; and 3 and 4.

This can be done using two methods

i) By graphical method (already discussed)
ii)  Linear interpolation

Linear interpolation method:

Ifb is an approximate root of the equation f(x)=0thenf(b)=0.1f<b <,
then

a b Cc

+ value 0 - value
OR

a b c

- value 0 + value

Example 3:



Show that the equation 3x* + x—5=0has a root between x=1 and x=2 hence
use linear interpolation to determine the initial approximation.

Soln
Let f(x)=3x"+x-5
f()=31)2+1-5=-1

f(2) =3(2)* +2-5=9Since f(1). f(2) < 0 then there exists a root between
x=1 and x=2

Note: For an approximation interpolation is only used once

Then; let the initial approximation, b = x,

X 1 X, |2
f(x) -1 0 9
X, -1 2-1
0-(-1) 9-(-2)
X, =11

The methods include;

1. Linear interpolation method
2. Iteration methods

Linear interpolation method: Here the linear interpolation method is used
more than once until |f (b)| <0.5x10" where n is the number of decimal places

required.

Example 4: Show that the equation 3x* + x—5=0has a root between x=1 and
x=1.5 hence use linear interpolation to determine the root of the equation
correct to 2 decimal places.



Soln

Since the accurate root is required linear interpolation should be done
more than once.

Let f(x)=3x"+x-5
f() =302 +1-5=-1

f(2) =3(1.5)% +1.5-5=3.25Since f(1). f(1.5) < 0 then there exists a root
between x=1 and x=1.5

Since x=1.5 gives a value far 0 then another value e.g 1.25 (average of 1and
1.5) can be used

f (1.25) = 3(1.25)* +1.25-5=0.9375

Either (a)

1 Xo 1.25

-1 0 3.25

OR (b) itisalsooktouseland 1.5

1 Xo 1.5

-1 0 9

From a) -1 __125-1 X, =1.12903
0--1 0.9375--1

Testing:
f (1.12903) = 3x1.12903" +1.12903 -5 = —0.0468

Sincef(1.12903). f(1.25) < 0 then



1.12903 X, 1.25

-0.0468 0 0.9375

X, —1.12903  1.25-1.12903
0--0.0468 0.9375--0.0468

x, =1.13478
Testing:
f (1.13478) = 3(1.13478)? +1.13478— 5 = —0.00204

Since |f(1.13478| = 0.00204 < 0.005

S Root=1.13

ITERATIVE METHODS OF SOLVING f(x)=0

[teration means logical steps. An iterative method is therefore a numerical
method which is step by step of obtaining an estimate to a value of the root
such that the successive approximations from the sequence converge to a
value of the root. The methods include:

i) the general iterative method
ii)  the Newton Raphson iterative method

General iterative method

Here the iterative formula to be used in estimating the root of the equation is
obtained by rearranging the terms of the equation and written in the form

X,.=09(x,) Wheren=0, 1, 2, 3....

Example 5: Given the equation x* + x—5=0. We can generate a number of
formulas as shown.

a) x*+x-5=0
x=5-x3
Xn+1 =5_X3



b) x> =5-x

Note: Not all the iterative formulas obtained by rearrangements of terms are
suitable to estimate a root therefore test for suitability of a general iterative
formula

Test for convergence

Mehod 1

Example 6:

The iterative formulas below are formed by rearranging the equation

x3-10=0

3
1 = 2x§x+210 and b) X, = 1—? Starting with an approximation of

X, = 2 use each formula three times to determine the most suitable

a) X

formula for solving the equation, hence state the root of the equation
correct to significant figures.

Solution:

3
Formulaa) X, , = ng th Formulab) X, , = 2
X X,

n




3
X, = —2(?(2)*210 - 2.1667 Ki=5r=25
10
2(2.1667)° +10 X,=— =16
27 7 3(21667)2 21544 25
21584410 ., X, = % —3.9063

° 3(2.1544)

Formula a) is the suitable formula because it produces a convergent

sequence hence the root is 2.154.
Note: Substitution at every stage must be seen

Method 2
Second test for suitability of an iterative formula. If‘gl(xo)‘ <1, itimplies

that the iterative formula is suitable otherwise not

Example 7: The iterative formulas below are formed by rearranging the

equation x*-10=0

3
a) X,,= 2X§;10 and b) X ,= 2 Taking x, = 2, without iteration,
n Xn

deduce the most suitable formula for solving the equation.

Solution:
3
Formulaa) X, , = 2%, +210
3X,
g2 210 _2x 10
3x° 3 3%’
1 2 20
X)=———
9709 3 3x°
2 20 1
12 = ——— = —
92 3 24 6
1
'(2)==<1
9@ =2
10

Formulab) X, , = 2z

n

10
= g(x) =7



—-20

9'()=—;
-20
0'(2) =‘ S |=25>1
. ) . : 2x2 +10.
Since |g'(2)| <1 in a) then formula a) given by X, = =———is the more

n

suitable formula for solving the equation.
Example 8: Show that the general iterative formula for solving the

equation x* —-x-1=0is X, = /1+ xi . Hence taking 1.2 as the first

approximation, find the root of the equation correct to 2 decimal places
Solution:

x*—x-1=0
x¥=x+1
X2 =1+1
X
X= 1+1
X
Xn+l: 1+i
Xn
1
X, = [1+-— =1.354
1.2
X, — X,| = 0.154
1
X, = |1+ ~1.3185
1.354
X, — X,| =0.0355
1
X, = |1+ ~1.3261
1.3185
|X; — X,| =0.0076

X, = |1+~ =1.3244
13261

X, —X;| =0.0017 < 0.005, Hence the root is 1.32



The Newton Raphson method (N.R.M)

Consider an equation f(x) =0, when the graph is plotted it cuts the x-
axis at a point (x,0) where x is the root of the equation. A tangent at
P[x,, f(x,)]is drawn where x,is an approximation to the root. The

tangent meets the x-axis at(x,,,,0), where x,,,is a better approximation

since it is closer to x. Graphically we have

(x)

f(xn )

f(x)=0, and xnis the initial approximation to the root. The gradient of
the tangent at P is f'(x,)and at the same time as tang where

tanezwz fi(x,)

n n+1
Rearranging the equation above we get

X . =X _ ) n=01,23...... This expression is the Newton

n+1 n fl(xn) )

Raphson formula

Example 9:
a) Show that the Newton Raphson formula for solving the equation
2
2x* —6x—-3=0isXx, = 2%, +3, Where n=0,1,2,.............
4x,—6



b) Show that the positive root for 2x> - 6x -3 =01lies between 3 and 4.
Find the root correct to 2 decimal places
Solution
a) Let f(x)=2x*-6x-3
fi(x)=4x-6
(%)
tRN(x)
X =x - 2x2 —6x. —3
4x, —6

_4x? - 6x, — 22 +6X, +3

Then X, =x

X

n+1 4Xn _ 6
22 +3
" 4x -6

f(3)=2(3)°-6x3-3=-3
b)
f(4)=2(4)*-6x4-3=5
Since f(4).f (3) <0then there exists a root between 3 and 4

Since |f (3)|<|f (4)then x, =3

2
_29°+3 4,
4(3)-6
2
239743 _ 54375
4(35)-6

2(3.4375)% +3

37 4(3.4375)—6

[X; — X,| = [3.4365—3.4375 = 0.002 < 0.005
Root =3.44

=3.4365

Example 10:



Show that the Newton -Raphson Iterative formula for finding the cube root of

1
anumber N is given by X, = %Lan + %] n=0L2....hence find the (96)

n

correct to 3 decimal places
Solution

Let x=3/N

X

n

3 f—
_—;N - %Lgxn +EJ ; where n=0,1,2,.....

3/96 =2
3/64 =4 <3/96 =2 <3125 =5
f(x)=x>-N

f(4)=4°-96=-32
f(5)=5°-96=29
Since, |f (5)| < |f (4)|. then, x, =5



X, = (2(5) + %J =4.6133

96
4.6133°

1
3
1

X, = (2(4.6133) + j: 457911
3

X = %(2(4.57911)+ %) =4.5789

|x3 - x2| =0.00021 < 0.0005,
.. Root =4.579

Example 11:

a) Draw on the same axes the graphs of y=2-e™and y=+/x for 2<x<5

b) Determine from your graphs the interval within which the root of the
equation e™ + Jx-2=0lies. Hence, use Newton Raphson’s method to find
the root of the equation correct to 3 decimal places.

Solution:
Let y, =2-e*and y, =/x
X 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Y 1.86 1.92 1.95 1.97 1.98 1.99 1.99
Y, 1.41 1.58 1.73 1.87 2.00 2.12 2.24

From the graph, the roots of the equation lies between x=3.5 and x=4.0.
For the hence part:

1 2e*Ux+1
f(x)=e™+/x-2,= f'(x)=e™ + =
(x) (x) - 2dx

X =x - %) 0993

f'(x,)

6 + % —2)xx,
oo = Xy — _

2e X“\/x—n+l

The initial approximation of the root x, =3.925

(025 + /3.925 - 2)x 2/3.925

X =3.925—
' 20739 /3925 11

=3.92168




(o255 + \/3.92168 — 2)x 21/3.92168
2625755 [3.92168 +1

|x2 - xl| = |3.9212 - 3.92168| =0.00048 < 0.0005
s.root=3.921

X, =3.92168— =3.9212

100}

Note:
e The axes must be labeled
e The graphs must be labeled



e Use of uniform scale

ASSIGNMENT 9.1.12

1. (@) Using the same graph, Show that the curves 2e*and 4 - x*have
two real roots.
(b) Using the Newton - Raphson formula thrice, find the positive
root of the equation 2e* + x* = 4, giving your answer correct to two
decimal places.

2. Show that the equation 2x° - 18 , 5 —0has two real roots in the
X

interval|x| < 3. Use linear interpolation to find the least root, correct to

one decimal place.

3. (a) Derive the iterative formula based on Newton- Raphson process
for obtaining the reciprocal of a number N.

(b) Hence, using N-R process once, and taking x, to be 0.1, find the

approximate value ofl—ll, correct to 2 significant figures.

4. a) Locate graphically the smallest positive real root of sinx—Inx=0

b) Use Newton Raphson method to approximate this root of the
equation in a) above correct to 3 dps.

5. By plotting the graphs of y =Inxand y=2-x, Show that there is a

common root in the interval 1<x<2, obtain from your graph the
approximate root of the equation Inx+x—-2=0, correct to one decimal

place.



6. Show graphically that the equation zsin x = xhas three real roots.

(hint: Plot graphs of y=sinx and y = X Use intervals of )
T

7.1f ais an approximate root of the equation x* =n.Show that the

n
—+a
iterative formula for finding the root reduces to: 5 hence, taking

a =4, estimate 17, correct to 3 decimal places.

8. (a) Show that the root of the equation 2x - 3COSGJ =0lies between 1
and 2.

(b) Use the Newton Raphson method to find the root of the equation
above correct to 2 dps.

9. (a) If ais an approximate root of the equation x° —b =0, Show the

4a+%4
5

b) Show that the positive real root of the equation x*> -17 =0lies
between 1.5 and 1.8. hence use the formula in a) above to determine the
root to three decimal places

second approximation is given by



S6 NUMERICAL METHODS
ESTIMATION OF ROOTS OF EQUATIONS
The root of the equation f(x) = 0 can be estimated by any of the following methods

(1) Analytical method (ii) Graphical method and (iii) Newton Raphson’s method.

ANALYTICAL METHOD

We can deduce that the root of the equation f(x) = 0 lies between two values x = x,and X = X,,
if there is a difference between the signs to the values of the function y=f(x)at x = x, and at

X = X,.

Note that this technique does not locate the exact root. We can then use linear interpolation to
find the estimate of the root to a given accuracy.

Example

Show that the root of the equation 2x* + 3x — 3 = 0 lies between 0 and 1.
Solution

Let f(x)=2x? +3x —3.

Determine f(0)=2(0)° +3(0)-3=-3 and f(1)=2(Q) +3(1)-3=2.
Clearly, f(0)=—3<0 and f(1)=2>0, hence there is a root between 0 and 1.

We can now use linear interpolation, say twice to find the root correct to two decimal places.

0 X,
-3 0
Now : X, =0 _ 1-0 C
0--3 2--3

=06

Find (0.6) = 2(0.6)° + 3(0.6) — 3 = —0.48before obtaining the second estimate.

0.6 X,
-0.48 0
X, — 0.6 1-06

= ; X, =0.6774
0--048 2--048
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Hence the root of the equation is 0.68 correct to 2 decimal places.
Exercise

In each of the following cases, show that the root to the equation lies between the two given
values. Hence use linear interpolation twice to determine the root of the equation correct to two
decimal places.

(a) x*-3x-1=0, land2 (b) x®-5x* —4=0, 5and6
(c) e*+x—-4=0, 0and 2 (d) e +x*-4x=0, land 1.6
(e) e*-x=0, 05and1 )] 5e* —4x =6, -2and-1

(@ 2Inx+2x-1=0, 05and1.0 (h) In(x+2)-2x-1=0, -1and 0
Q) tanx—x—-1=0, land 1.5 () 2sinx —x=0, land2

(k) x =—-3tanx, 2and 3 () 2x —tanx =0, land 1.4

N.B: For trigonometric equations/ functions, set the calculator in the radian mode.
GRAPHICAL METHOD

The root to the equation f(x) = 0 can also be estimated graphically by (i) obtaining coordinate
points to plot (ii) drawing a suitable graph of the function y = f(x) on coordinate axes.

Note, ensure that you use uniform scales on the axes and name each of the graph(s) you draw.
The x- value where the graph crosses the x axis will give the root.
Example:

Use the graphical method to show that the equation 2x* + 3x — 3 = 0 has a root between 0 and
1.

Solution
Let y = 2x* +3x -3

Sub-divide the interval into smaller steps.

X 0 0.2 0.4 0.6 0.8 1
y -3 23 ‘15 05 0.7 2

Note: The y-values can be determined to one or two decimal place(s), for ease of plotting.
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When a graph is plotted, the curve cuts the x- axis between x = 0.6and x = 0.8, and that is
where the root is (you represent this with an arrow to show that root)

Exercise

Use the graphical method in each of the following cases to estimate the root to the equations
below, in the following intervals.

(a) x*-3x-1=0, land?2 (b) x®-5x* —4=0, 5and6
(c) e*+x—-4=0, 0and 2 (d) e +x*-4x=0, land 1.6
(e) e*-x=0, 05and1 U] 5e* —4x =6, -2and-1

(@ 2Inx+2x-1=0, 05and1.0 (h) In(x+2)-2x—-1=0, -1and 0
Q) tanx—x—-1=0, land 1.5 () 2sinx —x=0, land2
(k) x =—-3tanx, 2and 3 () 2x —tanx=0, land 1.4

NEWTON RAPHSON’S METHOD (NRM)

With this technique, we start with an initial estimate and by repeatedly computing the root using
an appropriate formula (i.e. by iteration), the root can be obtained to a required accuracy.

Note: Iteration shall be done always be done until when the root of the equation converges (that
is when the new root obtained is the same as the previous root)

If x, is an initial estimation/approximation to the root of the equation f(x)= 0, then a better

: L f(x
estimate to the root x, ., isgivenby x,,, = X, — (x,) . n=0,1,2,..

Fx)’

Example

Show that the simplest formula based on Newton Raphson’s method for solving the equation

2
n

2x* +3x-3=01is x,,, =
4x, + 3

. Hence taking the initial approximation to the root as
X, = 0.5, find the root correct to three decimal places.
Solution

Let f(x)= 2x* +3x —3; f’(x)=4x + 3(should be obtained before obtaining f(x,).
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Using X,., =X, — fx,) ;n=0,1,2,..

) (2x2 +3x, —3)  4x2+3x,-2x2-3x, +3 2X% +3
4, +3 4x, +3 S 4x, +3

. 2(0.5)* +3
' 4x05+3

2
X, =05 ; = 0.7000; x, = 20.70007 +3 _ 56,
4x0.7000 + 3

_ 2(0.6862) + 3
® 4x0.6862+ 3

= 0.6861

Now [x, — X,| =|0.6861— 0.6863 = 0.0001< 0.0005, the maximum possible error when the
value is rounded off to three decimal places.

Therefore the root is 0.686.

Note that in the intermediate steps before the root converges, the root must be rounded off to
more decimals than that of the required accuracy. The substitution of the value in the formula
should also be seen at each iteration.

Example

Deduce that the simplest formula based on Newton Raphson’s method for solving the equation
e* — 4sinx = 0. Hence taking the initial estimate to the root, x, =1.2, find the root correct to
three decimal places.

Solution

f(x)=e* - 4sinx, f'(x) = e* — 4cosx

Using X,., =X, — () ;n=0,1,2,...,

F(x,)

(ex" —4sinxn) X, e™ —4x, cosx, —e* +4sinx, _ (x,—1)e* —4(x, cosx, —sinx,)
e™ —4cosx, e™ — 4cosx, e™ — 4cosx,
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1

2

3

4

(1.2-1)e** —4(1.2cos1.2 - sinl.2)

v =1.4181
e —4cosl.2

(1.4181-1)e™“*® —4(1.4181c0s1.4181 - sin1.4181)

=1.3682
e"*® — 4c0s1.4181
(1.3682-1)e****2 — 4(1.3682c051.3682 — sin1.3682)
— =1.3650
e — 4c0s1.3682
_1)a1.3650 i
(1.3650-1) 4(1.3650c0s1.3650 — sin1.3650) _ 13650

e _ 4¢0s1.3650

Now [x, — X,| = [1.3650 - 1.3650 = 0.0000

Therefore the root is 1.365 correct to three decimal places.

Exercise

1.

Show that the iterative formula based on Newton Raphson’s method for solving the

. : 2x? . . o
equation 2x° - 6x —3=0is x,,, = 4X”—+2 Hence taking the initial approximation to
X J—

n

the root, x, = 3.2, find the root correct to two decimal places.

Deduce that the simplest formula based on Newton Raphson’s method for solving the
2(x, cosx, —sinx, )

equation 2sinx — x=0is X,,; =
2cosx, —1

. Taking, x, =1.4, find the root

correct to three decimal places.

Prove that the simplest formula based on Newton Raphson’s method for solving the
: . 3x’e* +1 .
equation 3xe* —1=0is x,,, = ————— . Hence taking, x, = 0.25, calculate the
3e™ (x, +1)

root correct to two decimal places.

In each of the following cases, derive the simplest formula based on Newton Raphson’s
method for solving the given equations. Hence taking the given initial approximation,
find the root correct to three decimal places.

@ 2x*=4-3x, X, =05 (b) e =10-x ,x,=21

() 2Inx+2x-1=0,x,=0.6 (d x*-5x-40=0, x, =3.4
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(e) §+tanx:0, Xo =25 (f) tanx - x-1=0, x, =1.3

Using the Newton’s iterative method, deduce that the fifth root of a number A is given by
1 A . . L . .
g(4xn + —4] Hence taking the initial approximation as x, = 2.0, find the fifth root of

X
45 correct to three decimal places.

n

Hint: Let x =3A = x®=A = x* — A=0; then proceed.

ITERATIVE FORMULAE

6.

Show that the iterative formula for solving the equation x> —5x + 2 = 0 can be written

. X2 + 2 o
as either x,,, =5 — 2 or X,,, = — c Hence starting with x, = 4, deduce the most
X

n

suitable formula for solving the above equation. Find the root correct to two decimal
places.

Show that the iterative formula for solving the equation x* — x =1 is X,,, = (1 + —J

. Starting with x, =1, find the root correct to 3 significant figures.

2
n

o . . o 2x% +12
An iterative formula for solving the equation f(x) =0isgivenby x, ., %[X”—Jr] .
@ Taking x, = 2.2, calculate the root of the equation correct to three decimal
places.
(b) Deduce the equation which is being solved by the above iterative formula.

@ Show that the equation e* + x =15 has a root between 2 and 3.

(b) Use Newton Raphson’s method to find the root to the equation in (a) above,
correct to three decimal places.

Hint: For such a question the initial approximation is the average of the two values 2 and
3.
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